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Abstract

This paper describes some properties of two classes of operators,
namely weighted Toeplitz operators and compressions of kth-order slant
weighted Toeplitz operators (k ≥ 2 is an integer). A necessary and suf-
ficient condition is obtained for an operator to be an analytic weighted
Toeplitz operator. It is also proved that the Coburn alternative holds for
analytic weighted Toeplitz operators.
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1 Preliminaries

The study of Toeplitz operators originated with the work of Toeplitz [12] in 1911. To-
gether with Hankel operators, they form two of the most important classes of operators
on Hardy spaces. The matrices of Toeplitz operators with respect to an orthonormal ba-
sis are constant along each diagonal parallel to the main one. Ever since their inception,
Toeplitz operators and matrices have remained a field of extensive research and this field
has witnessed impressive development during the last twenty years. Toeplitz matrices arise
in plenty of applications, while Toeplitz operators are building blocks to many other classes
of operators. Reference [2] provides a comprehensive study of Toeplitz operators.

Toeplitz operators and their various generalizations over different function spaces have
been a topic of interest to many mathematicians. An important variant of Toeplitz op-
erators is the slant Toeplitz operator, introduced by Ho [8] in 1995. The matrix of this
operator with respect to orthonormal basis is obtained from the matrix of the corresponding
Toeplitz operator by eliminating every alternate row. Slant Toeplitz operators have been
found to have various important practical applications, for example, in wavelet analysis
and solutions of differential equations (see [7],[13]).
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A noteworthy direction in the study of Toeplitz operators emerged with the introduc-
tion of weighted sequence spaces L2(β) and H2(β) by Kelley [9]. Shields [11] made a
comprehensive study of the class of weighted shift operators. In the year 2005, Lauric [10]
studied the structure of a class of weighted Toeplitz operators on H2(β) and obtained a
description of the commutant of each operator in this class. Erstle [6] described Toeplitz
operators on weighted Hardy spaces, while Zheng [15] discussed Toeplitz and Hankel op-
erators on Bergman spaces. Also, Yousefi [14] and Zorboska [16] studied composition
operators on weighted Hardy spaces. The product and commutativity of slant weighted
Toeplitz operators on L2(β), of different orders, was discussed by us in [3], while isometric
and Hilbert-Schmidt weighted Toeplitz operators on H2(β) were studied in [4].

This paper is a step forward in this direction of study. We discuss the normality and
compactness of weighted Toeplitz operators. Also, analytic weighted Toeplitz operators
are characterized via an operator equation. The Coburn alternative (see [1]), known for
Toeplitz operators, is proved to be true for weighted Toeplitz operators induced by some
specific symbols. We are also motivated to undertake the study of compressions of kth-
order slant weighted Toeplitz operators to H2(β). In addition to study of some structural
properties, some spectral properties of these operators are also discussed. Our study is
fruitful because for the particular instances of the sequence β, H2(β) yields various well
known Hilbert spaces of analytic functions. In fact, if βn = 1 for each n ≥ 0, then H2(β)

corresponds to the classical Hardy space. If βn = (n + 1)
1
2 , then H2(β) coincides with

Dirichlet space and if βn = (n+ 1)−
1
2 , we obtain Bergman space.

Let us begin with brief descriptions of the spaces under consideration. We refer to [11]
to provide historical growth, detailed descriptions and applications of these spaces. The
symbols Z and C denote respectively the sets of all integers and of all complex numbers.
Let β = {βn}n∈Z be a sequence of positive numbers with β0 = 1 and such that

r ≤ βn
βn+1

≤ 1 for n ≥ 0 and r ≤ βn
βn−1

≤ 1 for n ≤ 0, (1.1)

for some r > 0.

This assumption on β is taken throughout the paper. Let f(z) =
∞∑

n=−∞
anz

n, an ∈ C,

be the formal Laurent series (whether or not the series converges for any values of z).

Define ‖f‖β as ||f ||2β =
∞∑

n=−∞
|an|2βn2. The space L2(β) is {f(z) =

∞∑
n=−∞

anz
n| an ∈

C, ||f ||2β =
∞∑

n=−∞
|an|2βn2 <∞} and H2(β) is the subspace of L2(β) consisting of {f(z) =

∞∑
n=0

anz
n| an ∈ C, ||f ||2β =

∞∑
n=0
|an|2βn2 <∞}.

(L2(β), || · ||β) is a Hilbert space with the norm ‖ · ‖β induced by the inner product〈
f, g
〉

=
∞∑

n=−∞
an bnβn

2, for f(z) =
∞∑

n=−∞
anz

n, g(z) =
∞∑

n=−∞
bnz

n. The collection {en(z) =

zn/βn}n∈Z forms an orthonormal basis for L2(β). (H2(β), || · ||β) is a subspace of L2(β)
with an orthonormal basis {en(z) = zn/βn}n≥0.
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The symbol L∞(β) denotes the set of formal Laurent series {φ(z) =
∞∑

n=−∞
anz

n | φL2(β) ⊆

L2(β) and ∃ c > 0 : ‖φf‖β ≤ c‖f‖β, for each f ∈ L2(β)}. L∞(β) is a Banach space with
respect to ‖ · ‖∞ defined as ‖φ‖∞ = inf{c > 0 : ‖φf‖β ≤ c‖f‖β for each f ∈ L2(β)}.

H∞(β) denotes the set of formal power series φ such that φH2(β) ⊆ H2(β).

The multiplication of two formal power series f(z) =
∞∑
n=0

fnz
n and g(z) =

∞∑
n=0

gnz
n is

given by (fg)(z) =
∞∑
n=0

(fg)nz
n, where (fg)n =

n∑
m=0

fn−mgm for each n ≥ 0. The symbol

Ker(T ) denotes the kernel of an operator T, while σp(T ) and σ(T ) denote respectively the
point spectrum and the spectrum of T .

2 Weighted Toeplitz operator

A weighted Toeplitz operator T βφ [10] on H2(β), induced by the symbol φ(z) =
∞∑

n=−∞
anz

n

∈ L∞(β), is defined as T βφ = P βMβ
φ , where P β is the orthogonal projection of L2(β) onto

H2(β) and Mβ
φ is the weighted Laurent operator on L2(β) induced by φ. T βφ satisfies for

each j ≥ 0, T βφ ej = 1
βj

∞∑
n=0

an−jβnen .

To begin with, we observe the following.

Proposition 2.1. The mapping φ 7→ T βφ is linear and one-one.

Proof. Linearity is obvious. To show that the mapping is one-one, assume that T βφ =

T βψ , where φ, ψ ∈ L∞(β) are such that φ(z) =
∞∑

n=−∞
anz

n, ψ(z) =
∞∑

n=−∞
bnz

n. Then,〈
T βφ ej , ei

〉
=
〈
T βψ ej , ei

〉
for each i, j ≥ 0, which provides that an = bn for each n ∈ Z.

Hence φ = ψ. This completes the proof.

It is known that the only compact Toeplitz operator is the zero operator [1]. We discuss
the compactness of a weighted Toeplitz operator and obtain the same.

Theorem 2.1. The weighted Toeplitz operator T βφ , induced by φ ∈ L∞(β), is compact if

and only if the inducing symbol φ = 0.

Proof. Let φ(z) =
∞∑

n=−∞
anz

n ∈ L∞(β) be such that T βφ is a compact operator. We know

that compact operators map weakly convergent sequences to strongly convergent sequences.
Also, for each s ≥ 0, {es+n} → 0 weakly as n→∞. Therefore for each s, t ≥ 0,

|at−s|
βt+n
βs+n

= |
〈
T βφ es+n, et+n

〉
| ≤ ||T βφ es+n||β → 0 as n→∞. (2.2.1)
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For t ≥ s, equation (2.2.1) together with (1.1) gives

|at−s| ≤ |at−s|
βt+n
βs+n

→ 0 as n→∞.

This yields that an = 0 for each n ≥ 0. In case t < s, equations (2.2.1) and (1.1) provide

that |at−s|rs−t ≤ |at−s| βt+n

βs+n
→ 0 as n → ∞. As a consequence, an = 0 for each n < 0.

Thus φ = 0. Converse follows evidently.

Remark 2.1. Since every Hilbert-Schmidt operator is compact, Theorem 2.1 also provides
that no non-zero weighted Toeplitz operator on H2(β) can be Hilbert-Schmidt. This was
proved independently in [4] as well.

It is known [1] that an operator on the Hardy space H2 is an analytic Toeplitz operator
Tφ (φ is analytic) if and only if TφU = UTφ, where U denotes the unilateral shift operator

on H2. In this direction, we obtain the following for the weighted Toeplitz operator T βφ .

Let Uβ(= Mβ
z ) be an operator on H2(β) given by Uβen = βn+1

βn
en+1 for each n ≥ 0.

We find that there exist weighted Toeplitz operators which do not satisfy the operator

equation T βφU
β = UβT βφ . For this, we have the following example.

Example 2.1. Let T = T βφ be a weighted Toeplitz operator on H2(β) induced by the

symbol φ(z) = z−1 ∈ L∞(β). Then, the structure of T βφ provides that Te0 = 0 and Ten =

βn−1

βn
en−1 for each n ≥ 1. Now, UβTen =

{
0 if n = 0

en if n ≥ 1
, while TUβen = βn+1

βn
Ten+1 =

βn+1

βn
( βn
βn+1

en) = en for each n ≥ 0. Hence, T doesn’t satisfy TUβ = UβT .

However, if the inducing symbol φ of T βφ is analytic, we obtain a similar result as in case

of Toeplitz operators. We say that a weighted Toeplitz operator T βφ on H2(β), induced by

φ(z) =
∞∑

n=−∞
φnz

n ∈ L∞(β), is analytic if φn = 0 for each n < 0, where φn =< φ, en > is

the nth-Fourier coefficient of φ.
Now we proceed to obtain a characterization for a weighted Toeplitz operator to be

analytic.

Proposition 2.2. A weighted Toeplitz operator T βφ on H2(β) is analytic if and only if

T βφU
β = UβT βφ .

Proof. Let T βφ be an analytic weighted Toeplitz operator induced by φ(z) =
∞∑
n=0

anz
n

∈ H∞(β). Then, using the definition of T βφ , it is easy to see that
〈
T βφ ej+1, ei+1

〉
=

βi+1

βj+1
βj
βi

〈
T βφ ej , ei

〉
, for each i, j ≥ 0. Also, Uβ∗en =

{
0 if n = 0
βn
βn−1

en−1 if n ≥ 1
.
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Hence, for each i ≥ 1, j ≥ 0, we have〈
T βφU

βej , ei
〉

=
βj+1

βj

βi
βj+1

βj
βi−1

〈
T βφ ej , ei−1

〉
=
〈
T βφ ej , U

β∗ei
〉

=
〈
UβT βφ ej , ei

〉
.

Also, for j ≥ 0,
〈
T βφU

βej , e0
〉

=
βj+1

βj

〈
T βφ ej+1, e0

〉
=

βj+1

βj
β0
βj+1

a−j−1 = 0 =
〈
T βφ ej , U

β∗e0
〉

=〈
UβT βφ ej , e0

〉
.

As a consequence,
〈
T βφU

βej , ei
〉

=
〈
UβT βφ ej , ei

〉
for each i, j ≥ 0. Hence, T βφU

β =

UβT βφ .

Converse holds trivially as T βφU
β = UβT βφ gives that

〈
T βφU

βej , e0
〉

=
〈
UβT βφ ej , e0

〉
for

each j ≥ 0. This provides that an = 0 for each n < 0. Hence the result.

We now raise the following question: Is every bounded operator A on H2(β) satisfying
AUβ = UβA an analytic weighted Toeplitz operator?

An affirmative answer to this question, along with Proposition 2.2, will provide us that

the commutant of the weighted shift Uβ on H2(β) is the set {T βφ | φ ∈ H
∞(β)}.

Now we answer the above raised question in the next result as follows.

Theorem 2.2. Every bounded operator A on H2(β) satisfying the operator equation AUβ =
UβA is an analytic weighted Toeplitz operator.

Proof. Let A be a bounded operator on H2(β) such that AUβ = UβA. Let φ = Ae0.
Then, φ ∈ H2(β) and using that AUβ = UβA, we obtain that for each n ≥ 0, βn(Aen) =
AUβ

n
e0 = Uβ

n
Ae0 = Uβ

n
φ = βn(φen). Thus Aen = φen for each n ≥ 0. By linearity, we

obtain that Ap = φp for each polynomial p ∈ H2(β). Also, if f =
∞∑
n=0

fnz
n ∈ H2(β), then

there exists a sequence {pn} of polynomials in H2(β) converging to f , say pn =
∞∑
m=0

pn,mz
m

with pn,m = 0 for m > n. This implies that {φpn} = {Apn} → Af .

Denote each φpn as φpn =
∞∑
m=0

(φpn)mz
m, where (φpn)m =

m∑
k=0

φm−kpn,k for each m ≥ 0

and Af =
∞∑
m=0

(Af)mz
m. Hence, for each t ≥ 0, we find that whatever ε > 0 we may take,

∃ n0 ≥ 0 satisfying |(φpn)t − (Af)t|2β2t ≤
∞∑
m=0
|(φpn)m − (Af)m|2β2m = ||φpn −Af ||β2 <

εβt
2, for each n ≥ n0. This gives that the sequence of complex numbers {(φpn)t} → (Af)t

for each t ≥ 0.
Using similar arguements as above, the convergence in norm {pn} → f , provides for

each ε > 0, a m0 ≥ 0 such that for each n ≥ m0,

|pn,t − ft|2 <
ε

||φ||2β
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for each t ≥ 0 and hence

|(φpn)t − (φf)t|2 = |
t∑

m=0

φt−mpn,m −
t∑

m=0

φt−mfm|2

≤
t∑

m=0

|φt−m|2|pn,m − fm|2

<
ε

||φ||2β

t∑
m=0

|φt−m|2

≤ ε,

where φf =
∞∑
m=0

(φf)mz
m and for each m ≥ 0, (φf)m =

m∑
k=0

φm−kfk.

This helps to provide that {(φpn)t} → (φf)t for each t ≥ 0.
Hence (Af)t = (φf)t for each t ≥ 0 and therefore Af = φf for each f ∈ H2(β). Thus

we conclude that A = T βφ for some φ ∈ H∞(β). This completes the proof.

An immediate consequence to this theorem is the following.

Corollary 2.1. The commutant of the weighted shift Uβ(= Mβ
z ) acting on H2(β) is

{T βφ | φ ∈ H
∞(β)}.

For a Toeplitz operator Tφ, where φ is a non-zero function in L∞, it is known [1] that at
least one of Tφ and T ∗φ is injective (The Coburn Alternative). In this direction, we obtain

some symbols φ in L∞(β) so that The Coburn Alternative holds for the weighted Toeplitz
operators.

Remark 2.2. A weighted Toeplitz operator T βφ , in general, may not be injective. For,

consider φ(z) = z−1 ∈ L∞(β). Simple computations provide that Ker(T β
z−1) = [e0], where

[e0] denotes the subspace of H2(β) spanned by eo. In fact, if n ≥ 1 and φ(z) = z−n ∈
L∞(β), then Ker(T β

z−n) = [e0, e1, · · · , en−1].

Proposition 2.3. The kernel of an analytic weighted Toeplitz operator is either {0} or
infinite dimensional.

Proof. Let T βφ be an analytic weighted Toeplitz operator and 0 6= f ∈ Ker(T βφ ). Since

T βφU
β = UβT βφ for an analytic T βφ , we obtain that znf ∈ Ker(T βφ ) for each n ≥ 1. Also, the

set {zkf : 1 ≤ k ≤ n} is linearly independent for each n ≥ 1 (see [5]). Hence the claim.

However, our next result rules out the possibility of the existence of a non-zero vector
in the kernel of a non-zero analytic weighted Toeplitz operator.

Theorem 2.3. Let 0 6= φ ∈ H∞(β). Then, Ker(T βφ ) = {0}.
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Proof. Let, if possible, 0 6= f ∈ Ker(T βφ ), where φ(z) =
∞∑
n=0

anz
n ∈ H∞(β) and f(z) =

∞∑
n=0

fnz
n ∈ H2(β). Then,

〈
T βφ f, em

〉
= 0 for each m ≥ 0. This provides us that for each

k ≥ 0,
k∑
i=0

fiak−i = 0. For k = 0, we obtain that f0a0 = 0, which gives rise to three possible

cases.

1. f0 6= 0 and a0 = 0. On using the equation
k∑
i=0

fiak−i = 0 for successive values of

k (= 1, 2, · · · ), a simple computation yields that φ = 0. This is a contradiction.

2. f0 = 0 and a0 6= 0. Again, proceeding along similar lines as in case (1), we get that
f = 0, which is a contradiction.

3. f0 = 0 and a0 = 0.

We now discuss case (3). Here, the equations
k∑
i=0

fiak−i = 0 for each k ≥ 0 reduce to

k∑
i=1

fiak−i+1 = 0 for each k ≥ 1. For k = 1, we get that f1a1 = 0, which again provides

three possibilities as above. The possibilities f1 6= 0, a1 = 0 and f1 = 0, a1 6= 0 give
contradiction along the lines of proof done above and we will be left with the possibility

f1 = 0 = a1. Now the equations
k∑
i=1

fiak−i+1 = 0 for each k ≥ 1 reduce to the equations

k∑
i=2

fiak−i+2 = 0 for each k ≥ 2. Working recursively on same steps as above, we obtain that

fi = 0 = ai for each i ≥ 0. This yields that f = 0 = φ. This contradicts our assumption.
Hence the result.

We would like to add here that the adjoint of a weighted Toeplitz operator with analytic

symbol may not satisfy the condition in Proposition 2.3. For example, Ker(T β∗z ) = [e0].

If φ(z) =
∞∑

n=−∞
anz

n ∈ L∞(β), then the symbol φ is defined as φ(z) =
∞∑

n=−∞
anz

−n.

If β is semi-dual (i.e. βn = β−n for each n ≥ 1), then for φ ∈ L∞(β), φ ∈ L∞(β) with
||φ||∞ = ||φ||∞.

With almost same computations as in Theorem 2.3, we arrive at our next result.

Proposition 2.4. Let φ ∈ L∞(β) be such that 0 6= φ ∈ H∞(β). Then, Ker(T β∗φ ) = {0}.

Next, we consider a special case when φ ∈ L∞(β) is of the form φ(z) = a−iz
−i + aiz

i,
where i ≥ 1. We find that the Coburn alternative can be extended for weighted Toeplitz
operators in this case.

Theorem 2.4. Let φ(z) = a−iz
−i+aiz

i ∈ L∞(β), where a−i, ai are both non-zero complex

numbers. Then, at least one of T βφ and T β∗φ is injective.
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Proof. Suppose that T βφ f = 0 for some 0 6= f =
∞∑
n=0

fnz
n ∈ H2(β). Suppose also that

T β∗φ g = 0, where g =
∞∑
n=0

gnz
n ∈ H2(β). We claim that g = 0.

Since
〈
T βφ f, em

〉
= 0 for each m ≥ 0, we obtain that for each n ≥ 0, f(2n+1)i+p = 0 while

f2ni+p = (−1)nfp(
ai
a−i

)n, for p = 0, 1, · · · , i − 1. Also, |f0|2
∞∑
n=0
| aia−i
|2nβ22ni ≤ ||f ||2β < ∞.

Making use of the fact that βn ≥ 1 for each n ∈ Z (equation (1.1)), the above inequality pro-

vides that | aia−i
|2 < 1. This in turn provides that ||g||2β ≥ |g0|2

∞∑
n=0
|a−i

ai
|2n 1

β2
2ni

> |g0|2
∞∑
n=0

1
r4ni

(using equation (1.1)), which is a geometric series with common ratio ≥ 1 and hence di-
vergent. Thus g has no other option but to be 0.

Now, we discuss some symbols inducing normal weighted Toeplitz operators. We first

consider the weighted Toeplitz operator T βφ induced by the Laurent polynomial φ(z) =

a−1z
−1 + a0 + a1z ∈ L∞(β) , where a−1, a0, a1 ∈ C and find the condition(s) for this

operator to be normal.

Proposition 2.5. A necessary condition for T βφ on H2(β), where φ(z) = a−1z
−1+a0+a1z,

a1 6= 0, to be normal is that |a−1| ≥ |a1|.

Proof. Since T βφ is normal, therefore ||T βφ e0||β = ||T β
∗

φ e0||β, which gives β1
2 = |a−1|

|a1| . But

β1 ≥ 1, which implies that |a−1| ≥ |a1|.

We find that the condition obtained in Proposition 2.5 is not sufficient for T βφ to be

normal on each weighted Hardy space H2(β). For, consider H2(β) with β = {βn}n∈Z such

that βn = 2 for n ∈ Z − {0} and let φ(z) = z + 1
z . Then |a−1| = |a1| = 1, but T βφ is not

normal since ||T βφ e0||β = 2 and ||T β∗φ e0||β = 1
2 .

We improve Proposition 2.5 to obtain a characterization for normal weighted Toeplitz
operators in the following form.

Theorem 2.5. A necessary and sufficient condition for T βφ on H2(β), induced by the

Laurent polynomial φ(z) = a−1z
−1 + a0 + a1z, a1 6= 0, to be normal is that ( |a−1|

|a1| )
n

= βn
2

for each n ≥ 1.

Proof. Let T βφ be normal. Then, using the equality ||T βφ ej ||β = ||T β
∗

φ ej ||β for j ≥ 0 and

using the principle of mathematical induction, we obtain the necessary condition. For

sufficiency, using that ( |a−1|
|a1| )

n
= βn

2 for each n ≥ 1, we obtain that T βφ T
β∗
φ ej = T β∗φ T βφ ej

for each j ≥ 0. Hence the result.

The next observation, which is also obtained by Avendano [1, Corollary 3.2.16, p. 107],
is straightforward from here.
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Corollary 2.2. The Toeplitz operator Tφ, where φ(z) = z + 1
z , on Hardy space is always

normal.

Remark 2.3. It is easy to see that each weighted Toeplitz operator T βφ , where φ(z) = c

(constant), is a normal operator. For, if f(z) =
∞∑
n=0

bnz
n ∈ H2(β), then the structure of

T βφ provides that ||T βφ f ||
2
β = |c|2

∞∑
n=0
|bn|2βn2 = |c|2||f ||2β = ||T β∗φ f ||2β.

Theorem 2.6. For a weighted Toeplitz operator T βφ on H2(β), we obtain the following.

1. If φ ∈ L∞(β) is of the form φ(z) =
∞∑
n=0

anz
n (or φ(z) =

0∑
n=−∞

anz
n), then T βφ is

normal if and only if an = 0 for each n ≥ 1 (or a−n = 0 for each n ≥ 1).

2. If φ(z) = zn0 + 1
zn0 , n0 ≥ 1, then T βφ is normal if and only if βn = 1 ∀ n ≥ 0.

Proof. Consider the weighted Toeplitz operator T βφ on H2(β) induced by the symbol φ ∈

L∞(β). For the proof of (1), we assume that T βφ , where φ(z) =
∞∑
n=0

anz
n, is normal. Then,

||T βφ e0||β = ||T β∗φ e0||β, which gives that an = 0 for each n ≥ 1. Converse follows using

Remark 2.3.

The case when φ(z) =
0∑

n=−∞
anz

n can be proved similarly.

Next we prove (2). Let T βφ , where φ(z) = zn0 + 1
zn0 , n0 ≥ 1, be normal. Then,

||T βφ ej ||
2
β = ||T β∗φ ej ||2β, for each j ≥ 0. This provides that

1

β2j

∞∑
n=0

|an−j |2βn2 = β2j

∞∑
n=0

|aj−n|2
1

βn
2 . (2.2.2)

In particular, for j = 0, equation (2.2.2) yields that βn0 = 1. Hence, βn = 1 ∀ 0 ≤ n ≤ n0.
Further, for j = m, where (l − 1)n0 ≤ m < ln0 and l ≥ 1 is an integer, we get that
βm+n0 = 1. This provides that βn = 1 for each ln0 ≤ n < (l + 1)n0. Hence, βn = 1 ∀
n ≥ 0.

Conversely, if βn = 1 ∀ n ≥ 0, then T βφ , where φ(z) = zn0 + 1
zn0 , n0 ≥ 1, is self adjoint

and hence normal.

Example 2.2. Some examples of normal and not normal weighted Toeplitz operators.

1. Consider H2(β) with β defined as βn = 2|n| for n ∈ Z. Then, the weighted Toeplitz

operator T βφ on H2(β), induced by φ(z) = 4
z +z, is a normal operator (using Theorem

2.5).
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2. Consider H2(β) where β such that βn = 1 for each n ∈ Z. Then, T βφ and T βψ , where

φ(z) = z + 1
z and ψ(z) = z − 1

z are both normal. But T βφ + T βψ = T βφ+ψ = T β2z is

not normal (using Theorem 2.6(1)). However, T βφ + T βφ = T β2φ = T β
2z+ 2

z

is a normal

operator (using Theorem 2.5).

3 Compression of kth-order slant weighted Toeplitz operator

We refer to [3] and the references therein for the definition and detailed study of a kth-

order slant weighted Toeplitz operator Uβk,φ (k ≥ 2 is an integer) on L2(β). Let us recall

the definition of the compression of this operator to H2(β).

For φ ∈ L∞(β), let V β
k,φ denote the compression of a kth-order slant weighted Toeplitz

operator Uβk,φ to H2(β). Then, V β
k,φ : H2(β) → H2(β) is given by V β

k,φ = P βUβk,φ|H2(β) =

WkT
β
φ , where Wk is the operator on L2(β) given by

Wken =

{
βm
βkm

em if n = km for some m ∈ Z
0 otherwise.

The effect of V β
k,φ on the orthonormal basis {en(z)}n≥0 of H2(β) is given by V β

k,φej =

1
βj

∞∑
n=0

akn−jβnen. We begin with the following.

Theorem 3.1. Let m ≥ 2 be an integer such that m 6= k. Then, V β
k,φ is the compression

of a mth-order slant weighted Toeplitz operator to H2(β) if and only if φ = 0.

Proof. Let, if possible, V β
k,φ be the compression of a mth-order slant weighted Toeplitz

operator to H2(β), where φ(z) =
∞∑

n=−∞
anz

n ∈ L∞(β). Along the lines of proof of Theorem

2.7 in [3], using the structure of V β
k,φ recursively, we get that

aki−j = ak(i+k)−j−mk (3.1.1)

for each i, j ≥ 0. This provides that a0 = atk|k−m|, a1 = atk|k−m|+1, · · ·, ak|k−m|−1 =

atk|k−m|+k|k−m|−1. But φ ∈ L∞(β) ⊆ L2(β), which yields that an → 0 as n→∞ and this
helps us to conclude that a0 = a1 = · · ·, ak|k−m|−1 = 0. Consequently, (3.1.1) helps to
provide that an = 0 for each n ∈ Z. Thus φ = 0.

The converse is trivial.

Theorem 3.2. Let φ ∈ L∞(β). Then, the operator WkV
β
k,φ is the compression of a kth-

order slant weighted Toeplitz operator to H2(β) if and only if φ = 0.
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Proof. “If” part is straightforward. We prove the “only if” part. Let φ(z) =
∞∑

n=−∞
anz

n ∈

L∞(β) be such that WkV
β
k,φ = V β

k,ψ for some ψ(z) =
∞∑

n=−∞
bnz

n ∈ L∞(β). Then for each

i ≥ 0, WkV
β
k,φei = V β

k,ψei. This yields that ak2n−i = bkn−i for each n, i ≥ 0. As an → 0 as

n→∞, this helps to conclude that φ = 0.

It is interesting to obtain that if the sequence β is such that {βknβn }n≥0 is bounded, then

there does not exist any non-zero Hilbert-Schmidt V β
k,φ on H2(β).

Theorem 3.3. Let {βknβn }n≥0 be bounded. Then V β
k,φ is Hilbert-Schmidt if and only if φ = 0.

Proof. Nothing needs to be proved in the “if” part. We prove the “only if” part. Let V β
k,φ,

where φ(z) =
∞∑

n=−∞
anz

n ∈ L∞(β), be a Hilbert-Schmidt operator. Then,
∞∑
j=0
‖V β

k,φej‖
2
β <

∞. Consider now the sum
∞∑
j=0
||V β

k,φej‖
2
β =

∞∑
j=0

1
βj

2

∞∑
n=0
|akn−j |2β2n = A0+A1+· · ·+Ak−1+B,

where Al =
∞∑
j=1
|akj−l|2

( ∞∑
n=0

β2
n+j

β2
kn+l

)
for each 0 ≤ l ≤ k − 1 and B =

∞∑
i=0
|a−i|2

( ∞∑
n=0

β2
n

β2
kn+i

)
.

The boundedness of {βknβn }n≥0 together with equation (1.1) helps to ensure us that each

term in parenthesis of Al’s (l = 0, 1, · · · , k − 1) and B is a divergent series. But each sum
A0, A1, · · · , Ak−1 and B is finite. This leaves an’s, n ∈ Z with no option other than being
all zeroes. Hence φ = 0.

With the help of next example, we can verify that the assumption of boundedness of
{βknβn }n≥0 cannot be dropped in Theorem 3.3.

Example 3.1. Consider the space H2(β) with β be defined as βn = 2n, for each n ≥ 0.

Clearly, {βknβn }n≥0 is not bounded. Let φ = c, where 0 6= c ∈ C. Consider the operator V β
k,φ

with β and φ as defined above. Then,
∞∑
j=0
‖V β

k,φej‖
2
β = |c|2

∞∑
n=0

β2
n

β2
kn

= |c|2
∞∑
n=0

1
22n(k−1) , which

is finite. Thus V β
k,φ is a non-zero Hilbert-Schmidt operator on H2(β).

Since every Hilbert-Schmidt operator is compact, therefore Example 3.1 ensures the
existence of non-zero compressions of kth-order slant weighted Toeplitz operators which are
compact. However, again, the boundedness of {βknβn }n≥0 restricts the compact operators of

this class to the zero operator.

Theorem 3.4. If the sequence {βknβn }n≥0 is bounded, then the only compact V β
k,φ is the zero

operator.
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Proof. Let V β
k,φ be a compact operator with φ ∈ L∞(β) such that an denotes the nth Fourier

coefficient of φ for each n ∈ Z. Then working along the lines of computations of Theorem

2.2, we obtain that for each s, t ≥ 0, |akt−s| βt+n

βs+kn
= |
〈
V β
k,φes+kn, et+n

〉
| ≤ ||V β

k,φes+kn||β → 0

as n→∞. The assumption of boundedness of {βknβn }n≥0 provides us a real number M > 0

such that βkn
βn
≤M for each n ≥ 0.

Let s > t. Then s+ kn > t+ n and hence on using equation (1.1), we get that

|akt−s|
rs

M
≤ |akt−s|

βt+n
βn

βn
βkn

βkn
βkn+s

→ 0 as n→∞.

Hence, akt−s = 0 for s > t ≥ 0. As a consequence, an = 0 for each n ∈ Z. Thus φ = 0.
Hence the claim.

V β
k,φ satisfies the operator equation V β

k,φ = V β∗V β
k,φT

β
zk

, where V β denotes the weighted

shift operator on H2(β) such that V βen = βn
βn+1

en+1 for each n ≥ 0 and T β
zk

denotes the

weighted Toeplitz operator on H2(β) induced by zk ∈ L∞(β).
The converse, however, is not true. We present here below an example of a bounded

operator T on H2(β), which is not the compression of a kth-order slant weighted Toeplitz
operator but satisfies the above equation.

Example 3.2. Let β = {βn}n∈Z = {2|n|}n∈Z. Define a formal Laurent series φ(z) =
∞∑

n=−∞
anz

n, where an = 1
n22n

if n > 0 and an = 0 otherwise. Then φ is bounded and

analytic in the domain ‖Mβ
z
−1
‖−1 < |z| < ‖Mβ

z ‖ and hence φ ∈ L∞(β) [11, Theorem
10’(vii)(b)].

Let T be an operator on H2(β) defined as T = T βφWk. Then T is a bounded operator

on H2(β) satisfying for each n ≥ 0,

Ten =

 1
βkm

∞∑
l=0

al−mβlel if n = km for some m ≥ 0

0 otherwise.

Using the structure of T , T β
zk

and that V β∗en =

{
0 if n = 0
βn−1

βn
en−1 if n ≥ 1

, it is easy to see

that T satisfies the operator equation T = V β∗TT β
zk

. However, if we assume that T = V β
k,ψ

for some ψ(z) =
∑
n∈Z

dnz
n ∈ L∞(β). Then, simple computations provide that dn = 0 for

all n ∈ Z except dkn’s which are given as dkn = an if n > 0. Hence, ψ(z) =
∑
n∈Z

dnz
n =∑

n≥1
anz

kn = φ(zk) /∈ L∞(β). This contradicts our assumption and hence T can’t be the

compression of a kth-order slant weighted Toeplitz operator to H2(β).
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Theorem 3.5. V β
k,φ on H2(β) cannot be a Fredholm operator.

Proof. Let, if possible, V β
k,φ be a Fredholm operator of index n. Since V β

k,φ = V β∗V β
k,φT

β
zk

and the index of the operator V β∗V β
k,φT

β
zk

is n − k + 1, we get that k = 1, which is not

possible. Hence the claim.

Since every invertible operator is Fredholm, it is now straightforward to state the fol-
lowing.

Corollary 3.1. Let φ ∈ L∞(β). Then 0 ∈ σ(V β
k,φ).

If φ ∈ L∞(β) and the sequence {βknβn }n∈Z is bounded, then φ(zk) ∈ L∞(β) (see [3]).

This helps to provide the following.

Theorem 3.6. Let the sequence {βknβn }n∈Z be bounded and φ ∈ L∞(β). Then, σp(V
β
k,φ(zk)

) =

{0} ∪ σp(V β
k,φ).

Proof. Let 0 6= λ ∈ σp(V β
k,φ(zk)

). Then there exists a non-zero vector f ∈ H2(β) such that

V β
k,φ(zk)

f = λf . Now, V β
k,φ(zk)

f = P βWkM
β
φ(zk)

f = P βMβ
φWkf . Hence, Wkf 6= 0 and

V β
k,φ(Wkf) = P βWkM

β
φWkf = P βWkWkMφ(zk)f

= WkP
βWkMφ(zk)f

= WkV
β
k,φ(zk)

f = λ(Wkf).

Hence, λ ∈ σp(V β
k,φ). Conversely, let 0 6= µ ∈ σp(V β

k,φ). Then there exists 0 6= g ∈ H2(β)

such that V β
k,φg = µg. Also, V β

k,φg = WkT
β
φ g. Therefore, T βφ g 6= 0 and V β

k,φ(zk)
(T βφ g) =

P βWkM
β
φ(zk)

(T βφ g) = (P βMβ
φ )(WkT

β
φ g) = µ(T βφ g). Hence, µ ∈ σp(V β

k,φ(zk)
). Therefore, the

sets of non-zero eigen values of V β
k,φ(zk)

and V β
k,φ are same.

Also, V β
k,φ(zk)

e1 = 0. So, 0 always belong to σp(V
β
k,φ(zk)

). Hence, the result.

Making use of Corollary 3.1 and the fact that σ(AB)∪ {0} = σ(BA)∪ {0} for any two
operators A and B, we have the following.

Theorem 3.7. Let φ ∈ L∞(β) be such that φ(zk) ∈ L∞(β). Then, σ(V β
k,φ) = σ(V β

k,φ(zk)
).

Proof. The proof follows as

σ(V β
k,φ(zk)

) = σ(V β
k,φ(zk)

) ∪ {0} = σ(T βφWkP
β) ∪ {0}

= σ(P βWkT
β
φ ) ∪ {0}

= σ(V β
k,φ).
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We have been able to partially extend the Coburn alternative for weighted Toeplitz
operators. We have obtained some symbols φ in L∞(β), in Theorem 2.3, Proposition 2.4

and Theorem 2.4, such that atleast one of T βφ and T β∗φ is injective. With observations while

working on different symbols, an intuitive answer seems to be in affirmative for any general
φ ∈ L∞(β). However, it is yet to be obtained.
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