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Abstract

In this paper, we have considered the interpolation problem when
function values are prescribed on the zeros of (n - 1)th Tchebycheff poly-
nomial of second kind and the weighted (0,1,---,r — 2,r) data is pre-
scribed on the zeros of nth Tchebycheff polynomial of first kind. It has
been shown that such an interpolation exists when n is even, the explicit
representation of which has been obtained. The converse problem has
also been dealt with.
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1 Introduction

Let {z2; 2n+1}1~; and {w2¢+1,2n+1}?:_11 be two distinct point systems in the interval [—1, 1],
which are inter scaled such that

(1.1) —1=Zopt12n+1 < Top2nt1 < - < Tiop41 = 1.

In this paper, we consider the points {2; 2,+1}1; and {x2i+1,2n+1}?:_11 as the distinct ze-
ros of Tp,(x) the n'™ Tchebycheff polynomial of first kind and U,_1(x) the n'" Tchebycheff
polynomial of second kind respectively. Further let {a;on4+1}7 1, {ad; +12n H}?:_ll,m =
1,2,--- ,7 — 2,7 be arbitrary given numbers. We seek to find a polynomial S, (x) of mini-
mum possible degree satisfying the conditions:

(1.2) Sy (%25 2n41) = 025 2n+1; T=1,2,---,n

(1.3) Sn(z1,2n+1) = 120415 Sn(T2n+12n+1) = Q20412041

(14)  SI™(2ai412011) = A1 ot = 1,2, ,n—Lim=0,1,-- ,r — 2
(1.5) (wSn) ") (@2141,2041) = Oig1onsr; i =1,2,-,n—1

where w(z) € C"(—1,1),r > 2 is a weight function defined by w(z) = (1 — 22)Br=3)/4,



76 Mathur: Pal Type Weighted (0;0,1,--- ,r — 2, r)-Interpolation

In 1975, L. G. P&l [11] introduced an interpolation process on an interscaled set of
points

(1.6) —00 < Ty < Yp—1 < -+ <22 <y <1 < 00.

where {x;}7_, and {y;}/-]' are the distinct real zeros of (say)

Wa(z) = [[ (= — ).

=1

and of W) (x) respectively. P4l proved that for given arbitrary numbers {af}? ; and
{BF ?:_11 there exists a unique polynomial of degree < 2n — 1 satisfying the conditions:

(1.7) Ro(z) = af, i=1,2,---,n,
(1.8) R (yi)) = B, i=12,---,n—1

and an initial condition
R,(a)=0

where a is a given point, different from the nodal points (1.6). After which many math-
ematicians have taken up this problem on different sets of nodes. For more details one is
referred to [2], [3], [5] - [9], [12] - [15], [17] - [18] etc.

In this paper we have shown that for n odd, there exist a unique polynomial S, (x)
of degree < 2nsatisfying the conditions (1.2)-(1.5). The explicit representation of S, (z) is
obtained. The converse of the above problem has also been dealt with.

In section 2, we give preliminaries. Existence, uniqueness and the explicit represen-
tation of the interpolatory polynomials have been dealt with in Section 3. Section 4 is
devoted to the converse problem.

2 Preliminaries

We characterize the points

s

(2.1) Za = cos (z - ;) T i—1()n

n

as the zeros of T, (x) = cosnb, r = cosf(—1 < z < 1), n!" Tchebycheff polynomial of first
kind and

T

(2.2) Toig1 = COS <n> . i=11)n—1

as the zeros of U,_1(x) the (n — 1)"* Tchebycheff polynomial of second kind. Obviously
x = 0 either in {9}, or in {$2i+1}?:_11 according as n is even or odd. Also z; =
—Zont2—i,t = 1(1)n. The differential equation satisfied by T, (x) [16] is

(2.3) (1 — 2T (z) — 2T, (z) + n*Ty(z) = 0
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and that Up,_1(x) is

(2.4) (1 — 22U (z) — 32U, _(z) + (n* = 1)U,_1(x) = 0.

n—1

We have that fori =1,2,--- ,n

(2.5) lyi(z) =

and fori=1,2,--- ,n—1

Un_l({B)
2.6 14 : T
( ) ? H( ) (95 - $2i+1)U7/z—1(9521;+1)
Also,
0, g<r—1
@7 (UZ)' (@apn) = ¢ (v N 1)!'UT'L_1(332¢+1)’“’17 g=r—1
wUr/L—l(5U2i+1)T71U;L/—1($2z'+1), q=r
(r)
(2.8) (1= )OI, ()07 (2) = 0.

T=T2i+1

3 Existence, Uniqueness and Explicit Representation of the Interpolatory
Polynomials

We shall prove the following:

Theorem 3.1. Let n be odd and the (2n+1) points in [-1, 1] be given by equation (1.1)
together with (2.1) and (2.2), then there exist a unique polynomial Sp(x) of degree <
nr+n —r+ 1 satisfying the conditions (1.2)- (1.5).

For n odd, the interpolatory polynomial S, (x) satisfying the conditions (1.2) - (1.5)
can be represented as:

(3.1) Sn(x) = Z OéQiAQi<H?) + ()41A1(.%') + a2n+1A2n+1(m)
=1

n—1r—2 n—1

T Z Z agi-i-lAtv?iH(x) + Z i1 Ar2it1(T)

i=1 t=0 =1

where {Ag; (2)}y, {Ar2ir1(z) )t = 0,1, -+ ,r—2, {A;2i41(x)} are the fundamental
polynomials each of degree < nr+mn —r+ 1which are uniquely determined by the following
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conditions:
Fori=1,2,---,n

AQi(l'Qj) :6ij7 ]: ]_’2’... N
A;Z”)(xzjﬂ)zo, 17=12,--- ,;n—1m=0,1,--- ,r —2

(3-2) (7’) .
(wA2)"" (z2541) = 0, J=L2,- n-1
Agi(z1) = 0; Agi(ron+1) = 0.
For p=0,n
A2p+1<x2j+1) :5])]7] = 0,7'L
(3 3) A2p+1(x2j):07 j:1727 , I

Agzb'i)‘l(x2j+1):07j:1727"'7n_1;m:0717'”;T—2
(UJA2p+1)(T) (r2541) =0, j=12,--- ,n—1.
FOI'Z.:1’2’... 7’[’L—1;m,t:0,1,"' ’70_2

At,?i—‘rl(ij) :()7 ] = 1727”' , N
(34) AIEZLZ‘)_i_l(-er—f—l) = 5j’i5mt7 ] = ]-7 27 e, — 1
(WA 2i41)" (22j41) =0,  j=1,2,--- ,n—1
Apgivi(x1) = 0; Apoiri(zon41) =0
and
AT,Qi—&-l(ij):Oy j: ]-727”' , N
AT (o) =0, =12, ,n—1

(wAr,Qi-i-l)(T) (x2j41) = 6ij, j=12,--- ,n—-1
A 2ir1(r1) = 0; Ag2ip1(w2,41) = 0.

(3.5)

The explicit forms of fundamental polynomials are given in the following:

Theorem 3.2. For n odd, the fundamental polynomials {Az;(x)}!, satisfying the condi-
tions (3.2) can be represented as

Agi(z) = cu(l—2*)U;Z 1 (2)03(x)

Eai(z) + CQ@'/

-1

T

+U£:i ()T (z)

Un—1 (:U)dx]

where la;(x) are defined by (2.5),
i) = S0 = Yew / N [lm(a:) + 3l (@) dx]
-1

QTA({L'QZ‘) T — T9;

Cly = —
(- a2d)U (2)



GANITA, Vol 64, 2015, 75-85 79

1

n
2 5 2i(1) and cs3; U 1 (220)

Theorem 3.3. The fundamental polynomials Aspi1(x),p = 0,n satisfying the conditions
(3.3) can be represented as
 (@op1 +2)Up_y (2) T ()

29p+1U5 1 (Z2p41)Tn(T2p41)

Uy 1 (2) T () /x
_ n T + U;h x)dx + ¢ ,L/
229p 11U}, 1 (xop+1) Tn(w2p11) 71( 2p+1 ) 1(z) 4 B

A2p+1 (v)

xT

Un_l(:z:)da?]
where

n [l

s | (2@

Chi=—5
-1

Theorem 3.4. For n odd and r > 2, the fundamental polynomials {Ay-@i.ﬁ,.l(l')}?:_ll satis-
fying the conditions (3.5) can be represented as

(3.6) Argipi(x) = Up=i(2)To(x)

C5i/ laiq1(x)dx

-1

(37) “+cCgi /x Un_l(l‘)dl’]

-1

where lo;41(x) are defined by (2.6),

1
5i(7) T!w(x2i+l)Tn(x2i+1)U;L_1($2i+1)7‘—1

and
n 1
Co1 = — 5 Ci loipr(x)de.
—1

Theorem 3.5. For n odd and r > 2, the fundamental polynomials {A¢2iv1(x)} for t =
0,1,---,r—2andi=1,2,--- ,n— 1 satisfying the conditions (3.4) can be represented as

(3.8) Argini(z) = en(l =2 U (2) T (2) ;) (z)

tegiAr i1 (x) + UL~ 1 (@) To(z) | Hy2ig1(2)

r—2

+ Z €s,2i+1 45 2i41(x)

+cy; / Up—1(x)dx
-1 s=t+1
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where the summation is zero for t =r — 2 and l2;41(x) are defined by (2.6). Also,

1 v (1—2?%)
3.9 H i r)= — / /i T
(39) 2:41(7) Ul (@i41)" 1 )y (@ — @)1 [ (@)

r—t—2
- > grain(z— $2i+1)k€2i+1(1¢)] dx
k=0

where for s =0,1,--- ,r —t—2

S
K
(3.10) S gkl (w2i1) = 6577 (22i11) = 0,
k=0
(3.11) cri = ! Up1(@aign)’s cor = =5 Hyzia (1)
‘ e t!(1 —ﬂfgi-i-l)Tn(fL'Zi-i-l) nonE L ST g

(3.12) Csi:[cﬁ{w )(1 = ) Uh_y (@) T ()67 ()},
r—t—1
7" t— 1 . . (r—t—s—1)
N {Z% ) sigozivt (Coit (@) ez, }

(621—&-1 .(t 7;/2“_1 ]
and for s=t+1,t+2,- —

(3.13) esoir1 = —crif(1— $2)U2—1($)Tn($)}(5)

T=T2i41"

4 determination of fundamental polynomials (converse problem)

For n odd, the interpolatory polynomial S} (x) satisfying the conditions (1.2) - (1.5) can
be represented as:

n—1
(4.1) Spla) = Z Bai+1B2i(z) + B1B1(x) + Bont1Bant1()
i=1
n r—2

+ Z Z B33 Brai(x) + Z B3 Br2i()
i—1

i=1 t=0
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where {Boj1(2)}!q, {Brai(x)}q,t =0,1,--- ,r =2, {B,2i(x)}], are the fundamental
polynomials each of degree < nr + n satisfying the conditions:
Fori=1,2,--- ,n—1

B2i+1(x2j+1>:(5ij, j=12---,n—-1
(4.2) Bé?j-)l(x%)zovj:1,2,‘--,n;m:071,...77»_2
(wBais1)" (225) =0,  j=1,2,---,n
Bait1(21) = 05 Baiy1(22n41) = 0.

Forp=0,n
Bopi1(22541) = 0ps, s = 0,n
43 B2p+1(1‘2j)20,j:1,2,-~,n—1
(4.3) Bézﬁzl(xzj):(l,j:1,2,~--,n;m:0,1,---,7"—2

(WBaps1)") (w2;) =0,  j=1,2,--- n.
Fori:1,27... 7n;’r‘l’l,t:()’]_,.., ,T—2

Bt,2i(£2j+l) = 0) ] = ]-725 N — 1
Bt(Tan)(:CZJ) = 6ji6mt7 ] = 1727"' , 1

(4.4) )
(wBt,Qi)T (CCQJ):O, ]:1527 ,
By 2i(x1) = 0; Biai(22p41) =0
and
Br,2z‘(E’U2g‘+1) =0, j=12,---,n—1
(45) Br’27;<x2j):07 .7:1727 ,

(WBT,2i)(T) (x25) = 0ij, J=12,---n
By 2i(x1) = 0; Byiai(xant1) = 0.

The explicit forms of these fundamental polynomials are given in the following:

Theorem 4.1. For n odd, the fundamental polynomials {Ba;iy1(x)}_, satisfying the con-
ditions (4.2) can be represented as

Baiti(z) = ci0i(1 — 2*) T} (2)lait(2)
+T£*1($)Un_1(m) E5;i1(z) + cm/ Tn(x)da:]
-1
where lo;41(x) are defined by (2.6),
B3y (2) = new / (1= 2?)loisr () da
~1
1 n?—1
N R N A Te) B 7 Painal)
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Theorem 4.2. The fundamental polynomials Bay1(x) satisfying the conditions (4.3) can
be represented as

Bopr(x) = (@ + @2p+1) Ty (2) Un—1 ()
" 20p 11T}, (22p+1)Un—1(22p41)

Unoa (@) 15 () /I (@ + 22p11) T (2)dz + 12 /I Tn(@dﬂf]

2T (22p+1) Un—1(22p+1) | J 1 1

where
n?—1

1
5 /_1(1 + )T, (z)dz.

Theorem 4.3. For n odd and r > 2, the fundamental polynomials { By 2;(x)}l, satisfying
the conditions (4.5) can be represented as

C12; = —

xT

-1

Broi(@) = Un1(2)T\(x) [cw / xl los(2)dz + c15 / Tn(x)d:c]

where ly;(x) are defined by (2.5),

() = ! d o= =" [ eataya

Theorem 4.4. For n odd and r > 2, the fundamental polynomials {By2i(z)} for t =
0,1,---,r—2andi=1,2,--- ,n satisfying the conditions (4.4) can be represented as

Bioi(xz) = ci6i(1 — :c2)Un_1(x)TfL(x)€£;t(x)

+c17i Bri (%) + Un—1(2) T (2)

+c18; / x)dz

where the summation is zero for t =r — 2, ly;(x) are defined by (2.5),

(1 —2%) ,
o) = s [
r—t—2
- Z Gie2i (T — T2:) )¥loi(x }dfﬁ

where for s=0,1,--- ,r—t—2

Ht*Z’L( )

+ E 6321 522

s=t+1

S

> Grailsr ™ (wa) — €57 (i) = 0,
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1 n?—1
y Cl18i = — H} (1),
ti(1 — 23;) T (v2:) Up—1(22:) ' 2 ril)

C16i =

Cm:[%{w )1 = ) a5 @),
r—t—1
7" t— 1 | (r—t—s—1)
+(T—t—1 { ; ) 8195 9; (L2i ()1, }

, (r—1)
- (6271 (x))x:zQZ ]
and fors=t+1,t+2,--- ,r—2

(4.6) €;2i = _0162'{(1 - x2)Un—1($)Tr€(‘T)}(S)

r=x9;"

5 Proof of Theorems

We will prove Theorem 3.4 only as the proof of other Theorems is similar to that of this
theorem, so we omit details.

Proof of Theorem 3.4. By (3.8), for t = r — 2 we obtain A,_59;41(z) since A, 2;41(x)
is already known by (3.6) and the last summation vanishes. Similarly, taking ¢ = r — 3
we can determine A,_39;11(x) in terms of A, 9iy1(z) and A,_29i41(x) by the relation
(3.8). Continuing this process, we get A,_42i+1(x), Ar—52i+1(x) and so on in terms of
subsequent A, 2i11(x)'s. Since Hy2;41(z), given by (3.9) is a polynomial of degree < n, we

S
have (22;3_2 Gk 2i41(T — 2i41) %91 () — E’Qiﬂ(ac))( : =0fors=0,1,---,r—t—2
r

T=T25+1
determining the values of gj2;41’s for j = 0,1,--- ,r—t-2, v;hich on simplification turns out
to be an equation (3.10). Thus, A 2i41(z),t =0,1,--- ,r—t—2 given in (3.8) is a polynomial
of degree nr +mn —r+ 1. Obviously, A;2i+1(22j) =0for j =1,2,--- ,n;i=1,2,--- ,n—1,
Ag2ir1(r1) = Ag2ir1(T2n41) = 0 gives cg; = —5Hio;41(1). By Leibnitzs theorem, for
T =T41,) =1,2,--- ,n—1 by (2.5) and (2.6) we have

0, t>m
AEEBH(@J'H) = { Sijy t=m

when t < m and j # i, then A§22+1($2j+1) = 0 and for j = 7, we have Agi)ﬂ(xgiﬂ) =0
provided

esais1 + coi{ (1 — a)UL_y () To(@) 5t ()} =0

T=T2i+1
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which gives es 2,41 as given in (3.13). Also by (3.8), (2.8), (2.5) and (2.6), we have for
J#1,
(wAL2i41) ") (22511) = coi{w(@)(1 — 2 )UL_ (@) T ()5t (@)}
rlw(zgj 1)Uy g (w2541)" " Tu(@2j41) Hy i1 (22541)
= coirlw(wa;t1) (1 — 23, 1)Up_1 (w2541) Tn (25 41)
Up—1(z241)"”"

(22541 — T2i41) MU, (T2i41)" "

[6,21'+1<372j+1)r_t - =0

since

Uy —1(22j41)
(2241 — T2i+1)U;,_1(T2i41)

5/21‘+1($2j+1) =
In the case for j = ¢, we have

ST grair (T — Toi1) o (x) — i q ()

lim r—t—1

T—T2i41 (Jf — .'L'27;+1)

r—t—1
= (T 1) { Z 9gs, 21+1 - 1) s! (f2i+1($))§;:;;i;1) } - 5g1+1)($2i+1)

Thus

(wA, 2i+1) ") (22i41) = coi{w(@)(1 — 2®)UL_ (2) T( Vit (x )}EQM

T—
1 —t—s—1 (r—t) _
i+ r—i=1) { Z gs2it1 (571) 8! (€2¢+1(m))§2x2ij1 ) } =l 1 (T2i41) = 0,
which gives ¢7; as given in (3.11).
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