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Abstract

Statistical models carry mathematical structures new to conventional
mathematics such as Dual structures or Amari-Chentsov (AC) structures
and in particular dually flat structures or Bregman (or exponential) fam-
ilies. These dual flat Riemannian manifolds are natural generalizations
of Euclidean spaces and enjoy properties like pythagorean theorem and
orthogonal projection theorem in general form. They are universal mod-
els of Riemannian spaces. The topological aspects of dual flat spaces and
obstructions for a Riemannian space to be dually flat and Hessian are
analyzed. In fact dual spaces are curved submanifolds of dual flat spaces.
Convex dual data living on dual flat spaces is brought out via) convex
analysis of Legendre. The problem when a Riemannian metric becomes a
Hessian metric is analyzed via) AC structures (M,G, T ) and some open
problems are suggested.

1 Introduction

Here we analyze the structure living on statistical models namely, Dual structures or A-C
structures; dually flat structures which are new in mathematical structures. We study these
models as differentiable manifolds with a special Riemannian metric called the Fisher-Rao
metric g. We study how they generalize the Euclidean spaces. Since Euclidean distance is
an integrated version of Euclidean metric we do the similar analysis in the reverse way to
recover the metric from the distance. We do this in statistical models via the concept of
divergences and recover the F-R metric from the divergence. The space of discrete proba-
bility distributions SN on a finite set and the space of exponential families of probability
distributions E of a contnuous random variable and the family F of all probability distri-
butions on an infinite sample space are good examples of statistical structures and serve
as universal models.

We analyse the space of Bregman divergences B and the space E of all exponential
families of probability distributions and study the correspondence between them.

Then we study the space of dually flat Riemannian spaces and the space of dual struc-
tures and its relation to space of general divergences (non flat ones). Finally we analyze
when a Riemannian metric g on M becomes a Hessian metric and the resulting topological
obstructions.
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2 Statistical models as (differentiable) manifolds

In this section we give classical examples from statistics of differentiable manifolds. Ex-

ample 2.1: Manifold of probability distributions

(a) Gaussian or normal distributions of a continuous random variable (r.v.) Recall the
probability density function of a Gaussian random variable x is given by

(2.1) p(x;µ, σ2) =
1√
2π σ

exp

[
−(x− µ)2

2σ2

]
where µ is the mean and σ2 is the variance. Hence we can regard the set N of all the
normal distributions of x ∈ R as a 2-dimensional differential manifold where a point
in N denotes a probability density function and

(2.2) ξ = (µ, σ), σ > 0

is a coordinate system which is topologically equivalent to H� upper half plane of
Euclidean space R2. This manifold N is covered by a single coordinate system.
There are also other coordinate systems such as ζ = (m1,m2) (called the moment
coordinate system) where

(2.3) m1 = E[x] = µ and m2 = E[x2] = µ2 + σ2

and E is the expectation of a random variable.
Also θ = (θ1, θ2) given by

(2.4) θ1 =
µ

σ2
and θ2 =

−1

2σ2

gives another coordinate system on N of natural parameters.

(b) Discrete r.v. case.

Let xbe a discrete r.v taking values on X = {0, 1, 2, · · · , N}. A probability distribu-
tion p(x) is specified by N + 1 probabilities

(2.5) pi = prob.(x = i), i = 0, 1, 2, · · · , N

so that p(x) is represented by a probability vector p = (po, p1, · · · , pN ) satisfying

(2.6)

N∑
i=0

pi = 1, pi > 0

Then the set SN of all probability distributions p forms an N -dimensional manifold
with its coordinate system

(2.7) ξ = (p1, p2, · · · , pN )
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and po is a functions of these coordinates as

(2.8) po = 1−
N∑
i=1

ξi

This SN is an N -dimensional (open) simplex called the probability simplex. S2 is
the interior of a triangle and S3 is the interior of a tetrahedron etc
δ-interpretation of SN : Define N + 1 random variables δi(x), i = 0, 1, 2, · · · , N by

(2.9)
δi(x) = 1 x = i

= 0 x 6= i

Then a probability distribution of x is denoted by

(2.10) p(x; ξ) =

N∑
i=1

ξiδi(x) + po(ξ)δo(x)

in terms of coordinates ξ.
On SN we have another coordinate system θ given by

(2.11) θi = log
pi
po
, i = 1, 2, · · · , N

(c) Regular statistical model as a differential manifold.

Let x be a random variable which may take discrete, scalar or vector continuous
values. Then a statistical model is a family of probability distributions M = {p(x; ξ)}
specified by a vector parameter ξ. When it satisfies certain regularity conditions (see
[20]) M is called a regular statistical model. Such a model M is a (differential)
manifold where ξ gives a coordinate system. Example (a) and (b) above are regular
statistical models. Note that information geometry may be defined as the study of
invariant geometrical structures of regular statistical model.

(d) Manifold of positive measures.

Let x be a variable taking values in a set N = {1, 2, · · · , n}.
we assign a positive measure or weight mi to each element i, i = 1, 2, · · · , n. Then

(2.12) ξ = (m1,m2, · · · ,mn) , mi > 0

defines a distribution of measures over N . The setM of all such measures sits in the
first quadrant Rn+ of an n-dimensional Euclidean space Rn and is an n-dimensional
manifold. the sum m =

∑n
i=1mi is called the total mass of m = (m1,m2, · · · ,mn).

Such measure vector m with total mass equal to 1 is a probability distribution be-
longing to the simplex Sn−1. Hence Sn−1 is included in Rn+ as submanifold.
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(e) manifold of positive definite matrices.

Let A be a n × n matrix over R. They form n2-dimensional manifold M. When A
is a symmetric and positive definite they form a n(n+ 1)/2-dimensional manifold P
which is a submanifold of M with their upper right elements including the diagonal
giving a coordinate system.

(f) Neural manifold.

A neural network is composed of a large number of neurons connected with each other,
where the dynamics of information processing takes place. A network is specified by
connection weights wji connecting neuron i with neuron j. the set of all such networks
forms a manifold where W = (wji) is a coordinate system.

(g) Exponential family of probability distributions.
Define a probability density function by

(2.13) p(x, θ) = exp

[
n∑
i=1

θixi + k(x)− ψ(θ)

]

of vector random variable x specified by vector parameter θ and k(x) is a function of
x satisfying

(2.14)

∫
p(x, θ)dx = 1

Then ψ(θ) is given by

(2.15) ψ(θ) = log

∫
exp

[
n∑
i=1

θixi + k(x)

]
dx

LetM = {p(x, θ)}. ThenM is regarded as a manifold and θ is its coordinate system,
called an exponential family of probability distributions.

(h) Infinite dimensional Manifold of probability distribution (formal approach).
Let x be a continuous random variable. Consider the set F of all probability density
functions p(x) which is an infinite dimensional function space which can be regarded
as an infinite dimensional manifold enjoying geometry similar to those of SN proba-
bility simplex. (we discuss its geometry later).

3 Divergence and Fisher-Rao metric on a Statistical model

Let S = {p(x, ξ = θ)} be a n-dimensional statistical model. Let lθ(x) = log pθ(x) =
log p(x, θ) be log-density function. Then the Fisher information matrix (gij(θ)) = G is
given by

(3.1) gij(θ) = Eθ[∂ilθ∂jlθ] =

∫
χ
∂ilθ(x)∂jlθ(x)p(x, θ)dx ∂i =

∂

∂θi
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which is a symmetric positive definite matrix and hence defines an inner product on the
tangent space Tθ(S) at θ depending smoothly on θ ∈ Θ open ⊂ Rn and hence defines a
Riemannian metric on the parameter space Θ called the Fisher-Rao metric of S. (cf.[20]
for details).

The general philosophy is the geometry of S will be studied thru several invariant
tensors like G,T etc., we realize these tensors by a generalized concept of “metric-like
distance” called “divergences” by a “differentiation process”.

We define the concept of divergence analytically first, (geometrically later) and derive
a special class of divergences defined by a general convex function ψ on a statistical model
M .
Definition 3.1 Let M = {p(x, ξ)} be a parametrized statistical model. Let P,Q ∈M with
coordinates ξP and ξQ respectively. We define a differentiable function D : M ×M → R
by

(3.2) D(P,Q) = D(ξP , ξQ)

and is called a divergence if

1. D(P,Q) ≥ 0.

2. D(P,Q) = 0⇔ P = Q

3. When P,Q points are sufficiently close with coordinates ξP and ξQ = ξP + dξ

(3.3) D(ξP , ξp + dξ) =
1

2

∑
gij(ξp)dξidξj +©(|dξ|3)

and G = (gij) is a positive definite matrix depending smoothly on ξP .

Remark: Divergence measures the separation between two points of the model, not sym-
metric D(P,Q) 6= D(Q,P ) and triangular inequality also fails in general.

If P and Q are sufficiently close we define the square of the infinitesimal distance ds
between them using (18) by

(3.4) ds2 = 2D[ξ, ξ + dξ] =
∑

gij(ξ)dξidξj

Since G = (gij(ξ)) is p.d at each point ξ of M (19) shows that divergence D provides M
with a Riemannian metric.

3.2 Examples:

(a) M = (Rn, <,>) Euclidean space. Then define

(3.5) D[P,Q] =
1

2

n∑
i=1

(ξiP − ξiQ)2

and then G− Idn×n matrix and

(3.6) ds2 =
∑

(dξi)
2

(Euclidean divergence)
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(b) Kullback-Leibler Divergence: Let p(x), q(x) be two probability distributions of a r.v.x
in a manifold M of probability distributions. Define

(3.7) DKL[p(x), q(x)] =

∫
p(x) log

p(x)

q(x)
dx

when x is a discrete r.v. replace integral by summation.
KL-divergence for positive measures on Rn+ is defined by

(3.8) DKL[m1,m2] =
∑

m1i log
m1i

m2i
−
∑

m1i +
∑

m2i

which for probability measures reduces to (22) (extended KL divergence).

(c) Divergences on p.d matrices P: Define for P,Q ∈ P

(i) D[P,Q] = tr(P logP − P logQ− P +Q)(3.9)

(Von-Neumann divergence)

(ii) D[P,Q] = tr[PQ−1]− log[det(PQ−1)]− n(3.10)

(KL-divergence for multivariate normal distribution)

(iii) D[P,Q] =
4

1− α2
tr

[
(−P

1−α
2 Q

1+α
2 +

1− α
2

P +
1 + α

2
Q)

]
,(3.11)

α ∈ R (α-divergence)

Now we specialize to a class B of divergences on a statistical model, M called Bregman
divergences defined by a convex function ψ on M .

Definition 3.3. A nonlinear differentiable function ψ(ξ) of coordinate ξ on M is called
convex if

(3.12) λψ(ξ1) + (1− λ)ψ(ξ2) ≥ ψ[λξ1 + (1− λ)ξ2]

holds for each ξ1, ξ2 ∈M and scalar λ in 0 ≤ λ ≤ 1.
Then a function ψ is convex iff its Heissian

(3.13) H(ξ) =

(
∂2

∂ξi∂ξj
ψ(ξ)

)
is positive definite.
Example (1):

(3.14) ψ(ξ) =
1

2

∑
ξ2
i

is a convex function on Euclidean space.
(2) On the probability simplex Sn,

(3.15) ϕ(p) = −H(p) =
∑

pi log pi
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(negative entropy) is a convex function.
(3) For the exponential family statistical model, the cumulant generating function

(3.16) ψ(θ) = log

∫
exp

[∑
θixi + k(x)

]
dx

can be shown to be a convex function namely ∇ψ(θ) = E(x) and ∇∇ψ(θ) = Hess(ψ) =
V ar(x) cov. matrix of x which is positive definite.
3.4. Bregman divergence of a convex function ψ on M .

Consider the graph of z = ψ(ξ). Let ξo ∈ M . Then the tangent hyper plane H to M
at ξo is given by

(3.17) z = ψ(ξo) +∇ψ(ξo) · (ξ − ξo)

Define the divergence Dψ[ξ, ξo] =the vertical height of ψ(ξ) from the tangent hyper plane
by

(3.18) Dψ(ξ, ξo) = ψ(ξ)− ψ(ξo)−∇ψ(ξo) · (ξ − ξo)

on M called the Bregmann divergence defined by the convex function ψ.
Examples (1) ψ(ξ) = 1

2

∑
ξ2
i . Then D[ξ, ξo] = 1

2 |ξ − ξo|
2 (Euclidean divergence).

(2) ψ(ξ) = −
∑n

i=1 log ξi convex function on Rn+. Then

D[ξ, ξ′] =
∑

(ξi log
ξi
ξ′i
− ξi + ξ′i)

(3) For the exponential family M = {p(x, θ)} the Bregmann divergence is defined by

Dψ[θ, θ′] =ψ(θ)− ψ(θ′)−∇ψ(θ′) · (θ − θ′)(3.19)

=DKL[p(x, θ′), p(x, θ)] =

∫
p(x, θ′) log

p(x, θ′)

p(x, θ)
dx(3.20)

3.5 Convex analysis associated with convex function ψ on M . Denote by

ξ∗ = ∇ψ(ξ)(3.21)

the gradient vector of ψ at ξ which is the normal vector n on the supporting Hyper plane H
at ξ and hence the coordinate transformation from ξ to ξ∗ by (36) is 1-1 and differentiable.
Hence a point ξ on M can be represented by the coordinate ξ∗ is called the Legendre
transform of ξ by (36) and we say the two coordinate system (ξ) and (ξ∗) are coupled
by (36) the Legendre transformation. The Legendre transformation defines a dualistic
structure on M as follows: Define a new function of ξ∗ by

ψ∗(ξ∗) = ξ · ξ∗ − ψ(ξ)(3.22)

where ξ, ξ∗ =
∑
ξiξ
∗
i and ξ is a function of ξ∗ say

ξ = f(ξ∗)(3.23)
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and (38) defines the inverse function of (36). Differentiating (37) w.r.t. ξ∗ we get

∇ψ∗(ξ∗) = ξ +
∂ξ

∂ξ∗
ξ∗ −∇ψ(ξ)

∂ξ

∂ξ∗
= ξ by (36)

Thus we have the dualistic structure given by ξ∗ = ∇ψ(ξ) and ξ = ∇ψ∗(ξ∗) where ψ∗ is
defined by (37).
ψ∗ is called the Legendre dual of ψ and ψ∗ is also a convex function of ξ∗ because G(ξ) =

∇∇ψ(ξ) is p.d. Hessian as ψ is convex and G∗(ξ∗) = ∇∇ψ∗(ξ∗) = ∂ξ
∂ξ∗ = G−1(ξ) = ∂ξ∗

∂ξ

which is p.d. ψ and ψ∗ define their Bregmann divergences Dψ and Dψ∗ by

Dψ(ξ, ξ′) = ψ(ξ)− ψ(ξ′)−∇ψ(ξ′) · (ξ − ξ′)

and

Dψ∗(ξ
∗, ξ∗′) = ψ∗(ξ∗)− ψ∗(ξ∗′)−∇ψ∗(ξ∗′) · (ξ∗ − ξ∗′)(3.24)

and they are related by

Dψ∗ [ξ
∗, ξ∗′] = Dψ[ξ′, ξ](3.25)

(same upto order of points of M).
Remark: Using Legendre duals of ξ and ψ one can derive

Dψ[P,Q] = ψ(ξP ) + ψ∗(ξ∗Q)− ξP · ξ∗Q

Examples of convex duals:

1) ψ(ξ) =
1

2
|ξ|2 and its dual is ψ∗(ξ∗) =

1

2
|ξ∗|2 self-dual convex function

2) For ψ(ξ) = −
n∑
i=1

log ξi, its convex dual is ψ∗(ξ∗) = −
∑

[1 + log(−ξi)](3.26)

3) For ψ(ξ) =
∑

ξi log ξi, its convex dual is ψ∗(ξ∗) =
∑

exp[ξ∗i − 1](3.27)

4) For the ψ(θ) of exponential family, its convex dual is

ψ∗(ξ∗) = ξ∗ · ξ − ψ(ξ) = negative entropy =

∫
p(x, θ) log p(x, θ)dx(3.28)

and Dψ∗ [θ
∗, θ∗′] = DKL[p(x, θ), p(x, θ′)](3.29)

where θ = ∇ψ∗(θ∗) and θ′ = ∇ψ∗(θ∗′) .

4 Geometry of M with a convex function ψ

Let θ be a coordinate system in which ψ(θ) is convex. Take θ to be an affine coordinate
system and M is locally flat in θ-coordinate system called primal flatness. Similarly θ∗ =
∇ψ(θ) is another type of coordinate system in which ψ∗(θ∗) is convex. Then M has a dual
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affine structure defined by ψ∗(θ∗) and M is flat in this θ∗-coordinate system called the dual
flatness. Thus M is a dually flat manifold with θ-flatness (primal flat) and θ∗-flatness (dual
flatness) and the two flat coordinates θ and θ′ are connected by Legendre transformation.
4.1. Tangent space, basis vectors and Riemannian metric of M .
Recall

ds2 = 2Dψ[θ, θ + dθ] =
∑

gijdθ
idθj(4.1)

and

gij(θ) =
∂2

∂θi∂θj
ψ(θ)(4.2)

Let {ei, i = 1, 2, n} be a set of tangent vectors along the coordinate curves of θ. Then
the span of {ei} is the tangent space of M at each point. θ is affine coordinate system
implies {ei} basis everywhere. Hence ∀ A ∈ T (M) is

A =
∑

Aiei(4.3)

similarly for θ∗-affine coordinate system, {e∗i} basis vectors of dual affine coordinate curves
with

A =
∑

Aie
∗i .(4.4)

At line element level we have

dθ =
∑

dθiei(4.5)

and

dθ∗ =
∑

dθ∗i e
∗i(4.6)

ds2 =< dθ, dθ >= gijdθ
idθj =< ei, ej > dθidθj (by (49))(4.7)

Hence (M,G = (gij)) is a Riemannian manifold.
Remark:

1. When ψ(ξ) = 1
2

∑
ξ2
i , gij = δij and hence Euclidean space is a special Rieman-

nian manifold and a manifold induced from a convex function ψ is non-Euclidean in
general.

2. The Riemannian metric can also be represented in the dual affine coordinate θ∗.
Then

ds2 =< dθ∗, dθ∗ >= g∗ijdθ∗i dθ
∗
j(4.8)
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where g∗ij =< e∗i, e∗j >. Then dθ∗ = Gdθ, dθ = G−1dθ∗ where G = G∗−1. So the
two Riemannian metric tensors are mutually inverse and e∗i = gijej and ei = gije

∗j

and so < ei, e
∗j >= δji by G = G∗−1.

Hence {ej} and {e∗j} are mutually dual or complimentarily orthogonal.
Then Ai =< A, e∗i >, Ai =< A, ei > and Ai = gijA

j or Ai = g∗ijAj .
Thus a convex function ψ on M defines a dually flat Riemannian structure.
Note that for a vector A, |A|2 = AiAi changes under parallel transport of θ to θ′. If
< A,B >= gijA

iBj = g∗ijAiBj = AiB
i

If < AiB >= 0 we say A and B are orthogonal at θ. But orthogonality is not pre-
served under parallel transport of A,B from θ and θ′ (at θ′).
Note if A is transported in parallel and B is transported in dual parallel then orthog-
onality of A,B at θ holds orthogonality at θ′ also.
Then dually coupled parallel transports preserve orthogonality and accordingly gener-
alized Pythagoras theorem holds in dually flat Riemannian manifolds and projection
theorem also holds [4] (cf. Appendix §10).

3. Summary of our local analysis:
We have seen on a statistical model M admitting a convex function ψ(x) gives a
class of special divergence called Bregman divergences. Using convex analysis we get
Legendre duals of θ as θ∗ and of ψ as ψ∗ and these ψ,ψ∗, θ and θ∗ give rise to primal
flat affine structure by ψ and dual flat affine structure by ψ∗ and ψ gives rise to a
Riemannian structure G = (gij(θ)) and ψ∗ with G∗ and G = G∗−1. In fact G gives
rise to an invariant 2-tensor G on M . We have

Theorem 4.1 Let (M,ψ) be a statistical model with a convex function ψ. Then ψ
gives rise to a Bregman divergence which inturn makes (M,G) a dually (affine) flat
Riemannian manifold and there are dual affine coordinate systems on such (M,G).

Remarks 4.2 (a) If we consider the class Div(M) of all divergences on M then
Div(M) % Breg(M). We have studied in detail the set Div(M) in our previous
paper [20] and a general divergence D on M gives rise to a Riemannian structure on
(M, gD) with a pair of dual affine connections which are in general non-flat and there
are no affine coordinate systems on such M . (cf. §7 of [20]).
(b) Recall the Nash embedding theorem that each Riemannian manifold (M, g) can
be isometrically embedded in a Euclidean space. But a dually flat manifold arising
from a Bregman divergence can be regarded as a statistical geometrical generaliza-
tion of a Euclidean space such M reduces to Euclidean structure when the two dual
flat affine structures become self-dual.
Hence we can expect theorems like Pythagorean theorem and orthogonal projection
theorem of Euclidean space hold in dually flat manifolds in a general form (see Ap-
pendix in §10). By Nash theorem every Riemannian manifold can be regarded as a
curved submanifold of a Euclidean space.
Hence a general non-flat manifold (M, gD) arising out of a general divergence can be
regarded as a curved submanifold of dually flat manifolds.
We study the geometry (global and local) of dually flat Riemannian manifolds in the
next section. In a sense the set of all dually flat manifolds is a universal model.
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Theorem 4.3 (a) A dually flat manifold arises from a Bregman divergence of a convex
function ψ.
(b) Conversely given a dually flat manifold M there exists a convex function ψ and the
corresponding Bregman divergence gives the original dually flat geometric structures.
These Bregman divergences are related to exponential families (later).

5 Geometry of exponential family of probability distributions

An important class of statistical models are the exponential families of probability dis-
tributions which includes the well known families of probability distributions of statistics
such as discrete probability distributions Sn, normal distributions, multinomial distribu-
tions, gamma distributions etc. These are typical models universal in nature and arise
from a convex function ψ(x) which is called the cumulant generating function so that they
come from Bregman divergence and conversely. Thus exponential families are dually flat
Riemannian manifolds.
5.1. Exponential family of probability distributions.

The standard family E of exponential probability distributions is given by the proba-
bility function

p(x, θ) = exp{θihi(x) + k(x)− ψ(θ)}(5.1)

where x is a random variable, θ = (θ1, · · · , θn) is an n-dimensional vector parameter
specifying the distribution, hi(x) are n functions of x which are linearly independent, k(x)
is a function of x and ψ is the normalizing factor function. We can put (53) in the standard
form

p(x, θ)dx = exp(θ · x− ψ(θ)}dµ(x)(5.2)

where x− (h1(x), · · · , hn(x)) with new sample space X and measure dµ(x) = exp(k(x))dx.
Then E = {p(x, θ)} is a n-dimensional statistical model with θ as its coordinate system.
Then

∫
p(x, θ)dx = 1 gives

ψ(θ) = log

∫
exp(θ · x)dµ(x)(5.3)

and we saw earlier ψ(θ) is a convex function of θ and hence E gets a dually flat Riemannian
structure by the standard procedure explained before thru the data

θ, θ∗ = η, ψ(θ), ψ∗(θ∗) = ϕ(η)(5.4)

θ is called the natural parameter or canonical parameter of E and η = E[x] =
∫
xp(x, θ)dµ(x)

is called the expectation parameter of E . θ and η are the two dually flat affine coordinates
on E and the Riemannian metric

gij(θ) =
∂2ψ(θ)

∂θi∂θj
(5.5)



12 Sitaramayya, Moosat and Hasan: Differential Analytic aspects of statistical models

The dual convex function ϕ(η) is the negative entropy given by

ϕ(η) =

∫
p(x, θ) log p(x, θ)dx(5.6)

where θ is a function of η thru η = ∇ψ(θ) and

Dψ[θ′, θ] =ψ(θ′)− ψ(θ)− η.(θ′ − θ)

=

∫
p(x, θ) log

p(x, θ)

p(x, θ′)
dµ(x) = DKL[θ, θ′](5.7)

the Riemannian metric of the exponential family is the Fisher-Rao information metric of
E defined by

gij =E[∂i log p(x, θ)∂j log p(x, θ)]

=E[(xi − ηi)(xj − ηj)] = ∇∇ψ(θ) =
∂2ψ(θ)

∂θi∂θj
(5.8)

(cf.[1])

5.2 Examples

(a) Gaussian distributions with means µ and variance σ2 has the probability density
function

p(x, µ, σ) =
1√
2πσ

exp

[
−(x− µ)2

2σ2

]
(5.9)

Take a new r.v. x = (x1, x2) = (x, x2) and new parameters θ1 = µ
σ2 , θ2 = − 1

2σ2 and
write (61) as

p(x, θ) = exp[(θ · x)− ψ(θ)](5.10)

with the convex function ψ(θ) given by

ψ(θ) =
µ2

2σ2
+ log(

√
2πσ) = −(θ1)2

4θ2
− 1

2
log(−θ2) +

1

2
log π(5.11)

The new measure is dµ(x) = δ(x2 − x2
1)dx and the dual affine coordinate η are given

by

η = E(x) =

∫
xp(x, θ)dµ(x)(5.12)

and η = (η1, η2) with η1 = µ and η2 = µ2 + σ2.
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(b) Discrete distributions of a r.v.x over X = {0, 1, 2, · · · , n} form a probability simplex
Sn and p ∈ Sn is represented by

p(x) =
n∑
i=0

piδi(x)(5.13)

Introduce new r.v. xi = hi(x) = δi(x) i = 1, 2, · · · , n and new parameters θi = log pi
po

.

Then (65) can be written

p(x, θ) = exp

{
n∑
i=1

θixi − ψ(θ)

}
(5.14)

where

ψ(θ) = − log po = log

{
1 +

n∑
i=1

exp(θi)

}
(5.15)

(use log p(x, θ)’s expression)
The dual affine coordinates η are

ηi = E[hi(x)] = pi i = 1, 2, · · · , n(5.16)

and

ϕ(η) =
∑

ηi log ηi + (1−
∑

η1) log(1−
∑

ηi)(5.17)

(c) Mixture family of probability distributions.
We compose a new probability distribution out of given n+1 probability distribution
qo(x), q1(x), q2(x), · · · , qn(x) which are linearly independent, by

p(x, η) =

n∑
i=0

ηiqi(x)(5.18)

where
∑n

i=0 ηi = 1, ηi > 0 ∀ i
M = {p(x, η)} is a statistical model called the mixture family where η = [n1, n2, · · · , nn]
is a coordinate system with ηo = 1−

∑n
i=1 ηi.

Note a discrete distribution p(x) =
∑
piδi(x) ∈ Sn can be written as a mixture family

with qi(x) = δi(x) i = 0, 1, 2, · · · , n and ηi = pi for i = 0, 1, 2, · · · , n and η is a dual
affine coordinate system of the exponential family Sn.

Remark: if a general mixture family is given by (70) which is not an exponential family.
Then also the negative entropy given by ϕ(η) =

∫
p(x, η) log p(x, η)dx is a convex function

of η and hence defines a dually flat structure to M = {p(x, η)} having η as the dual affine
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coordinate system. then θ = ∇ϕ(η) defines the primal affine structure dually coupled with
η but θ is not the natural parameter of an experimental family. and

Dϕ[η, η′] = the KL div =

∫
p(x, η) log p(x, η)

/
p(x, η′)dx

Remark: On an exponential family we have θ-primal affine flat structure called e-flat and
e-geodesic. Similarly the dual η-coordinate system defies an affine flat structure giving
η-flatness or m-flatness and m-geodesics. Thus E has a dually flat Riemannian structures
see [4] and [1].

6 Infinite Dimensional Manifold of Probability Distributions (a formal
approach).

Recall that Sn the probability simplex of discrete probability distributions is an exponential
family and a mixture family at the same time. Sn can be regarded as a super manifold in
which every statistical model of a discrete random variable is embedded as a submanifold.
When x is a continuous random variable formally we consider the set F of all probability
density functions p(x) as a manifold and assume it is an experimental family and also a
mixture family simultaneously. It is a supermanifold including all statistical models of a
continuous r.v as submanifolds.

Let p(x) be a probability density function of a real r.v.x ∈ R which is mutually abso-
lutely continuous w.r.t. the Lebesgue measure dx or the Gaussian measure

dµ(x) =
1√
2π

exp

[
−x

2

2

]
dx

Consid4er the function space

F = {p(x)|p(x) > 0,

∫
p(x)dx = 1}(6.1)

For p1(x), p2(x) ∈ F , the expermental family connecting them is

Pexp(x, t) = exp{(1− t) log p1(x) + t log p2(x)− ψ(t)}(6.2)

provided it exists in F and the mixture family connecting them is

Pmix(x, t) = (1− t)p1(x) + tp2(x)(6.3)

assuming it belongs to F ,. Thus F can be regarded as an exponential family and a mixture
family of probability distributions.

6.1 General idea: Discretize the real line R into n+1 intervals Io, I1, · · · , In. Then the dis-
cretized version of p(x) is given in the discrete probability distribution p = (po, p1, · · · , pn)
where

pi =

∫
Ii

p(x)dx, i = 0, 1, 2, · · · , n(6.4)
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we get a map: F → Sn p(x)→ p and if pi → 0 on each Ii as n→∞ we get F = limn→∞ Sn.

Remark 6.2: In a more general set up of generalized parametric measure models and
sufficient statistics this idea was done with mathematical rigor ([6],[10]).

Similar to discrete case Snp(x) =
∑
piδi(x). introduce a family of random variables

δ(s− x), s ∈ R real point (corresponds to index i in δi(x) of Sn). Then

p(x) =

∫
p(s)δ(x− s)ds(6.5)

which shows F is a mixture family given by {δ(s− x)}. Similarly

p(x) = exp{
∫
θ(s)δ(s− x)dx− ψ}(6.6)

where

θ(s) = log p(x) + ψ(6.7)

and ψ is a functional of θ(x) formally given by

ψ(θ(s)) = log

[∫
exp[θ(s)]ds

]
(6.8)

Hence F is an exponential family where θ(s) = log p(s) + ψ is the θ-affine coordinates and
n(s) = p(s) is the dual affine coordinate η. The dual convex function is

ϕ[η(s)]] =

∫
η(s) log η(s)ds(6.9)

Note the dual coordinates are

η(s) = Eϕ[δ(s− x)] = p(s)(6.10)

and we have

η(s) = ∇ψ[θ(s)](6.11)

where ∇ is the Frechet-derivative w.r.t θ(s). the egeodesic connecting p(x) and q(x) is
given by (72) and m-geodesic by (73).
The KL-divergence is

DKL[p(x), q(x)] =

∫
p(x) log

p(x)

q(x)
dx(6.12)
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which is the Bregmann divergence derived from ψ(θ) and hence F becomes a dually flat
Riemannian manifold with the Riemannian metric for two nearby points p(x) and p(x) +
δp(x) is given by

ds2 =

∫
[
δp(x)

p(x)
]2dx(6.13)

Thus we proved.

Theorem 6.3 the infinite-dimensional function space Fhas a dually flat Riemannian struc-
ture and the Riemannian metric in θ-coordinates is give η by

g(s, t) = ∇∇ψ = p(x)δ(s− t)(6.14)

Remark: For a manifold structure on F where F is a Banach space refer to the works of
G. Pistone and his collaborators [11],[18],[12],[13],[14],[15],[16],[17].

6.4 Bregman divergence and Exponential family
We saw that an exponential family induces a Bregman divergence Dψ[θ, θ′]. Now we

want to answer the converse problem: Given a Bregman divergence Dψ[θ, θ′] does there
exist a corresponding exponential family p(x, θ)?
We answer this now:
Start with a r.v.x. It specifies a point η′ = x in the η-coordinates of a dually flat manifold
given by ψ. Let θ′ be its θ-coordinate. Then the ψ-divergence from θ to θ′ (θ′ is the
θ-coordinate of the point η′ = x) is

Dψ[θ, θ′(x)] = ψ(θ) + ϕ(x)− θ · x(6.15)

Then define the probability density function p(x, θ) by

p(x, θ) = exp[−Dψ[θ, θ′] + ϕ(x)] = exp{θ · x− ψ(θ)}(6.16)

where θ′ is determined from x as the θ-coordinates of η′ = x. Thus we proved:

Theorem 6.5 Given a Bregman divergence there exists an exponential family Dψ[θ, θ′]
defined by (86).
In other words, given a convex function ψ(θ) find a measure dµ(x) such that (85) holds or
equivalently

exp{ψ(θ)} =

∫
exp(θ · x)dµ(x)(6.17)

holds which is the inverse of the Laplace transform.

Remark 6.6. There is a deeper result due to A. Banerjee [7] which gives a 1-1 correspon-
dence between the set of regular Bregman divergences B and the set of regular exponential
families E . Thus B and E are super models for dually flat Riemanian manifolds.
Note that all discrete probability distributions on a finite set is a curved submanifold of
probabilities simplex Sn and hence Sn is a universal model in the discrete case.
Similarly each dually flat manifold is a curved submanifold of B or E .
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7 Study of dually flat manifolds

We have studied the geometry of the class of Bregman divergences out of convex functions
ψ on statistical models. However we have a bigger class of general divergences Div. on M
which induces a dualistic structure on M which is non-flat.

Definition 7.1. Two affine connections Γ,Γ∗ on M are dual w.r.t. the Riemannian metric
g if locally

∂igjk = Γijk + Γ∗ikj(7.1)

or globally

Z < X, Y >=< ∇ZX,Y > + < X,∇∗ZY >(7.2)

for any three vector fields X,Y, Z on M and ∇,∇∗ are covariant derivatives of Γ,Γ∗ re-
spectively..
Then define a symmetric 3-tensor T on M by

Tijk = Γ∗ijk − Γijk(7.3)

and define

Γoijk =
1

2
(Γijk + Γ∗ijk)(7.4)

which is the Levi-Civita connection of g and so

Γijk = Γoijk −
1

2
Tijk(7.5)

Γ∗ijk = Γoijk +
1

2
Tijk(7.6)

Infact

∇igjk = Tijk(7.7)

Remark 7.2: Amari called T as a cubic tensor.
A Statistical model (M,G, T ) equipped with symmetric p.d 2-tensor G and a symmetric
3-tensor T is called a statistical manifold and {G,T} is called a Amari-Chentsov structure.

7.3 A general divergenceD[ξ, ξ′] induces onM the Amari-Chentsov structure {(gDij ), {TDijk}}
on M by higher order differentiation of D[ξ, ξ′] as follows: Define

Di =
∂

∂ξi
D[ξ, ξ′]

∣∣∣∣
ξ′=ξ

(7.8)

Dij =
∂

∂ξi
∂

∂ξj
D[ξ, ξ′]

∣∣∣∣
g′=ξ

(7.9)

D,j =
∂

∂ξ′j
D[ξ, ξ′]

∣∣∣∣
ξ=ξ′

(7.10)
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and

Dij,k =
∂2

∂ξi∂ξj
∂

∂ξ′k
D[ξ : ξ′]ξ′=ξ(7.11)

etc. Using these define

gDijh =−Di,j(7.12)

ΓDijk =−Dij;k(7.13)

ΓD
∗

ijk =−Dk,ij(7.14)

Then ΓD and ΓD∗ are affine connections and define

TDijk = ΓD∗ijk − ΓDijk(7.15)

defines third order symmetric tensor. Then we get a dual structure on M induced by
divergence D.

7.4 Recall the f -divergence on the manifold of probability distributions defined by

Df (p(x), q(x)) =

∫
p(x)f

(
p(x)

q(x)

)
dx

(f is a suitable function). Then we can calculate the Amari-Chentsov tensors as

gfij = gij (Firher-Rao metric)(7.16)

and

T fijk = αTIjk(7.17)

with

Tijk = E[∂il(x, ξ)∂jl(x, ξ)∂kl(x, ξ)](7.18)

and
α = 2f ′′′(1) + 3 .

(simply differentiate Df [ξ, ξ′] =
∫
p(x, ξ)f

(
p(x,ξ′)
p(x,ξ)

)
dx w.r.t. ξ, ξ′ and put ξ = ξ′ as re-

quired.

7.5 Amari’s α-geometry.

Consider the Amari-Chentsov tensor {G,αT} for ∀α ∈ R in

Γαijk = Γ0
ijk −

α

2
Tijk , Γ−αijk = Γ0

ijk +
αTijk

2
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we get dual structures {Γα,Γ−α} on M w.r.t. G and this α-geometry of M is invariant.

Remark 7.6 Thus the two invariant tensors G and T generate the 1-parameter family
of α-geometries on M by a formal process. However there is a more rigorous way of
understanding these α-geometry of Amari as an embedding geometry see [20]. We can
justify geometrically the dually flatness of M as in

Proposition 7.7: When the Riemannian Christoffel curvature R vanishes w.r.t. one
affine connection on a dually flat manifold (M, g,Γ,Γ∗), the RC-curvature R∗ w.r.t the
dual connection vanishes and vice versa.

Proof: When R = 0 parallel transport operator π leaves every tangent vector A invariant
i.e. A = π(A). We always have

< A,B >=< πA, π∗B >=< A, π∗B >(7.19)

which implies B = π∗B and hence R∗ = 0.
Thus a manifold is always dually flat when it is flat w,.r.t. one connection. When M

is dually flat there exists an affine coordinate θ for which Γijk(θ) = 0.

Similarly there exists a dual affine coordinate system η for which Γ∗ijk(η) = 0 and hence
in these dual coordinate systems each coordinate curve is a geodesic with their respective
directions given by {ei} and {e∗i} respectively. Then the Jacobians of these coordinate
transformation among θ = (θi) and η = (ηj) satisfy

gij =
∂ηi
∂θj

and gij =
∂θi

∂ηj

and hence the two bases {ei} and (e∗i) satisfy

ei = gije
∗j and e∗i = gijei

Thus we proved.

Theorem 7.8 In a dually flat manifold there exist affine coordinate systems θ and η the
dual affine coordinate systems such that their tangent vectors are reciprocally orthogonal

< ei, e
∗j >=< ∂i, ∂

∗j >= δji and orthogonality is preserved under mixed parallel trans-

portations i.e. < ei, e
∗j >= δji and < πei, π

∗e∗j >=< ei, e
j >= δji .

7.9 Canonical divergence in a dually flat manifold.
Recall a general divergence induces on M a dual structure which is nonflat in general

and a dually flat structure is induced from a Bregman divergence. On a dual manifold
there are no dually flat affine coordinate system θ = (θi) and η = (ηj) as described above.
Several divergences give the same dual structure.

Proposition 7.10: (dual convex scheme {θ, η, ψ, (θ) and ϕ(η)} on a dually flat manifold).
Let M be dually flat manifold (Riemannian). Then there are a pair of dual affine coordinate
systems θ and η and a pair of Legendre-dual convex functions ψ(θ) and ϕ(η) satisfying

ψ(θ) + ϕ(η)− θiηi = 0(7.20)
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such that the Riemannian metric is given by

gij(θ) = ∂i∂jψ(θ); gij(η) = ∂i∂jϕ(η)(7.21)

and the Amari-Cubic tensor by

Tijk(θ) = ∂i∂j∂kψ(θ)

and

T ijk(η) = ∂i∂j∂kϕ(η)(7.22)

This was proved earlier. Using this we get.

Theorem 7.11 When M is a dually flat manifold there exists a Legendre pair of convex
functions ψ(θ) and ϕ(η) and a canonical divergence given by the Bregman divergence

D[θ, θ′] = ψ(θ) + ϕ(η′)− θ · η′(7.23)

They are uniquely determined upto affine transformation. Conversely the canonical diver-
gence gives the original dually flat Riemannian structure. (pf. trivial from 7.10).

Remark 7.12 Note that the KL-divergence is the canonical divergence of an exponential
family of probability distributions which is invariant and dually flat.

Remark 7.13 On a general dual manifold one can define a canonical divergence using an
averaging process along primal geodesic ξ(t) and dual geodesic ξ∗(t) connecting given two
points ξp and ξq using experimental map: T (M)→M . (cf. Ay-Amari [3]).

Theorem 7.14 (Ay and Amari) The geometric structure derived from the canonical di-
vergence coincides with the original geometry. When M is dually flat it gives the canonical
divergence of Bregman type. When M is Riemannian (T = 0) it gives half of squared
Riemannian distance.

We close this section with a remark on Invariant geometry.

Remark 7.15: Originally it is Fisher and Rao that showed their Riemannian metric g
is invariant and unique. Later in 1972 Chentsov showed the two tensors G and T are
invariant on the probability simplex SN for discrete case and also their uniqueness. Then
in 1982 Amari and Nagaoka formulated invariant α-geometries on any statistical model M
in general from these two tensors G and T (cf. [4]).

8 Amari-Chentsov structures and their specialization on M

Let (M,G, T ) be a Amari-Chentsov (AC) manifold which is realizable by a general di-
vergence D such that gD = G and TD = T . So we have a many-to-one map from
Div(M) → {A-C structures on M}. By Ay-Amari Canonical divergence construction
we can make this map 1-1 locally by this choice. Similarly this map is 1-1 at dually flat
structures level and Bregman divergences level.
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8.1: Bregman divergence, Hessian metric
We have seen earlier that Div(M) ⊃ B = E and {Dual structure onM} % {Dually flat

Riemannian Structure on M}. Let M be a dually flat Riemannian manifold. Then there
exists convex function ψ, its convex dual ϕ and coordinate system θ = (θi) and its dual
coordinate system (η) such that the AC tensors G and T are realized in terms of this data.
In particular the Riemannian metric

gij(θ) = ∂i∂jψ(θ)(8.1)

Definition 8.2 A Riemannian metric g is called Hessian metric if there exist local coor-
dinates such that g can be expressed as the Hessian of some convex potential function ψ
as in (111).

Hessian metrics play important role in studies on optimization and convex program-
ming, statistical manifolds and in string theory via special Kahler manifolds. In Hessian
geometry there is a natural duality principle given by the Legendre-Fenchel transform.
Recall that given any affine connection ∇ on a Riemannian manifold (M, g) we define its
“g-dual connection ∇∗” by

g(∇X , Y, Z) = g(Y,∇∗XZ)(8.2)

and Levi-civita connection of (M, g) is self-dual.

Definition 8.3: A g-dually flat structure is a pair of g-dual connections which are both
flat.

So a metric locally admits a g-dually flat structure if and only if g is Hessian metric.
We have shown this before analytically. In geometrical sense one simply needs to know
that the geodesics of g-dually flat connection define local coordinate system w.r.t. which
g is a Hessian and converse is also true [4], [19].

Amari [4] raised the question whether a Riemannian metric g on M can be realized as
a Hessian?

If not, what are the obstructions?
Characterize this subclass.
Consider an AC manifold (M,G, T ) put sufficient conditions on T so that G gives a

Hessian metric. This is a kind of “flattening process” for M .

Remark: In a different context Weil [24] studied similar problem

gij =
∂2ϕ

∂z1∂zj
or

∂2ϕ

∂zi∂z̄j
(8.3)

in the context of smooth function ϕ (not convex) for understanding special Kahler mani-
folds.

Amari’s problem being local in nature is equivalent to determining whether g is a
Hessian metric. This is a deep problem. We outline some results on this.

Theorem 8.4 In dimensions n ≥ 3, a generic Riemannian metric (Mng) does not admit
a compatible dually flat structure, even locally.
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Proof: If (Mn, g) admits a dually flat structure then, in some neighborhood of any point
p, there exists local coordinates x : Mn → Rn and a potential function ϕ such that in these
coordinates the metric is given by

gij =
∂2ϕ

∂xi∂xj
(8.4)

Thus the k-jet of g at p is determined by the (k + 2)−jet of x and ϕ at p. If we fix some
reference coordinates around p then the function x is defined by n real valued functions in
n-variables and the coordinate ϕ is a single real-valued function of n variables: Hence the
dimension of the space of (k + 2)-jets of (x, ϕ) at p is equal to

dim Jk+2(x, ϕ) :=
k+2∑
i=0

(n+ 1) dim(SiTp) =
k+2∑
i=0

(n+ 1)

(
n+ i− 1

i

)
(8.5)

On these same reference coordinates the metric g is defined by n(n+ 1)/2 real valued
functions, so the space of k-jets of metric at p has dimension given by

dim Jk(g) =
k∑
i=0

n(n+ 1)

2
dim(SiTp) =

k∑
i=0

n(n+ 1)

2

(
n+ i− 1

i

)
(8.6)

Thus

dim Jk(g)− dim Jk+2(x, ϕ) = (n+ 1)(ak,n − bk,n)(8.7)

where

akn =
(n

2
− 1
) k∑
i=1

(
n+ i− 1

i

)
and bk,n =

(
n+ k

k + 1

)
+

(
n+ k + 1

k + 2

)
For fixed n > 2, ak,n grows as order kn where as bk,n grows as order kn−1. So for sufficiently
large k

dim Jk(g) > dim Jk+2(x, ϕ)

Hence it follows that if n > 2, for sufficiently large k.
The generic k-Jet of a metric tensor does not admit any compatable dually flat structure

no matter how one extends this k-Jet to a smooth metric

Remark: The above counting argument can be summarized by saying that the number
of metric depends upon 1

2n(n+ 1) functions of n-variables whereas the data for a Hessian
structure depends upon only (n + 1) functions of n-variables and our argument makes it
more precise and answers negatively Amari’s question for n ≥ 3.
We have the following result of Shima [19].

Proposition 8.5: Let (M, g) be a Riemannian manifold. Let ∇ be the Levi-Civita con-

nection of g. Suppose there exists tensor A on M such that ∇̃ = ∇+ A is a g-dually flat
connection. Then
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(i) The tensor Aijk lies in S3T ∗ called the S3-tensor of ∇̄.

(ii) The S3-tensor determines the Riemannian curvature tensor as follows:

Rijkl = −gabAikaAjlb + gabAilaAjkb(8.8)

Definition 8.6 Define a quadratic equivariant map

ρ : S3T ∗ →Λ2T ∗ ⊗ Λ2T ∗(8.9)

ρ(Aijk) =− gabAikaAjlb + gabAilaAjkb

Then we get a necessary condition for a Riemannian metric g to be a Hessian metric.

Corollary 8.7 In dimension of M > 4 the condition that Rg lies in the image of ρ gives a
non-trivial necessary condition for a metric g to be Hessian metric

Proof: dimS3T =

(
n+ 2

n− 1

)
=

1

6
n(n+ 1)(n+ 2).

The dimension of the space of algebraic curvature tensor, R is dimR = 1
12n

2(n2 − 1)
(cf.[23]).

So dimR− dimS3T = 1
12n(n− 4)(n+ 1)2 which is positive if n > 4.

Remark 8.8 For the case of n = 4, the space of possible curvature tensors for Hessian
4-manifold is 18-dimensional. In particular the curvature tensor must satisfy the identities

α
(
RbijaR

a
klb

)
= 0(8.10)

α(RiajbR
b
kcdR

dac
l − 2RajbR

a
kcdR

dbc
l ) = 0(8.11)

where α denotes anti-symmetrization of the i, j, k and l indices.
The identity (120) gives that the Pontryagin forms i.e. the closed differential forms

given as polynomials in the curvature tensor that represent its class vanish on a Hessian
manifold.

Hence this suggests that the Pontryagin classes are the topological obstructions for the
existence of a Hessian metric on n-dimensional manifold for n ≥ 4.

8.9 Examples: 1) all analytic 2-manifolds are Hessian
2) All products of Hessian manifolds are Hessian
3) All hyperbolic manifolds are Hessian (see [21],[22] for more examples)
4) In dimension 3 also all possible Riemannian curvature tensors occur as the curvature
tensor of a Hessian metric (see [2]).

9 Some general Remarks

We have defined geometrically (a) dual manifold (b) dually flat manifold among the class
of Riemannian manifolds.
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Recall the definition of statistical manifold of Lauritzen [1987] [8] as a Riemannian
manfold (M, g) with a 3-symmetric tensor T Amari’s question: What is the relation among
general dual manifold and statistical manifolds?
and Lauritzen’s question: if any statistical manifold is a statistical model?
More precisely for a given statistical manifold (M, g, T ) can we find a sample space Ω and
probability distribution p(x,w), x ∈M , w ∈ Ω such that p(x,w) is a potential function for
g and T?

Definition 9.1 A statistical model is a (possibly immersed) submanifold M in the space
Cap(Ω) of all probability measures on a sample space Ω. If dim Ω > 1 then Cap(Ω) is an
infinite dimensional space. We represent the measure p(x,w) as p(x,w)dw with p(x,w)
considered as an almost everywhere positive density function and dw is a specific Borel
measure on Ω.

Then we put two conditions on p(x,w) namely

p(x,w) > 0 ∀ (x,w) ∈M × Ω (9.1a)

and ∫
Ω
p(x,w)dw = 1 ∀ x ∈M (9.1b)

Let p(x,w) be a probability potential on a statistical model M .
Then the Fisher-Rao metric is defined on M by

gij =

∫
Ω
∂i log p(x,w)∂j log p(x,w)p(x,w)dw = Ex(∂i log p∂j log p) (9.2)

and Chentsov tensor T on M is given by

T (X,Y, Z) = Ex(∂X log p(x,w)∂Y log p(x,w)∂Z log p(x,w)) (9.3)

=

∫
Ω

1

p2
(∂Xp(x,w)∂Y p(x,w)∂Zp(x,w))dw

=8

∫
Ω

1
√
p
∂X
√
p∂Y
√
p∂Z
√
p

Definition 9.4: We say that a function p(x,w) on M×Ω is a probability potential for the
metric g if p(x,w) satisfies (9,1a) and (9.1b) as well as g is derived from p(x,w) via (9.2)
and if moreover T is derived from p(x,w) by (9.3a,b,c) we say that p(x,w) is probability
potential for (M, g, T ). In this case the statistical manifold (M, g, T ) is a statistical model
associated with the sample space Ω. We have seen that for a general dual manifold its
structure arises from a general divergence D and it induces (gD,ΓD,ΓD∗) structure and
TD and hence is a statistical manifold in the sense of Lauritzen. For dually flat ones also
this works and is a statistical manifold.
However there is a more concrete realization by Banerjee’s theorem that every dually flat M
can be realized (1-1 correspondence) as an exponential family of probability distributions
(cf. [7]).



GANITA, Vol. 67(1), 2017, 1-31 25

Theorem 9.5 (Lé) Any smooth (at least C1) statistical manifold (Mn, g, T ) can be im-
mersed into a statistical manifold [CapN+ , g

F , TA−C ] for some finite N , In other words
every smooth statistical manifold can be realized as a statistical submanifold of probability
simplex SN for sufficiently large N and hence is a statistical model.
Corollary 9.6: A general dual manifold can be realized as a statistical model.

Remark 9.7: In a much general set up (less differential analytic set up) the delicate
problems of topology on the manifold F of infinite dimensional probability distributions as
Function space were treated in [6],[10],[9].

Remark 9.8: Finally we close this article with an open problem.

(a) Given a Riemannian manifold (M,G). Put geometric Tensorial data so that G be-
comes Hessian metric or dually flat. In other words find obstructions (curvature
conditions) so that (M,G) is flattenable? If dimM = n = 2 this is always true. For
n ≥ 3 there are obstructions. For some attempts on this see Amari-Armstrong [2]
and Ay-Tuschmann [5] (see Appendix in §10 for global topological properties).

(b) Whether the vanishing of Pontryagin classes or equivalent curvature conditions (120)
and (121) are sufficient for existence of dually flat structure or Hessian structure?
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10 Global geometry and topology of dually flat manifolds

We study the topological obstructions and classification of dually flat manifolds and also
discuss the geodesic property enjoyed by them.

Definition 10.1: A dually flat manifold is defined as a smooth Riemannian manifold
(M, g) equipped with a pair of flat torsion- free affine connections ∇ and ∇∗ which are
dual to each other with respect to metric g i.e. for all vector fields X,Y, Z on M we have

Xg(Y, Z) = g(∇XY, Z) + g(Y,∇∗XZ)

We assume one of these two connections ∇ or ∇∗ is complete on M i.e. the domain of all
geodesics on M is the whole real line R.
Example 10.2: (a) Let (M, g) be an exponential family of probability distributions

equipped with the Fisher-Rao metric and ∇ = ∇(e) is the exponential connection which
is Fisher-Rao dual to the canonical mixture connection ∇∗ = ∇(m) on M . Then the
exponential connection ∇(e) is complete and ∇(m) is not complete.
(b) Let (M, g) be the set of positive density operators on a finite dimensional Hilbert space

equipped with the Bogoliubov inner product and ∇ = ∇(e) is the exponential connection
and ∇∗ = ∇(m) the mixture connection on M . Then ∇(e) is complete though ∇(m) is not.
10.3 Hick’s ([1]) setup:

Let G be a connected Lie group and Aut(G) denote the group of continuous automor-
phisms of G. Then GXAut(G) is a Lie group with group multiplication

(λ, k) · (µ, l) = (λ · k(µ), kol) (1)

The GX Aut(G) acts effectively on G by

(λ, k) · g = λ · k(g) (2)

On the Lie group G, there exists a canonical complete flat affine connection ∇ which
is characterized by the fact that it is the one for which all left invariant vector fields on G
are parallel. Then GX Aut(G) is isomorphic to the group of affine transformations of ∇,
that is, isomorphic to the group of connection - preserving diffeomorphisms of G → G as
follows:
If ϕ : G→ G is a diffeomorphism then ϕ is connection - preserving if and only if ϕ∗(g) = g
where g=Lie algebra of G. thus the group of connection - preserving diffeomorphisms of
G contains all left translations of G and all automorphisms of G. Conversely, if ϕ is a
connection - preserving diffeomorphism of G,
Set λ = ϕ(id), so that λ−1 ◦ ϕ leaves g invariant.
Thus λ−1 ◦ ϕ is an automorphism of G and ϕ = λ · (λ−1 · ϕ).
Hence the group of connection-preserving diffeomorphisms ofG is isomorphic toGXAut(G).
Remark 10.4: The torsion tensor of the complete flat connection ∇ is invariant under
parallel translation and if Γ is a subgroup of GX Aut(G) which acts freely and properly
discontinuously on G then the quotient space G/Γ is a manifold whose fundamental group
is isomorphic to Γ and carries an induced flat and complete connection ∇Γ whose tor-
sion tensor is invariant under parallel transport with respect to ∇Γ. Theorem 10.5:
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(Hicks-Ay-Tushmann) Let (M,∇) be a manifold with a flat connection where torsion ten-
sor is invariant under parallel translation. If ∇ is complete then there exists a connection-
preserving diffeomorphism Φ : (M,∇) → (G/Γ,∇Γ) where G is a connected and simply
connected Lie group;

Γ ' π1(M) is a subgroup of the affine group GX Aut(G) acting freely and properly-
discontinuously on G and∇Γ denotes the connection induced from the canonical connection
∇ on G for which all left invariant vector fields are parallel.
Proof: Let M satisfy the assumptions of the theorem. Consider the universal covering M̃
of M and Γ denote the group of deck-transformations of M̃ acting freely and properly dis-
continuously on M̃ . Since the projection: M̃ → M̃/Γ is a local diffeomorphism, M̃ carries
a complete flat connection whose torsion tensor is invariant under parallel translation and
which induces the given connection on M . Since M̃ is simply connected by [Hicks theorem
5 [2]],

M̃ is connection - preservingly diffeomorphic to a simply connected Lie group equipped
with its canonical connection. Following [1] the Lie group G is determined as follows.

The flatness of the connection on M̃ and the invariance of its torsion tensor under parallel
transport imply that the vector fields on M̃ which are invariant under the parallel transport
defined by this connection, form a finite-dimensioned Lie algebra which in turn uniquely
determines a simply connected and connected Lie group G.

Since each deck transformation is connection-preserving, Γ is isomorphic to a subgroup
of GX Ant(G) which acts freely and properly discontinuously on G. q.e.d.

From above Theorem 10.5 we get the following structure theorem for dually flat mani-
folds.
Theorem 10.6: Let (M, g,∇,∇∗) be a dually flat manifold of dimension m. Assume
connection ∇ is complete. then there exists a connection-preserving diffeomorphism Φ :
(M,∇) → (Rm/Γ,∇Γ) where Γ ' π1(M) is a subgroup of the group RmXGl(m,R) of
affine motions of Rm which acts freely and properly discontinuously on Rm and where ∇Γ

denotes the connection on Rm/Γ which is induced by the canonical flat affine connection
on Rm.
Proof: If M satisfies the assumptions of the theorem the torsion-freeness of ∇ implies
that the structural constants of the Lie algebra which appears in the proof of Theorem
10.5 are all trivial[1,2] so that the Lie group in question here is simply a flat Euclidean
space Rm. q.e.d.
Corollary 10.7: Let (M,G,∇,∇∗) be a dually flat manifold of dimension m. Assume

∇ is complete. Then the universal covering M̃ of M is diffeomorphic to the Euclidean
space Rm and π1(M) is isomorphic to a subspace of affine motions of Rm acting freely and
properly discontinuously ion Rm.
Proof: This directly follows from Theorem 10.6.
Corollary 10.8: Let (M, g,∇,∇∗) be a dually flat manifold of dimension m. Assume ∇
is complete. then the higher homotopy groups πk(M) of M vanish for all 2 ≤ k ≤ m.
Proof: This follows from Corollary 10.7 and the fact that for a topological space whose
universal covering space is contractible all higher homotopy groups vanish.
10.9: Geodesic property of dually flat manifolds.

For a complete affine connection ∇ on a manifold M it is in general false that any two
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points in M can be joined by a ∇-geodesic., This is not true even if M is compact. But
dually flat manifolds enjoy this property.
Theorem 10.10: (geodesic property): Let (M, g,∇,∇∗) be a dually flat manifold. Assume
∇ is complete. Then any two points of M can be joined by a ∇-geodesic.
Proof: Let dimension M = m then by Theorem 10.5 there exists a connection-preserving
diffeomorphism Φ : (M,∇) → (Rm/Γ,∇Γ) where ∇Γ denotes the connection on Rm/Γ
which is induced by the canonical flat affine connection on Rm. Let p, q be any two points
of M = Rm/Γ. Then choose corresponding points P,Q ∈ Rm which project down to p and
q respectively.
Now P and Q can be joined by a geodesic in Rm whose projection is a ∇ = ∇Γ geodesic
in M . q.e.d.
Theorem 10.11: Let (M, g,∇,∇∗) be a dually flat manifold. Assume M is compact.
Then the fundamental group π1(M) of M has infinite order.
Proof: Let M be a compact manifold with a flat and torsion free affine connection ∇. Let
M̃ be the universal covering of M . Since M̃ is a simply connected and since the holonomy
group of the induced connection on M̃ is trivial [2], M̃ admits a flat Riemannian metric
g̃ whose geodesics project onto ∇-geodesics of M is complete. However we know that a
complete and simply connected flat Riemannian manifold is isometric to some Euclidean
space Rk. This is a contradiction. q.e.d.
Corollary 10.12: Compact Riemannian manifolds with trivial or finite fundamental
groups do never admit dually flat structures.
Proof: this follows directly from 10.11.
10.13: Some Remarks:

1. Theorem 10.11 shows that there exist general tropological obstruction to the existence
of dually flat structures on a Riemannian manifold (M, g) and these obstructions are
independent of the metric.

2. Theorem 10.5 gives a complete topological classification of dually flat manifolds under
the assumption of one of the connections is complete.

3. Corollaries 10.6 and 10.7 provide further and strong topological obstructions to the
existence of such dually flat structures. Infact any such manifold must be “aspherical”
[3] and possesses a fundamental group of a very restricted type.

10.14: Generalized Pythagorean Theorem and Projection theorem for dually
flat manifolds
Euclidean spaces are self-dual flat spaces with Pythagoras theorem holding in them for the
Euclidean distance. A dually flat manifold is a generalization of the Euclidean space and
hence we expect a Pythagorean type theorem in some generalized sense.

Let P,Q,R be three distinct points in a dually flat manifold M which form a triangle.
We call it an orthogonal triangle when the dual geodesic connecting P and Q is orthogonal
to the geodesic connecting Q and R at Q.
We have seen earlier such a manifold M arises out of a convex function ψ on M via) the
Bregman divergence Dψ [Theorem 4.3]. Now we state.
Theorem 10.15: (Generalize Pythagorean Theorem): If triangle PQR is orthogonal such
that the dual geodesic connecting P and Q is orthogonal to the geodesic connecting Q and
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R at Q of a dually flat manifold M then the following generalized Pythagorean relation
holds:

Dψ(P,R) = Dψ(P,Q) +Dψ(Q,R) (A)

Proof: Recall the relation

Dψ(P,Q) = ψ(θp) + ψ∗(θ∗Q)− θp · θ∗Q (1)

and so
Dψ(P,Q) +Dψ(Q,R)−Dψ(P,R) = (θ∗P − θ∗Q) · (θQ − θR) (2)

The dual geodesic connecting P and Q is

θ∗PQ(t) = (1− t)θ∗P + tθ∗Q (3)

in parametric form and its tangent vector is given by

θ̇∗PQ(t) = θ∗Q − θ∗P (4)

Dually, the geodesic connecting Q and R is

θQR(t) = (1− t)θQ + tθR (5)

and its tangent vector is
θ̇QR(t) = θR − θQ (6)

and since the two tangent vectors are orthogonal we have

(θ∗P − θ∗Q) · (θQ − θR) = 0 (7)

and hence the right hand side of (2) is zero proving the relation (A). q.e.d.
Corollary 10.16: (dual relation) If triangle PQR is orthogonal such that the geodesic
connecting P and Q is orthogonal to the dual geodesic connecting Q and R then

Dψ∗(P,R) = Dψ∗(P,Q) +Dψ∗(Q,R) (B)

This follows as the Divergence is asymmetric.
Remark 10.17: Taking ψ(ξ) = 1

2

∑
ξ2
i we getD[ξ, ξo] = 1

2 |ξ−ξo|
2 and the affine coordinate

system is exactly same as the dual affine coordinate system because the affine structure is
self dual and the geodesic between two points coincides with its dual geodesic and hence
the above two relations reduce to the classical Pythagoras theorem in a Euclidean space.
Projection Theorem: Consider a point P in a dually flat manifold M and let S be a
smooth submanifold of M .
Definition 10.18: Define the divergence from a point P to submanifold S by

Dψ(P : S) = minDψ(P,R) over R in S (8)

we study the problem of finding the point in S that is closest to P in the sense of divergence.
This gives an approximation of P by using a point inside S.



GANITA, Vol. 67(1), 2017, 1-31 31

We say a Curve θ(t) is orthogonal to S when its tangent vector θ̇(t) is orthogonal to

any tangent vectors of S at the point of intersection P̂S .

Definition 10.19: Such a point of intersection P̂S is called the geodesic projection of P
to S when the geodesic connecting P and P̂S ∈ S is orthogonal to S. Dually, P̂ ∗S is the

dual geodesic projection of P to S when the dual geodesic connecting P and P̂ ∗S ∈ S is
orthogonal to S.

We now have the projection theorem stated as follows.

Theorem 10.20: (projection theorem): Given P ∈ M and a submanifold S ⊂ M , the

point P̂ ∗S that minimizes the divergence Dψ(P,R), R ∈ S is the dual geodesic projection of

P to S. The point P̂S that minimizes the dual divergence Dψ∗(P,R), R ∈ S, is the geodesic
projection of P to S.

Proof: Let P̂ ∗S be the dual geodesic projection of P to S. Consider a point Q ∈ S which is

infinitesimally close to P̂ ∗S . Then the three points P, P̂ ∗S and Q form an orthogonal triangle

because the small line element connecting P̂ ∗S and Q is orthogonal to the dual geodesic

connecting P and P̂ ∗S . Hence by the Pythagorean relation we get

Dψ(P,Q) = Dψ(P, P̂ ∗S) +Dψ(P̂ ∗S , Q) (9)

for any neighboring Q. This shows P̂ ∗S is a critical point of Dψ(P,Q), Q ∈ S. q.e.d.

Remark: If S is flat submanifold of a dually flat manifold M , the dual projection point
P̂ ∗S of P to S is unique and minimizes the divergence and its dual version also holds.
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