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Abstract

This paper describes some properties of two classes of operators,
namely weighted Toeplitz operators and compressions of k*"-order slant
weighted Toeplitz operators (k > 2 is an integer). A necessary and suf-
ficient condition is obtained for an operator to be an analytic weighted
Toeplitz operator. It is also proved that the Coburn alternative holds for
analytic weighted Toeplitz operators.
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kth

1 Preliminaries

The study of Toeplitz operators originated with the work of Toeplitz [12] in 1911. To-
gether with Hankel operators, they form two of the most important classes of operators
on Hardy spaces. The matrices of Toeplitz operators with respect to an orthonormal ba-
sis are constant along each diagonal parallel to the main one. Ever since their inception,
Toeplitz operators and matrices have remained a field of extensive research and this field
has witnessed impressive development during the last twenty years. Toeplitz matrices arise
in plenty of applications, while Toeplitz operators are building blocks to many other classes
of operators. Reference [2] provides a comprehensive study of Toeplitz operators.

Toeplitz operators and their various generalizations over different function spaces have
been a topic of interest to many mathematicians. An important variant of Toeplitz op-
erators is the slant Toeplitz operator, introduced by Ho [8] in 1995. The matrix of this
operator with respect to orthonormal basis is obtained from the matrix of the corresponding
Toeplitz operator by eliminating every alternate row. Slant Toeplitz operators have been
found to have various important practical applications, for example, in wavelet analysis
and solutions of differential equations (see [7],[13]).
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A noteworthy direction in the study of Toeplitz operators emerged with the introduc-
tion of weighted sequence spaces L?(3) and H?(3) by Kelley [9]. Shields [11] made a
comprehensive study of the class of weighted shift operators. In the year 2005, Lauric [10]
studied the structure of a class of weighted Toeplitz operators on H?(3) and obtained a
description of the commutant of each operator in this class. Erstle [6] described Toeplitz
operators on weighted Hardy spaces, while Zheng [15] discussed Toeplitz and Hankel op-
erators on Bergman spaces. Also, Yousefi [14] and Zorboska [16] studied composition
operators on weighted Hardy spaces. The product and commutativity of slant weighted
Toeplitz operators on L?(3), of different orders, was discussed by us in [3], while isometric
and Hilbert-Schmidt weighted Toeplitz operators on H?(3) were studied in [4].

This paper is a step forward in this direction of study. We discuss the normality and
compactness of weighted Toeplitz operators. Also, analytic weighted Toeplitz operators
are characterized via an operator equation. The Coburn alternative (see [1]), known for
Toeplitz operators, is proved to be true for weighted Toeplitz operators induced by some
specific symbols. We are also motivated to undertake the study of compressions of k'"-
order slant weighted Toeplitz operators to H2(3). In addition to study of some structural
properties, some spectral properties of these operators are also discussed. Our study is
fruitful because for the particular instances of the sequence 8, H2(3) yields various well
known Hilbert spaces of analytic functions. In fact, if 8, = 1 for each n > 0, then H?(3)

corresponds to the classical Hardy space. If 8, = (n + 1)%, then H?(B) coincides with

Dirichlet space and if 3, = (n + 1)_%, we obtain Bergman space.

Let us begin with brief descriptions of the spaces under consideration. We refer to [11]
to provide historical growth, detailed descriptions and applications of these spaces. The
symbols Z and C denote respectively the sets of all integers and of all complex numbers.
Let 8 = {Bn}nez be a sequence of positive numbers with 5y = 1 and such that

Bn <lfor n>0and r< Bn
n+1 n—1

r <

<1lfor n<0, (1.1)

for some r > 0.

o0
This assumption on f is taken throughout the paper. Let f(z) = Y. anz", a, € C,
n=-—oo
be the formal Laurent series (whether or not the series converges for any values of z).

Define [I£l5 as IfII3 = 3 |an28:% The space L2(8) is {f(z) = 3 anz"| an €

n=—oo n=—oo

C, HfH% = Y |an|?8n2 < 0o} and H?(B) is the subspace of L?(3) consisting of {f(z) =

n=—o00
o0 oo
Y a2 an €C, |IfIlF= X lan|?Bn? < oo}
n=0 n=0
(L%(B), || - ||) is a Hilbert space with the norm | - || induced by the inner product
o0 _ o0 00
<f79> = > an bn6n27 for f(z) = >, anz™ g(z) = >, bypz". The collection {e,(z) =

n=—oo n=—0oo n=—oo
2"/ Bn}nez forms an orthonormal basis for L2(3). (H%(8),]| - ||s) is a subspace of L*(3)
with an orthonormal basis {e,(z) = 2" /8 }n>0.
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The symbol L>(3) denotes the set of formal Laurent series {¢(2) = > an2" | ¢L*(B) C

n=—oo

L2(B) and ¢ > 0: ||ofllg < cl|fllg, for each f € L?(B)}. L>°(B) is a Banach space with
respect to || - ||eo defined as ||¢||oo = inf{c > 0: [|¢f]|s < c||f|| for each f € L?(B)}.
H®(j3) denotes the set of formal power series ¢ such that ¢H?(3) C H?(3).

o0
The multiplication of two formal power series f(z) = Z fnz™ and g(z) = Z gn2" s

given by (fg)(z) = >_ (fg)nz", where (fg), = Z fn—mgm for each n > 0. The symbol

n=0
Ker(T') denotes the kernel of an operator T, Whlle Up(T) and o(T") denote respectively the
point spectrum and the spectrum of 7.

2 Weighted Toeplitz operator

A weighted Toeplitz operator Tﬁ [10] on H?(B), induced by the symbol ¢(z) = > a,2"

n=—0oo

€ L*>(p), is defined as Tﬁ PP M, s , where PP is the orthogonal projection of L?(3) onto
H?(B) and My 5 is the Welghted Laurent operator on L?(3) induced by ¢. Tf satisfies for

each j > 0, T’Be]—ﬂ Zan jBnén

To begin with, we observe the following.

Proposition 2.1. The mapping ¢ — Tf is linear and one-one.

Proof. Linearity is obvious. To show that the mapping is one-one, assume that Tf =

o0 o
Tg, where ¢,1 € L®(f) are such that ¢(z) = > anz™,9¥(2) = > bpz". Then,
n=-—oo n=-—oo
<Tfej,ei> = <T£ej,ei> for each i, > 0, which provides that a, = b, for each n € Z.
Hence ¢ = ¢. This completes the proof. O

It is known that the only compact Toeplitz operator is the zero operator [1]. We discuss
the compactness of a weighted Toeplitz operator and obtain the same.

Theorem 2.1. The weighted Toeplitz operator Tﬁ, induced by ¢ € L*(B), is compact if
and only if the inducing symbol ¢ = 0.

o0
Proof. Let ¢(z) = > apz™ € L>(f) be such that Tf is a compact operator. We know

n=-—oo
that compact operators map weakly convergent sequences to strongly convergent sequences.
Also, for each s > 0, {es4n} — 0 weakly as n — oo. Therefore for each s,t > 0,

/Bt-i-n _ ’<T’B

]at_slﬁ N ¢es+n,et+n>\ < HTfeSJ’_nHﬁ —0asn—oo0. (2.2.1)
STNn
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For t > s, equation (2.2.1) together with (1.1) gives

Bt—l—n
s+n

— 0 as n — oo.

|at—s‘ < ‘at—s’

This yields that a, = 0 for each n > 0. In case ¢ < s, equations (2.2.1) and (1.1) provide
that |a;_s|r*™t < ‘af—s‘% — 0 as n — oco. As a consequence, a, = 0 for each n < 0.
Thus ¢ = 0. Converse follows evidently. O

Remark 2.1. Since every Hilbert-Schmidt operator is compact, Theorem 2.1 also provides
that no non-zero weighted Toeplitz operator on H?(3) can be Hilbert-Schmidt. This was
proved independently in [4] as well.

It is known [1] that an operator on the Hardy space H? is an analytic Toeplitz operator
Ty (¢ is analytic) if and only if TyU = UT,, where U denotes the unilateral shift operator
on H?. In this direction, we obtain the following for the weighted Toeplitz operator TB

Let U%(= M?) be an operator on H2(3) given by UPe, = Bﬁ en+1 for each n > 0.
We find that there exist weighted Toeplitz operators which do not satisfy the operator
equation Tf UP=U ﬁTf . For this, we have the following example.

Example 2.1. Let T = Tf be a weighted Toeplitz operator on H?*(B) induced by the
symbol ¢(z) = 2= € L>®(B). Then, the structure of Tf provides that Teqg = 0 and Te, =

0 fn=20
Brore for each n > 1. Now, UPTe, = an , while TUPe,, = MTe,Hl =
B en ifn>1 Bn
%(ﬁf—ilen) =e, for each n > 0. Hence, T doesn’t satisfy TUP? = UPT.

However, if the inducing symbol ¢ of Tf is analytic, we obtain a similar result as in case

of Toeplitz operators. We say that a weighted Toeplitz operator Tf on H?(3), induced by
o
d(z) = > ¢nz™ € L™(B), is analytic if ¢,, = 0 for each n < 0, where ¢,, =< ¢, €, > is

n=-—oo
the n'"-Fourier coefficient of &.

Now we proceed to obtain a characterization for a weighted Toeplitz operator to be
analytic.

Proposition 2.2. A weighted Toeplitz operator T(f on H?(B) is analytic if and only if
T)Uf =U°Ty.

o0
Proof. Let T(f be an analytic weighted Toeplitz operator induced by ¢(z) = > a,z"
n=0

€ H*(B). Then, using the definition of TP, it is easy to see that <T£ej+1,ei+1> =

/BerlB B ﬂ 0 lfTLZO
JH/@Z(T e],ez> for each 4,5 > 0. Also, U en_{gfn ey ifn>1
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Hence, for each ¢ > 1,5 > 0, we have

8ri6. _ Bit1 Bi B
<T¢U > ¢i) Bi B+ /Bi—1<

= <T£6]‘,Uﬁ*6i> = <UBT§€]‘,6¢>.

T£€j7 6i—1>

Also, for j > 0, <T§Uﬁej, e0) = Bgl
<UBT§€]‘,60>.
As a consequence, (T;UPej, ei) = (UPT lej,e;) for each i,j > 0. Hence, T)U =

(Tjesrneo) = %t gaja = 0= (Te;, UPep) =

UsTy.
Converse holds trivially as TfUﬁ = UﬁTf gives that <TfUﬁej, eo> = <U5T£ej, eo> for
each j > 0. This provides that a,, = 0 for each n < 0. Hence the result. O

We now raise the following question: Is every bounded operator A on H?(3) satisfying
AUP = UP A an analytic weighted Toeplitz operator?

An affirmative answer to this question, along with Proposition 2.2, will provide us that
the commutant of the weighted shift U on H?(f) is the set {Tf\ ¢ e HX(B)}.

Now we answer the above raised question in the next result as follows.

Theorem 2.2. Every bounded operator A on H?(3) satisfying the operator equation AUP =
UP A is an analytic weighted Toeplitz operator.

Proof. Let A be a bounded operator on H?(3) such that AU® = UPA. Let ¢ = Ae.
Then, ¢ € H?(B) and using that AUP = UP A, we obtain that for each n > 0, 3,(Ae,) =
AUP ey = UP" Aeg = UP" ¢ = B,(pe,). Thus Ae, = ¢e, for each n > 0. By linearity, we

obtain that Ap = ¢p for each polynomial p € H?(B). Also, if f = 3 f,2" € H?(j), then
n=0

oo
there exists a sequence {p,} of polynomials in H?(3) converging to f, say p, = >. Prnmz™
m=0

with py, m = 0 for m > n. This implies that {¢p,} = {Ap,} — Af.

Denote each ¢p,, as ¢pp, = > (¢pn)mz™, where (¢ppp)m = Gm—kDn,k for each m >0
m=0 k=0
o

and Af = > (Af)mz"™. Hence, for each t > 0, we find that whatever € > 0 we may take,

m=0
3 ng > 0 satisfying [(épn)e — (Af)e[?57 < 20|(¢pn)m — (Af)ml?82 = llpn — Aflls* <

€842, for each n > ng. This gives that the sequence of complex numbers {(¢py):} — (Af);
for each t > 0.

Using similar arguements as above, the convergence in norm {p,} — f, provides for
each ¢ > 0, a mg > 0 such that for each n > my,

€

16115

’pn,t - ft|2 <
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for each ¢t > 0 and hence

t
‘(¢pn)t - ¢f - ‘ Z ¢t mpnm - Z ¢t—mfm|2
m=0

S Z ‘¢t—m‘2|pn,m - fm|2

<o > ornl

B m=0
<e

— 9

where ¢f = i (¢f)mz" and for each m >0, (¢f)m = Z Om—k [

m=0
This helps to provide that {(¢p,):} — (¢f): for each ¢ > 0
Hence (Af); = (¢f); for each t > 0 and therefore Af = ¢f for each f € H?(3). Thus

we conclude that A = T(f for some ¢ € H*°(f). This completes the proof. O
An immediate consequence to this theorem is the following.

Corollary 2.1. The commutant of the weighted shift UP(= Mﬁ) acting on H?(B) is
{T]| 6 € H*()}.

For a Toeplitz operator Ty, where ¢ is a non-zero function in L, it is known [1] that at
least one of Tj and T(; is injective (The Coburn Alternative). In this direction, we obtain

some symbols ¢ in L>() so that The Coburn Alternative holds for the weighted Toeplitz
operators.

Remark 2.2. A weighted Toeplitz operator TB, in general, may not be injective. For,
consider ¢(z) = z=1 € L>(B). Simple computations provide that /Cer(TZﬁ,l) = [eo], where
[eq] denotes the subspace of H?(3) spanned by e,. In fact, if n > 1 and ¢(z) = 27" €
L>(5), then /CeT(Tf_n) = leg, €1, ,€n_1].

Proposition 2.3. The kernel of an analytic weighted Toeplitz operator is either {0} or
infinite dimensional.

Proof. Let T(f be an analytic weighted Toeplitz operator and 0 # f € ICer(Tf ). Since
TfUﬁ = UﬁTf for an analytic T, we obtain that 2" f € ICer(Tf) for each n > 1. Also, the
set {zFf : 1 < k < n} is linearly independent for each n > 1 (see [5]). Hence the claim. [

However, our next result rules out the possibility of the existence of a non-zero vector
in the kernel of a non-zero analytic weighted Toeplitz operator.

Theorem 2.3. Let 0 # ¢ € H>®(5). Then, lCer(T(f) = {0}.
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Proof. Let, if possible, 0 # f € ICer(T(f), where ¢(z) = > apz™ € H®(B) and f(z) =
n=0

o0
3 fnz™ € H%(B). Then, <Tff, em> = 0 for each m > 0. This provides us that for each
n=0

k
k>0,> fiax—; = 0. For k = 0, we obtain that fyag = 0, which gives rise to three possible
cases. ©
k
1. fo # 0 and ap = 0. On using the equation ) f;ap—; = 0 for successive values of

=
k (=1,2,---), a simple computation yields that ¢ = 0. This is a contradiction.

2. fo =0 and ag # 0. Again, proceeding along similar lines as in case (1), we get that
f =0, which is a contradiction.

3. foz()andao:O.

k
We now discuss case (3). Here, the equations ) fiax—; = 0 for each & > 0 reduce to
i=0
k
> fiak—iy1 = 0 for each k > 1. For k = 1, we get that fia; = 0, which again provides
i=1
three possibilities as above. The possibilities f; # 0,a1 = 0 and f; = 0,a; # 0 give
contradiction along the lines of proof done above and we will be left with the possibility
k
f1 = 0 = ay. Now the equations »_ fiax_;+1 = 0 for each k& > 1 reduce to the equations
i=1
k
> fiak—iyo = 0 for each k > 2. Working recursively on same steps as above, we obtain that
i=2
fi =0 =aq; for each ¢ > 0. This yields that f = 0 = ¢. This contradicts our assumption.
Hence the result. ]

We would like to add here that the adjoint of a weighted Toeplitz operator with analytic
symbol may not satisfy the condition in Proposition 2.3. For example, Ker (T’ o ") = [eo].

If ¢(2) = > an,z™ € L*(B3), then the symbol ¢ is defined as ¢(z) = > @,z "
If 3 is semi-dual (i.e. B, = B_, for each n > 1), then for ¢ € L>®(B), ¢ € L°°(B) with
[18]l00 = 1[]]oc-

With almost same computations as in Theorem 2.3, we arrive at our next result.
Proposition 2.4. Let ¢ € L>(8) be such that 0 # ¢ € H*(3). Then, ICer(Tf*) = {0}.

Next, we consider a special case when ¢ € L>(j) is of the form ¢(z) = a_;z7% + a;2%,
where ¢ > 1. We find that the Coburn alternative can be extended for weighted Toeplitz
operators in this case.

Theorem 2.4. Let ¢(z) = a_;z~ ' +a;2* € L(B), where a_;, a; are both non-zero complex
numbers. Then, at least one of T(f and T(f* 18 injective.
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(o)
Proof. Suppose that Tff =0 for some 0 # f = 3 fn2" € H%(3). Suppose also that
n=0
[o¢]
Tf*g =0, where g = 3. g,2" € H%(3). We claim that g = 0.
n=0

Since <Tff, em> = 0 for each m > 0, we obtain that for each n > 0, f(2,41)i4+p = 0 while

o
fonivp = (1) ()", for p = 0,1,--+ i — 1. Also, |fo|? Z a5 < IFIIE < oo
=0
Making use of the fact that 8,, > 1 for each n € Z (equation (1 1)) the above inequality pro-
[e.e]

vides that |-*- \2 < 1. This in turn provides that |[g||3 > |go|* Z % 2"621 - > |gol? 20 =
(using equation (1.1)), which is a geometric series with common ratio > 1 and hence di-
vergent. Thus g has no other option but to be 0. O

Now, we discuss some symbols inducing normal weighted Toeplitz operators. We first
consider the weighted Toeplitz operator T(f induced by the Laurent polynomial ¢(z) =

a_1z7t +ag +arz € L*®(B) , where a_1,ap,a; € C and find the condition(s) for this
operator to be normal.

Proposition 2.5. A necessary condition for Tf on H?(B), where ¢(z) = a_12~  +ap+ay 2,
a1 # 0, to be normal is that |a_1| > |ay|.

Proof. Since T(f is normal, therefore HTf@QHﬁ = HTf*eng, which gives £12 = a1l Bt
B1 > 1, which implies that |a_1| > |a1]. O

We find that the condition obtained in Proposition 2.5 is not sufficient for Tf to be
normal on each weighted Hardy space H?(3). For, consider H2(3) with 8 = {8y }nez such
that 8, = 2 for n € Z — {0} and let ¢(z) = z+ 2. Then |a_1| = |a1| = 1, but Tf is not
normal since HT(feOHﬂ =2 and HTf*eng =1

We improve Proposition 2.5 to obtain a characterization for normal weighted Toeplitz
operators in the following form.

Theorem 2.5. A necessary and sufficient condition for Tﬂ on H?(B), induced by the

Laurent polynomial ¢(2) = a_1271 +ag + a1z, a1 # 0, to be normal is that (‘T 11“) = Bn?
for each n > 1.

Proof. Let T(f be normal. Then, using the equality HTfeng = ||T£*ej||5 for j > 0 and

using the principle of mathematical induction, we obtain the necessary condition. For
n

sufficiency, using that (|a‘1|) = (3,2 for each n > 1, we obtain that Tfo*ej = Tf*Tfej

laz]

for each j > 0. Hence the result. O

The next observation, which is also obtained by Avendano [1, Corollary 3.2.16, p. 107],
is straightforward from here.
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Corollary 2.2. The Toeplitz operator Ty, where ¢(z) = z + +

>, on Hardy space is always
normal.

Remark 2.3. It is easy to see that each weighted Toeplitz operator Tﬁ, where ¢(z) = ¢

o0
(constant), is a normal operator. For, if f(2) = Y. b,2™ € H%(B), then the structure of
n=0

[e.e]
T} provides that ||T) f|I3 = e 3 [bal?8a> = |c?I1f11% = 175" F113-

n=0

Theorem 2.6. For a weighted Toeplitz operator Tf on H?(B), we obtain the following.

n=—oo

1. If ¢ € L>®(B) is of the form ¢(z) = § anz" (or ¢(z) = ZO: anz"), then Tf is
n=0

normal if and only if a,, =0 for each n >1 (or a_, =0 for each n > 1).
2. If p(z) = 2" + Z%O,no > 1, then T(f is normal if and only if B, =1V n > 0.

Proof. Consider the weighted Toeplitz operator T(f on H?(3) induced by the symbol ¢ €

o0
L*>°(5). For the proof of (1), we assume that Tf, where ¢(z) = > a,2", is normal. Then,
n=0

HTf eollp = HTf “eo||s, which gives that a,, = 0 for each n > 1. Converse follows using

Remark 2.3. .

The case when ¢(z) = > a,2" can be proved similarly.
n=-—o0o

Next we prove (2). Let T(f, where ¢(z) = 2™ + Z%O,no > 1, be normal. Then,
HTfejH% = HTf*ejH%, for each j > 0. This provides that

1 & < 1
? Z ’an—j‘26n2 = /8]2 Z ’aj—n‘QF- (2.2.2)
n=0 n

J n=0

In particular, for j = 0, equation (2.2.2) yields that 8,, = 1. Hence, 5, =1V 0 <n < ng.
Further, for j = m, where (I — 1)ng < m < Ing and | > 1 is an integer, we get that
Bm+n, = 1. This provides that £, = 1 for each ing < n < (I + 1)ng. Hence, 5, =1V
n > 0.

Conversely, if 5, =1V n > 0, then Tﬁ, where ¢(z) = 2" + z%o’ ng > 1, is self adjoint
and hence normal. O

Example 2.2. Some examples of normal and not normal weighted Toeplitz operators.

1. Consider H?(B) with B defined as B, = 2™ for n € Z. Then, the weighted Toeplitz
operator T(f on H%(B), induced by ¢(z) = %—Fz, is a normal operator (using Theorem
2.5).
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2. Consider H?(B) where B such that B, =1 for each n € Z. Then, T(f and Tf, where
¢(z) = 2+ L and ¢Y(2) = z — L are both normal. But Tf —i—Tf = Terw = TQBZ is
not normal (using Theorem 2.6(1)). However, T(f +T0 = TQB¢ = Ti+% is a normal

operator (using Theorem 2.5).

3 Compression of k''-order slant weighted Toeplitz operator

We refer to [3] and the references therein for the definition and detailed study of a k/-
order slant weighted Toeplitz operator U]i o (k > 2 is an integer) on L?(8). Let us recall
the definition of the compression of this operator to H?(3).

For ¢ € L>®(p), let V,g 8 denote the compression of a k*'-order slant weighted Toeplitz
operator U£¢ to H?(3). Then, Vk% : H%(B) — H?(pB) is given by V/,fq5 = P5U£¢|H2(5) =
WkT’g , where W}, is the operator on L?(3) given by

Bm_ S —
Wie, =  im em if n=km for some m € Z
0 otherwise.

The effect of Vk’B 4 on the orthonormal basis {en(2)}n>0 of H 2(B) is given by Vkﬁ 46 =

o0
Bij > kn—jBnen. We begin with the following.
n=0

Theorem 3.1. Let m > 2 be an integer such that m # k. Then, V,fq5 is the compression
of a mt"-order slant weighted Toeplitz operator to H*(3) if and only if ¢ = 0.

Proof. Let, if possible, Vk’B & be the compression of a m!-order slant weighted Toeplitz
o0
operator to H2(3), where ¢(2) = Y. a,z" € L>(B). Along the lines of proof of Theorem

n=—oo

2.7 in [3], using the structure of Vkﬁ ¢ recursively, we get that

Uki—j = Qk(itk)—j—mk (3.1.1)
for each 4,5 > 0. This provides that ag = Gugg—m|, @1 = Ck—m|+1>" " s Wklk—m|-1 =
Aol —m|+k|k—m|—1- But ¢ € L>(8) C L?(8), which yields that a,, — 0 as n — oo and this
helps us to conclude that ag = a1 = - - -, ajg—m|—1 = 0. Consequently, (3.1.1) helps to
provide that a,, = 0 for each n € Z. Thus ¢ = 0.
The converse is trivial. ]

Theorem 3.2. Let ¢ € L>°(SB). Then, the operator Wka’B(b is the compression of a k-
order slant weighted Toeplitz operator to H?(B) if and only if ¢ = 0.
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(o)
Proof. “If” part is straightforward. We prove the “only if” part. Let ¢(z) = > an2" €

n=-—oo
o
L*>°(5) be such that Wkaﬂ¢ = Vkﬁw for some ¢(z) = >, byz™ € L*(B). Then for each
n=-—00
i >0, WkV,fd)ei = kﬁnbei’ This yields that ag2,,_; = bgn_; for each n,i > 0. As a,, — 0 as
n — 00, this helps to conclude that ¢ = 0. ]

It is interesting to obtain that if the sequence § is such that {’%f}nzo is bounded, then
there does not exist any non-zero Hilbert-Schmidt Vkﬁ s on H 2(B).

Theorem 3.3. Let {%}nzo be bounded. Then V,qu 1s Hilbert-Schmidt if and only if ¢ = 0.

(154

Proof. Nothing needs to be proved in the “if” part. We prove the “only if” part. Let Vkﬂ &
oo [o.¢]
where ¢(z) = > apz™ € L*®(p), be a Hilbert-Schmidt operator. Then, ) ||Vk6¢ej|]% <
Jj=0 7

n=—oo
o oo o0
c0. Consider now the sum Y- ||V e;]12 = > 37 2 lakn—j By = Ao+ Art: -+ Ap 1+ B,
=0 =0 n=0
o

o0 2 o0 oo
where A; = Y |agji*( 22 h) for each 0 <1 <k—1land B= 3 |a_i*( > 5252 ).
n=0 i=0 n=0 "knti

2
Bkn-H

7j=1
The boundedness of {%—:}nzo together with equation (1.1) helps to ensure us that each
term in parenthesis of A;’s (I =0,1,--- ,k — 1) and B is a divergent series. But each sum
Ag, A1, ,Ar_1 and B is finite. This leaves a,’s, n € Z with no option other than being
all zeroes. Hence ¢ = 0. O

With the help of next example, we can verify that the assumption of boundedness of
{%‘—:}nzg cannot be dropped in Theorem 3.3.

Example 3.1. Consider the space H?(S) with B be defined as B, = 2", for each n > 0.
Clearly, {%—:}nzo is not bounded. Let ¢ = ¢, where 0 # ¢ € C. Consider the operator Vk’B(b

o0

o0 oo
with B and ¢ as defined above. Then, Y ||V,f¢ej||% =lc|* 3 % =¥ m, which
=0 n=0 "kn 0

is finite. Thus Vkﬂ¢> is a non-zero Hilbert-Schmidt operator on H?(3).

Since every Hilbert-Schmidt operator is compact, therefore Example 3.1 ensures the
existence of non-zero compressions of k*-order slant weighted Toeplitz operators which are
compact. However, again, the boundedness of {%—:}nzo restricts the compact operators of
this class to the zero operator.

Theorem 3.4. If the sequence {%}nZO s bounded, then the only compact Vkﬁq5 1s the zero
operator.
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Proof. Let Vkﬂ  be a compact operator with ¢ € L> (B) such that a,, denotes the n*” Fourier
coefficient of ¢ for each n € Z. Then working along the lines of computations of Theorem

2.2, we obtain that for each s, > 0, |akt_s\£‘::n = \<V£¢€s+km et+n>| < ]|V£¢es+kn|]5 —0

as n — 00. The assumption of boundedness of {%?}nzo provides us a real number M > 0
such that %ﬁ < M for each n > 0.
Let s > t. Then s+ kn > ¢t + n and hence on using equation (1.1), we get that

r® Bt+n Bn Bkn
— < ‘akt—s| o
M Bn ﬂk‘n ﬁkn—i—s

Hence, agi—s = 0 for s >t > 0. As a consequence, a, = 0 for each n € Z. Thus ¢ = 0.
Hence the claim. O

— 0 as n — oco.

|akt—s|

Vkﬂ é satisfies the operator equation Vkﬂ 6= Vﬁ*Vk'B ¢Tﬁ, where V7 denotes the weighted
shift operator on H?(3) such that VPe, = /Bf—ilenﬂ for each n > 0 and Tfk denotes the

weighted Toeplitz operator on H?(3) induced by z¥ € L>(p).

The converse, however, is not true. We present here below an example of a bounded
operator T on H?(f3), which is not the compression of a k*-order slant weighted Toeplitz
operator but satisfies the above equation.

Example 3.2. Let 8 = {Butnez = {2"Y,cz. Define a formal Laurent series ¢(z) =
o

1

n —
Y. ap2", where ay = 55m

n=—oo

if n > 0 and a, = 0 otherwise. Then ¢ is bounded and

~1

analytic in the domain | MY |1 < |z| < ||MZ| and hence ¢ € L*°(B) [11, Theorem
10°(vii)(b)].

Let T be an operator on H*(3) defined as T = T(fWk. Then T is a bounded operator

on H?(B) satisfying for each n >0,

o0
ﬁ# Yo ai—mpBier  if n=km for some m >0
Ten, =4 "™ 120

0 otherwise.

0 ifn=20
Using the structure of T, Tfk and that VFP*e, = {lgnl i

; , 1t 15 easy to see
5. en—1 ifn>1 4

that T satisfies the operator equation T = Vﬂ*TTf;. Howewver, if we assume that T = Vkﬁzp
for some (z) = > dpz" € L>®(B). Then, simple computations provide that d,, = 0 for
nez
all n € Z except diy,’s which are given as dg, = ay, if n > 0. Hence, ¥(z) = > dp2" =
nez
S a2 = (2F) ¢ L°(B). This contradicts our assumption and hence T can’t be the
n>1

compression of a k'"-order slant weighted Toeplitz operator to H*(3).
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Theorem 3.5. Vkﬁqb on H%(B) cannot be a Fredholm operator.

Proof. Let, if possible, ng & be a Fredholm operator of index n. Since Vk’B 6= Vﬁ*Vkﬁ ¢Tfk

and the index of the operator Vﬁ*VkB(bek ism—k+ 1, we get that £ = 1, which is not

possible. Hence the claim.
O

Since every invertible operator is Fredholm, it is now straightforward to state the fol-
lowing.

Corollary 3.1. Let ¢ € L*(8). Then 0 € o(V,,).

If ¢ € L*°(B) and the sequence {%’“—n”}nez is bounded, then ¢(zF) € L>®(B) (see [3]).
This helps to provide the following.
Theorem 3.6. Let the sequence {%ﬂ—:}nez be bounded and ¢ € L>°(B). Then, Up(vkﬁ(z’v)) =
{0} Uop(y)-
Proof. Let 0 # \ € JP(Vkﬁ¢(zk))‘ Then there exists a non-zero vector f € H?(j3) such that

V,f(b(zk)f = \f. Now, kaf¢(2k)f = PBWka(Zk)f = PPMJW.f. Hence, Wi.f # 0 and
VP (Wif) = PPW MWy f = PPW Wi My, f
= Wi PPWi M0y f
Hence, \ € ap(V,f(z)). Conversely, let 0 # p € ap(Vk%). Then there exists 0 # g € H?(B)
such that V,f(bg = ug. Also, V,f(ﬁg = WkT(fg. Therefore, T(fg # 0 and Vkﬁ¢(zk)(Tf ) =
PﬁwkMﬁ(zk)(ng) = (PBMf)(Wkag) = ,u(T(fg). Hence, p € Up(V’B ). Therefore, the

¢ k,¢(2*)
sets of non-zero eigen values of V,f (%) and V,f » are same.
Also, Vk%(zk)el = 0. So, 0 always belong to Up(Vk%(zk)). Hence, the result. O

Making use of Corollary 3.1 and the fact that o(AB)U{0} = o(BA) U {0} for any two
operators A and B, we have the following.

Theorem 3.7. Let ¢ € L°°() be such that ¢(z*) € L>=(B). Then, G(Vkﬁ,¢) = U(Vlizb(zk))'
Proof. The proof follows as
(Vi ny) = 0 (Vi) U {0} = o (T Wi P?) U {0}
= o(PPW,T}) U {0}
= U<Vkﬁ,¢>)~
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We have been able to partially extend the Coburn alternative for weighted Toeplitz

operators. We have obtained some symbols ¢ in L*°(8), in Theorem 2.3, Proposition 2.4

and Theorem 2.4, such that atleast one of T(f and T f * is injective. With observations while

working on different symbols, an intuitive answer seems to be in affirmative for any general
¢ € L>=(B). However, it is yet to be obtained.
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