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Abstract

In this paper, we will study generalized extended hankel transfor-
malions By, and By, , on the spaces.
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1 Introduction

Rooney in [7] has studied the boundedness and range of the transformation

(H;L,mf)(l') = /00O \/@J;L,m(wy)f(y)dy

where,
B S Ve
() = k;) Pk +DI(p+k+1)

on L, p space, whereas [1], studied (1.1) on the space H,, and ii’s generalized
. . *
function spaces H, introduced by [9]. Mendez Perez and Sanchez Quintana

in [6], have studied the transformations,

B = [ AT )t

0

(Bauth())(y) =y /OOO Tulzy)p(x)dz
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where J,(z) =z #J,(z)

for the testing function space /I and I, and their dual spaces. By using the
cut Bessel function (1.2) we can extend the transformation (1.3) & (1.4) as

(Bt @) =y /0 Ve, (ey(a)de (1.5)

(Brymtla)ly) = v /O () () da (1.6)

respectively.

Our aim is now to study the transformation (1.5) & (1.6) on the spaces
H and H, and it’s dual H, ul- For our convenience, we recall briefly the
necessary definitions and important results. Let g be arbitrary real number,
H,, is the space of all infinitely differentiable complex valued functions 1 (x)
defined on I, for which

p‘j p = sup | mmmlekm&”*ld)(m) | (1.7)
o xel

exists for each pair of non negative integers m & k with topology generated
by the multinorm p%k. H, is a Trechet space. Now suppose that 1(x)
admits the cxpansion

lo) = 2% by + bya® + .+ by o+ ofa?)] (1.8)

in some vicinity of the origin. Obviously function ¢ (x) and = € I belongs to
the space H,, if and only if ¢/(z) is infinitely differentiable, has the form (1.8)
at the origin and Dkw(m) is of rapid discent as © — oo for each £ =0,1,2...
H #’ denote the dual space of H;, and it’s members are generalized functions
of slow growth. The Altenburg space H turns to be particular case of H,
when p = —1/2 that is H = H_1. The following differential operators will

1
2
1

be studied for the transformation (1.5) & (1.6).

Puy(x) = 2= D2y (x) (1.9)
Top(x) = 27 Dap(x) (1.10)
Pijp(z) = —a* Do Ty (a) (1.11)
T*9(z) = —Da"le(z) (1.12)
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2 A Study of By, & By, ,» on H and H, spaces

In this section we will first study the operators (1.9) and (1.10) for the

transformations By, m and Ba m.
Theorem 2.1. For p+2m > —% and n € H
Bl,;t+17mTz//' = _Bl,u—klmﬂ/f’
CTBL,LA,mu’J - 7B1.,u+1,m71w
Bl,,u,m([)uT/‘//)) = _Z/QBl,mm—l’(/)
-P,u,szl,/l,,'m,’(r'Y = Bl,‘u,,mfl (_1,21/’/))
Bl,uﬂn(P/ﬂr/}) - l/QBl,qul,mflw
RLBL;L—&-me = Bl,u,m—lw
Proof. We can write L.H.S. of (1.1) as
o
Bl;lt+l,nz(T¢($)) = y,u+1 / $M+1JH+17”L*1(wy)¢(w>dw
J0
which on integrating by parts and using

d v v
%[(L' Jym ()] =« Jy_1 ()

{sce [4] [p.186]} gives the required result.
We can write L.H.S. of (2.2) as

00
TByym =y "D [7/—"’ / :1:“’+1,]#,m (wy)(z)da
70

Ou using
d

. T Tym(x)] = 27" Tt m (1)

{sce [4] [p.186]}

0
= _Bl,p—kl,m—lw

We can write L.1L.S. of (1.3) as

oG
Bl’,17y,1,(R,,T¢J) = yiu/ mqulJ//,,m(my)'ﬁiQuilD-fUzﬁH»z.’Ei1D1/)(33')d33
0
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(2.7)

(2.8)

(2.9)

(2.10)



and

0
Bl,;b7m,(P;1,T¢’) = yiuﬂ / qurlJ;H—Lm—l(xy)Dtp(I)dx
J0

Again integrating by parts & using (2.9) we get the required result.
We can write L.H.S. of (2.4) as

gee
P;LTBL/\L,WLVIZ) = yi2ﬂ71Dy2M+lDy7M/ wMJrlJ/lv,m(gjy)w(x)
0

o0
_ 7y—(2,u+l)l)y2u+1/ Dy—pxu-‘rlJul’m(xy)w(m)dx
0
using(2.9)

0
= —y~ @) 20t / 1:2/"+2;z/_(”’)JM+17m,1(:l:y)'l/}(:l:)d:l:
0
which on using (2.7) gives the required result.
We can write L.H.S. of (2.5) as

Biym(Pu) = y‘“/ :zt‘”'lan(my)x_z“_le2“+2w(fc)da:
0

which on integrating by parts & using (1.8) gives

o>
y_uﬂ/ 2 (@) (@)de = Y By m1 ¥
0

L.H.S. of (1.6) can be written as

o0
PuBiypimt = y HT Dyt Rymel / V21 (wy) g (z)de
0
- Bl,;mnfl(wa)

O

Theorem 2.2. If¢ ¢ H, then
B2>H+l7m(P;;w) = ygBZ,;L,m¢7 (2].1)
PyBayumth = Bayi1m 1(2%) (2.12)
Boyum(T*Pip) = =y By ym—1% (2.13)
T*‘P;BQ,/L,mw = BQ,/L,m—l(_fE2¢) (214)
Proof. The proof follows as theorem (2.1). ]
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Theorem 2.3. Let p+ 2m > f% and if ¢ € H, 1 then

BQWJ”(T*?/)) - _BQ,M+1,mfl'€/} (215)
T* By pyv1mt = —B1 m (2.16)
Proof. Similar as above. O

Theorem 2.4. If m > 0 and Reu + 2m > —% then By m is an oultomor-
phism on H.

Proof. Repeating (1.6) k times and multiplying by (4?)" we get
(yg)anJrlH»l ----- Pp—l—l-PM-Bl,uﬁ»k,nH»kfl'(/} = (yQ)nBl,p,Jrkfl,mﬁ»k72(51;2) /(/)
which on using (1.5) n times gives

(yQ)H—P;LJrkJrl ''''' —P/H-1 “P}L'Bl,llt+k,m+kfl,¢)
= Bl,u+k+n,m+kfnfl(P,LHrnfl----P;L)(ZL'Z)kw (2-17)

since

Puk 1Py Pub(x) = AR €Tl D) LI (2.18)
thus (2.17) becomes
(Ian72p+2(kfl) (1771D)kIZHJrZBl,erk,qukflw _
oo
fl7_ll’_k+n/ ﬁUN+k_n+lJu+k7n7m+k7nfl(my)
0

y 2Ry DYy R (y)dy (2.19)

$72u+n+2l672 (xilD)kmqurQBl,erk,erkfld) (.I’) —
o
/ yszrnfl (yle)nyZ/Hrz
0
ﬁ)(y) (my)7u7kBl,u+k—n,m+k—n—1(my)dy < oo for p = _1/2 (2'20)

which implies that 13y ., is an automorphism on 1. Ll

3 The Generalized Schwartz’s Hankel
Transformation B} ,,,

Let s be arbitrary real number such that g+ 2m > —1. The generalized

2
Hankel transformation I3} um 18 defined on H, ;. as the adjoint operator Bz .,
on I, that is

<Bl,u.mfa 90> - <f> B2,u.m‘ro> (3'1)
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Theorem 3.1. The generalized Schwartz’s Hankel transformation By , ., of

order p + 2m > —% s an automorphism on HZL.

Proof. proof will be similar (2.4). O
Theorem 3.2. Lel o+ 2m > —1/2 for every f € H,,, we oblain

Bl yrm(Tf) = =B ot (3.2)

TBY ym(f) = =Bl usim/f (3.3)

Lym (BT f) =~y B 1 f (3.4)

PTB ymf = Bl ym-1(—2°f) (3.5)

Proof. L.H.S. of (1.2) may be written as

(BiuiimThe) = (Tf Bayr1me)
= (f,T"Bzyt1,m¥)
- <f, *BQ,/lr,m/99>
Thus
i,/l,-‘rl,’n’l,Tf = - i.,u,,'m,f (36)
Now (3.3) to (3.5) can be proved in a similar manner. O

Theorem 3.3. If p+ 2m > —1/2

(Blyun(PuT$), ) = (PuTf. Baypmip) (3.7)

<P;¢Tf7 B2,u,m§0> = <f7 T*P;B2,u,m(19> (38>

(f, By (=970)) = (=4* By ) (3.9)

<B€ ,/1,,m(P,LLf)7 S‘Q> = <P/~Lf7 BZ,/L,77190> (310)

Proof. Proof will be similar as (2.1). O

References

[1] Ahuja, G. (1986). A study of the distributional extended Hankel trans-
formation. Indian Jour. Math. Vol. 28 No.2 pp. 153-62.

[2] Altenburg, G. (1982). Bessel Transformation Raumenvon Grund Funk-
tionen Dem interval w = (0, 00) und derem dusssal raumen Math. Nachr.,
Vol.108, pp.197-218

90



Gelfand I. M. & Shilov, G.E.(1964).Generalized Functions 1 & 2 (Aca-
demic Press Newyork)

Kober, H. (1937). Hankelsche Transformationen Quart. Jour. Math. (Ox-
ford), 8 pp. 186-99

Lee, W.Y. (1975). On Schwartz’s Hankel Transformation of certain spaces
of Distributions STAM J. Math. Anal. 6(2) pp. 427-32

Mendez Jose, M. R. & Sanchez Quintana Ana. M. (1982). The Schwartz
Hankel Transformations on certain spaces of generalized functions Jour.
Inst. Math. & Comp. Sci. (Math. Ser.) Vol-3 No.3 pp. 325-34

Rooney, P.G. (1980). On the boundedness and range ol the extended
Hankel transformation Canad. Math. Bull. Vol. 23(3).

Schwartz, L. (1966). The orie des Distributions (Hermann Paris).

Zemanian, AH. (1966). A distributional Hankel Transformation, STAM
J. Appl. Math. 14(1966) p.p. 561-76

91



