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Abstract

In this paper, we determine region of variability for log %ZOO), where
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1 Introduction

Let H[a, n] denotes the class of functions of the form
f(z)=a+ap2" + 12"+ L

which are analytic in the open unit disk U = {z : |z| < 1} in the complex plane C. Let A
denotes a subclass of #H[0, 1] whose members are of the form

(1.1) fR) =2+ anz" (z€T).
n=1

Here we think of H as topological vector space endowed with the topology of uniform
convergence over compact subsets of U.

We say that an analytic function f(z) is subordinate to another analytic function g(z)
and write f < g, if and only if there exists a Schwarz class function w analytic in U such
that w(0) = 0 and |w(z)] < 1,V 2z € U with f(2) = g(w(2)). In particular if g(z) is
univalent in U. We have the following equivalence

f =g f(0)=g(0) and f(U) < g(U).
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Let us denote

(1.2) qr(z) =
and let SS*(B) denotes a class of strongly starlike functions of order 3, defined by
* v
S5*(8) ={ f € A: |arg qs(:) < 55, 0< B 1}

The class of strongly starlike functions S5*(1) becomes the well known class S*of starlike
functions.
In this paper, we consider the class £LS* defined by

LS ={feA:|f—1]<1}

which is associated with the right half of the lemniscate of Bernoulli [2]. Observe that
L ={w e C: Rew > 0, |w? — 1| < 1} is the interior of the right half of the lemniscate of
Bernoulli: v : (22 4+ %)% — 2(2% — y?) = 0. It is easy to see that f € LS* if and only if

(1.3) qr(2) < qo(z) = V1+2z, qo(0) =1.

Moreover .
LC{w: |arg w| < Z}

Thus, we have following inclusion relation
* * 1 *
LS C SS (5) C S*.
%ZOO), where zg is a non
zero fixed complex number in the unit disk U and f € £S*. In recent years, the region

of variability V' (zp, A) for functions belonging to various classes of A is studied by several
authors (see in [1, 3, 4, 5, 6] ).

We determine the region of variability V' (2, A) for the function log

2  Main Results

Let
By = {w € H,w(0) = 0,w (0) # 0 and |w(z)| < 1 for z € U}.

From (1.1) and from the definition of ¢;(z), we have ¢¢(0) = 1 and from (1.3)

(2.1) qJQc(z) =1+ ws(z)

for some wy(z) € By and conversely.
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2.1 The region V(z, \)
For some \ € U with w}(O) = Xand 29 € U, 29 #0, we have

(2.2) V(zo,A) = {logf(zzo) . fe LS},

where V(zp, A) is region of variability as f varies over £S*, logarithm of %ZO)

valued.

is single
Lemma 2.1. Let f be an analytic function in U with
o0
F(2) =24+ anr2"th
n=1

If
f"(z)
f'(2)

Re<1+z >>0(26U),

then f € (S*).

2.2 Basic Properties of V(z, \)

Proposition 2.1. We have
1) V(z0,A) is compact.
2) V(z0,\) is convex.

3) for |\| =1
2
V(2. A) = 2(v/T+ Azg— 1) 4+ 2log ———o

‘4) for|\| < 1 and zp € U\{0}, V (20, A) has 2(v/1 + Azp—1)+2log m as interior
point.

Proof. 1) Since L£LS* is compact subset of 4, any bounded sequence of functions in £LS*
converges in it, hence corresponding sequence in V(zp,A) also converges in V(zp, A), it
follows that V'(zp, A) is also compact.

2) If f1, fo € LS and 0 < t < 1, then the function

fi (z0) = exp{(l —t)log f1(z0) + tlog f2(zo)}
20 20 20
= fi (20)f3(20)-
and , , ,
th(z) -1 —t)zfl(z) +tzf2(z)

fi(2) fi(2) fa(2)
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Since we have

) SN (C) Ry
f1(2)< 1+ and fg(Z)—< 1+

which implies that

Z?Eii <~ Q-tVIitz+tV/itz

= 1+ z.

Hence,

ft € LS*.

Also because of the representation of f;, we easily see that the set V(zp, A) is convex.
3) If [A| = 1 = [w}(0)], then it follows from classical Schwarz lemma that

we(z) = Az
and we have from (2.1) that

f'(z)
f(2)

q?(z)zl—f—)\z:z =V1i+Az

consequently

f(20) 2
log———= =2(y/14+ Azp—1 2log —————— .
©8 20 (VI+ Az =1)+2log (V1I4+Az+1)

4) For |A| < 1 and a € U, we define

(2.3) 5(z, ) = =2

and the function H, x(z) by

(2.4) log Ha’;\(z) = {/OZ s 6(6? Ae - 1d5} .

First we claim that H, \(z) € LS*, for this we may easily get by simple computation that

HC’L,)\(Z)

S ANE IR 1+d(az,\)z
a,)\(z)

as d(az, \) lies in the unit disk U and hence, H, \(2) € LS*and the claim follows. Also we
observe that
wp, ,(2) = 6(az,\)z.



GANITA, Vol. 67(2), 2017, 129-139 133

Next we claim that the mapping U > a — log Iiz;io(zn) is a non-constant analytic function

of a for each fixed zp € U/{0} and X € U, to do this we put

4 0

= — —{log H, _
h(zo) oo 0a 18 ax(20) Ha=0

/Z° 2% .
o V1+ e

1
3

R () 1 1
R =_-Rell 0
c (ZO h,(ZO) 2 ¢ + 1+ Az o
By Lemma 2.1 there exists a function hg € S* with h(z) = h3(z) the univalence of hyg

together with the condition ho(0) = 0, implies that h(zp) # 0 for zg € U\{0}. Consequently,
the mapping

= 22— A5+

so that

Hg 2 (20)
20

U>3a— log

is a non-constant analytic function of a therefore it is an open mapping, thus V' (zg, \) is
an open set and

HaA(ZO) 2
log @A) o A0 — 1) + 21 A€,
o X0 (/T35 1) + 210k s (V€T

is an interior of
H,
{log’;\(zo) ta € U} C V(z0, ).
0

We remark that, since V(zp, A) is a compact convex subset of C and has non empty interior,
the boundary 0V (29, A) is a Jordan curve and V' (zg, A) is union of 9V (zp, A) and its inner
domain. O

Theorem 2.1. For A € U and zy € U\{0}, the boundary 0V (z9,\) is the Jordan curve

given by
Hei 2 0\ /146 We Ne — 1
(=m, 7] 260 — log alz0) _ / olefe Nem 1,
20 0 e
If
H,_; Z
20 20

for some f € LS* and 0 € (—m, 7], then f(z) = H.io \(2), where H.i 5(2) is given by
(2.4).
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3 Region of Variability

Proposition 3.1. For f € LS* we have

1+ (2 + A)2ZA < |2Z||1 — AN
1— 222\ T 1—22A\

for each z € U\{0}. Equality in (3.1) holds if and only if f(2) = Heie \(2) for some

0 € (—m, ], where Heio \(2) is given by (2.4).

(3.1) A () (AeU)

Proof. Let f € LS*. Then from (2.1) there exists a function w; € By such that

07 (2) = 1+ wy(2),

where gy (z) is as defined by (1.2). It follows from the Schwarz lemma that

wy(2) Y
= <[zl (z€0)
1 -\l
or,
- A
M <l|z| (2€U)
z— Awg(z)

which from (2.1) is equivalent to

which implies that
A~ B|EP| _ |E||B- A

2
(32) Qf(z) 1— |E|2 - 1- |E|2
where
3.3 A=1+)e B=222 po.
(33 B=I2
So we have

A—B|E? 1+ Xz—(2+XN)2zX  |E||B—A] _ 2z|1 — A}

3.4 - N _ Al
(3.4) 1 |BP 1= 220 I=[B2 ~ 1—22)

which proves the inequality (3.1). Now from the inequality (3.1) and the last two equations
in (3.4), we check for the equality

B 14+ Xz — (2 + A)zzX| _ |2Z][1 — A)|
1— 222\ C1—2zM

)

(3.5) a7 (2)
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where
q]%(z) = 1+46(az,N\)z
- 14 az —EA ;
14+ Aaz
from (2.3). Thus, we have
(3.6) ’<1+ ( az—l;)\ ) z) 14— (zﬁ—|—7X)zE)\ _ \zZ||1i)§|
14 Xaz 1—2ZA\ 1—2ZA\
On solving (3.6) for a, we get
1—-A -
|a\:‘ 7521#(12629,
1 -2\

hence equality occurs for any 2z € U in (3.1) when f = H.i ) for some 6 € (—m,n].
Conversely if equality occurs for some z € U\{0} in (3.1), then equality must hold in (3.2),
thus from the well known Schwarz lemma 3 6 € (—7, 7] such that

wp(z) = 26(e”2, )
for V 2z € U this implies f = H,io . O

Corollary 3.1. Let V (29, \) be given by (2.2). Let vy : z(t), 0 <t <1 be a C'- curve in U
with z(0) = 0, 2(1) = zy9. Then

V(z0,A) C{w € C: |w| < R(\7)},

where

1 _ ) -5 (1 _— Y \)pi0 !
ROw4) = / 1+ Xz —(z2+ X)zzA —tzz(l ANe® nE (t) i
0 1— 22\ z(t)

Vo e (—m,m].

Proof. For f € LS* we have equality (3.5) in Proposition 3.1 for the extremal function,
hence, for any 0 € (—m, 7],

L4 Az — (24 N)22A + 22(1 — AX)e®?
B 1—22A\

07 (2)

which implies that

14+ Az — (2 4+ XN)22X + 22(1 — A\)e?
1) = 1—2Z\\
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or,

2f'(z) |14+ Xz — (2 + N)2z2) + 22(1 —)\)\)e“‘)
B 1—2ZA\

Hence,

_ /1 1+ Az— (2 + X222\ + 22(1 — A)et?
b 1 — 2ZA\ z(t)

which implies that
log f(20)

<0

B /1 1+ Az— (2 4+ N)2ZA + 22(1 — A\)et? . 2'(t) @t
- 0 1-— ZE)\X Z(t)

which implies
V(z0,A) C{w € C: |w| < R(\7)}.

O]

Proposition 3.2. Let zg € U\{0}. Then for 0 € (—n, ] logHelgiA() € 0V (20,\). Fur-

H

(ZO) = log ‘3197* for some f € LS and 0 € (=7, x|, then f = H.io y.

thermore if log

Proof. From (2.4)

H, > /T o(ag, Ne — 1
log’;\(z)z / - (“; Lol (ew)
0

we easily obtain that

H! \(z 1 /149 ANz —1
(37) :A( )_7 — + (CLZ, )Z

Hoz(z) =z z
which implies that

Hy ()
2 a,\
z =14+d(az,\)z.
(Ha,A(2)> (@2 3)

Hence, on using (3.3), we get

(3.8) q%{ayk(z) —A=1z(az,\) — Az
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and

(3.9) B — q]%(z) ==—2z0(az, )

> W

which on substituting a = €, from (3.3), (3.7), (3.8) and (3.9), we have

2 (o) A — B|E|? \zy2(1—iX)(ei9j A7)
@ 1—|E]? (1 — 2220 (1 + Azet?)
|E||B— A|| ¢ + )z
3.10 = —
(3.10) 1—|E]? |14 Xze®
since ff;;ii <1 (AeU), from (3.10) and (3.1) we have

2 [E|[B—Al| e?+ X2 | ;5 14 Xz— (24 A)z2A
N B R
qHa,,)\(Z) 1 - ’E‘Q 1 + Azeie 1 _ ‘E|2 , ¢ e
which implies that
i - 1
E[B—Al| e+ X2 ; T+ XAz—(2+ N2z 2
qH, ,(2) = A% ig
a,\ 1—’E’2 1+)\Z€Z€ 1_’E‘2
Hence,
i - 1
(3.11) ZHZM(Z) - <|EHB_A‘ e’%:)\g i¢ 1+)\z—(z+>\)Zz)‘>2
Ha,)\(z) 1 — |E’2 1 _|_ )\287,9 1 _ ’E’Q

On integrating (3.11) along v : z(t), 0 < ¢t < 1 which is a C!- curve in U with 2(0) =
0, 2(1) = zp, we obtain

(3.12) log Heop(z0) _ R(\4) (A€U)
20

where R(),7) is defined in Corollary 3.1, thus we have log H,is 5(20) C V(20,A) C D ,
where D is defined by

D={weC:|wl < RA7)}
which concludes that log Heio 5(20)
curve, suppose that

C 0V(20,A). Finally, we prove the uniqueness of the

Hez'ey)\(Zo)
20

log flz0) _ log
20
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for f € LS* and 6 € (—m, 7], we introduce

h(t)
_ [f’(Z)_l
fz) 2
1 e+ Xz | 4 1+)\z—(z+X)zEA% ,
T L) (1—\E\2 14 heeit | © 1 |EP )‘ =)

where v :z(t) =2z ,0 <t <1is given in Corollary 3.1, then h(t) is continuous function in
the interval [0, 1] and

/Rew
{(

)

|E||B— A|| e + Xz w1+ Az— (24 X)22\\? 1 ()t
z(t) \ 1—=|E|? |1+ Azei® 1—[E]? z(t)
(3.13) Re{lo fZO) —R()\,y)}.

Since logarithm function is single valued therefore from (3.11), (3.12) and (3.13), we have
f_

S _ eie,)\

/ Hew,)\
on the curve ~, using the identity theorem for analytic function we conclude that last
equality holds in U and hence we have f = H,io . O

616 A (ZO)

Proof of Theorem 3.1. We need to prove that the closed curve (—m, 7] 3 § — log

is simple. Suppose that log = log
01 # 0, then from Proposition 3. 2 we have ,

191 A (20) H io, ,(20)

2 for some 61,02 € (—m, | with

Hei01,)\ = Hewg)\.

Let us define 7(z,\) = = 26(e2,\), we have

)\ 19,)\

, WH 4, WH 4, ,
1.\ U2 0\
ewlz——7'< 2N =7 A N) =2z
z z

which is contrary to the fact that 6; # 602, thus the curve is simple. Since V(2 ) is
a compact convex subset of C and has non empty interior, the boundary 0V (zp \) is a
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simple closed curve. From Proposition 2.1 the curve 9V (29, A) contains the curve (—m, 7]

H_;
5 0 — log —<22 2 9?0(%)

other than itself. Thus 0V (29 A) is given by (—m, 7] 3 6 — log

, since a simple closed curve can not contain any simple closed curve

(Ael). O

Hio (20)

f(20)

20

Remark 3.1. For f € S*class of starlike functions we have log

= log ﬁ which
is not bounded when zg € OU, but in case f € LS, log %ZOO) is bounded even when zy € 0U
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