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Abstract

In this paper we introduce a generalization of Szdsz-Schurer opera-
tors based on (p,q)-integers. We give a recurrence relation for moments
of these new operators and give the convergence theorem for these oper-
ators. We also give rate of convergence in terms of modulus of continuity
in bounded intervals. We further study the convergence of these opera-
tors in weighted space of functions on a positive semi-axis.

Subject class [2010]:41A25, 41A36
Keywords: Linear positive operator, q - integers, (p,q)-integers, (p,q)- Szasz-Mirakjan
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1 Introduction

The rapid development of g-calculus in the last two decades has led to the discovery of new
generalizations in approximation theory. Lupas [8] was the first researcher who introduced
a g-analogue of Bernstein polynomials. Since then an intensive research has been conducted
on linear positive operators based on g-integers.

Recently Mursaleen et al. applied (p,q)-calculus in approximation theory. They first
introduced (p,q)-analogue of Bernstein operators [9, 10]. Later on they introduced (p,q)-
analogues of various operators such as Bernstein-Stancu operators [11], Bernstein-Schurer
operators [13], Kantorovich type Bernstein operators [12], etc.

Acar [1] introduced (p,q)-analogue of Szasz-Mirakjan operators,for 0 < ¢ <p < 1,n €
N,f:]0,00) = R

N 1 ad [k]p.q k1) [n]’;,qu
(1.1) Snpalfir) = E([nlper) kzzof <q’“2[n]pq> T T

In the present paper we introduce a (p,q)-variant of Szész- Schurer operators and discuss
their approximation properties. The paper is organized as follows. In section 2 we introduce
the new operators and calculate their moments. In section 3 we give the convergence
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theorem using Korovkin’s result. In section 4 we evaluate rate of convergence of these
operators in terms of modulus of continuity in bounded intervals. In section 5 we study
approximation properties of the new operators in weighted space.

Firstly we recall some basic notions based on (p,q)-integers.
Let 0 < ¢ < p < 1. For each nonnegative integer k,n,n > k > 0, the (p, q)-integer [k],.q,
(p, q)-factorial [k], 4! and (p, q)-binomial coefficient are defined by

with, [k]pq =1 for kK =0.

The (p,q)-Binomial expansion is

n
(n—k)(n—k—1) k(k—1)
(az +by)pa=> p 2 g ° [H T
k=0 p.g

and

1 n—1

(@+y)p,=(@+y)pr+q)Pz+y) ... (0" e+ ¢"y)

For p = 1 the above notations reduce to their gq-analogues. More details on (p, q)-calculus
can be found in [2], [3], [6], [7], [15],[16].
There are two (p,q)-analogues of exponential functions,

0o n(n—1) n

ep,q(T) = Z u

(1.2) Bpgla) =Y 4T

= !

These functions satisfy the equality ey, ,(z)Ep (—2) = 1. For p = 1, ep4(x) and E, ()
reduce to g-exponential functions.
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2 Construction of operators and Auxiliary Results

Let 0 <g<p<1l,nme N. For f:[0,00) = R we introduce (p,q)-Szdsz Schurer operators
which is defined for fixed r € Ny by

21 Sppe(fimr) =

> k1) [0 4 7]k 2¥
f < > q 3 p,q
qu([”+qu5U Z pq [k]p,q!

k=0

where E, ,(x) is given by (1.2). These are linear positive operators and in the case r = 0,
these operators reduce to the slightly modified form of the Acar’s (p,q)-Szasz-Mirakjan
operators. On taking p = 1 in (2.1), one can get q-Szdsz-Schurer operators introduced in
[14]. Also it is clear from (1.2) that

(2.2) SppaLimr) =1

for each fixed r € Ny.

Now we give a recurrence relation for the moments of the operators Sy, , .

Lemma 2.1. Let0<g<p<1l,re Nyandne N

N m e x[n + 7] p7 . .
(23 Siaalt™ 751 = 3 (1) T S

j= [nlpg

Proof. Using the identity
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we get
S*ypq(tmﬂ; x;r)
B 1 > (k] ki) [0+ 7]k P
 Epg([n+ rlpgx) kzzo g(mAD =D [t ‘- [K]p.q!
B 1 = L (e=1)e2) [ + rlk @
- Epg(ln+rlpe) ; m(k 1)[”];nq+1q [k —1]pq!

q
L plk — 1)) k
q b D,q (k—1)(k—2) [n—i—r]pqx

m=Dfdt T TR 1)

(k=1)(k=2)

q
: ii <m> (k=1)m=)piffy — 13 L [+ 7]pge"
= . 14 - m
Epg(ln+1lpq7) =1 j=0 \/ P gmU=D[n]p [k — 1]p,4!
m e (=DGe2) j
_ 1 S (m> P P [+ r]p 42" [k = 1ng
: m—+1—j
Epq([n+7]pqz) =0 \J [n]p,;_ ! —1 q(k b [ ]pq[k 1p,q!
1 = ( ) [n+ 7] 0’ Z + 1k 2 [k
EP7Q([n+r]qu) =0 J/ [n] ;T;—l ]qﬂ k=0 gtk l)j }pq[k]p,q!
= rn+r p] * j
:Z< >m+lpyqq]S pat5m5m)

Using this recurrence formula we derive the following lemma.

Lemma 2.2. Let0<qg<p<1,7re€ Ngandn € N. Then we have

(2.4) SppqgLzir) =1
(2.5) Sk a(tiasr) :xm
[)p.q
n+rlp, Qp[n—l—r]gq
(2.6) Sop. (% ayr) =24 g2 P4
e 3.4 alnl 4
2 3 3
(2.7) S (t3' ;) :xm + 22 (2pq +p*) [n + T]pﬂ x3}M
o 5.9 ¢ 5.9 ¢*[nl3
2
S (thasr) =gt e 2P0+ 3pg+ PR I oy
7,09 [n]qu PE [n]g7q
3¢% +2 2 pPn+ )3 6[n, + r]4
(2.8) +$3( ¢+ 2pqg +p*) P+, L [+ ]2,

q5 [n]g,q q6 [n]évq
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Proof. First equality follows from (2.2). From the recurrence relation given in Lemma 2.1
we get

) 7+ 7lpg o
Sn,p,q(t; €, T) :qupan,p,q(l; €T3 T)
_ [ntrlpg
[np.q

Sx o (#asr) :x<1>[n+r]MS* (1;$;T)+<1>$p[n+r]p’q5* (t;z;57)

n,p,q 0 [n]qu n,0,q 1 Q[n]p,q n,p,q

[n + 7“]10,11 x2p[n + T]IQMJ

[nl3q q[nl3.q

2\ [n+ 7, 2\ zp[n + rlp,
Sf*l,p,q(tB; Tir) = <O> 73]3(15;,10@(1§ z;7r) + (1> fqms;:,p,q(t; x;r)

(3.4 (5.4
2 mpz [TL + T‘]p,q * 2
" (2> 1]p.qq° Smp’q(t i)
_ [n + T]p,q + 2x2p[n + T]ZQLQ n xp® [n + T]p,q {x [n + ﬂp,q
[n]g,q q[n]g,q [n]p,qu [n]]%,q
ng[n +72,
g[n2,

[n+7]pg + 22 (2pq + p?) [n + ’"]g,q 31”3 [n+ T]g,q

T +x
)54 ¢ [7)5.q g
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and
S pg(thimir)
3) 7+ 7Tlpg <3> rp[n +7]pg
=z( ) Shpe(Lar) ) g Shpg(Gar)
<0 [n]qu n,p,q 1 q[n]g’q n,p,q
3\ zp?[n + 74 9 (3> xp3[n + 7
+ —_— e (T xr) + L g (g3 gy
— (7 +7lpg + 3%pln + T]qu + Bzp[n + 1]pg { (" +7]pa
]34 q[nlyq ?*[nf (134

+x

9P + 70]12741 xp®n+7rlpg {x [0+ 7]pg
alnl3, ¢*[nlpq [l

p.q
2@t ) T, 3p3[n+r12,q}

¢ Qi ¢l

[N+ 7lpg I $2p(3q2 + 3pq + p?) [n + T];Q;,q

+ﬁ@f+%ﬁw%ﬁm+%g+4wm+%g
q5 [n]é,q q6 [n]?%q

O]

Using Lemma 2.2 and linearity of operators Sy, , . we can easily obtain the following
formulas for the central moments.

Corollary 2.1. Let 0 < qg<p<1,7€ Ngandn € N. Then

. [n+ 7]y,
Sn’p’q(t —zyxyT) =T <pq -1

(g
Sp gt —2)%5257) wa + 2 { [n[z]jqp’q (P[Z[:]]:]qp,q - 2) + 1}

Remark 2.1. For g € (0,1) and p € (q, 1] we see that

1
I =
i [l = 2=
Hence the operators Sy , (f) given in (2.1) are not approximation process. In order to

ensure the convergence properties of the operators we assume that ¢ = (q,) and p = (pn)
such that 0 < gn, < pn <1 and g, = 1,pp, = 1,9 — a,p — B asn — co. Such sequences
(gn) and (py) exist. For example if we take c,d € R* such that ¢ > d and choose

n
and p, =

qn:n+c n+d
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then we see that

c d

qn — Lpn = 1,q, — e % py — e % [n]pq — 00 as n — oo.

3 Convergence Theorem

Let Cp[0, 00) denote the space of real-valued continuous and bounded functions defined on

[0,00). The norm || - || on the space Cg[0,c0) is given by
Al = sup [f(z)]
z€[0,00)

Theorem 3.1. Let us fix v € Ny, ¢ = (qn) and p = (py) satisfying 0 < g, < pp, < 1 such
that ¢, — 1,pp, — 1 as n — oo. Then for each f € Cp|0,00)

(3.1) lim S} (fixr) = f

n—oo
uniformly on Cp[0,00).

Proof. We prove the theorem with the help of the well known Korovkin theorem. So it
suffices to show that

lim S* (e;z;7m) =%, i=0,1,2,7 € Ny.

oo TPnsdn

uniformly on [0, 0c0),where e;(t) = t'.
Clearly from (2.2) we have

nl;rgo Sppman €03 T;7) = 1.
By simple calculations we get
(3.2) nlLIEOW:l,TENO (as 0 < gn <pn <1)
Also we get
(3.3) nli_)n;()WzO,reNo (as 0 < qn <pp<1)

Thus using (3.2)-(3.3) in (2.5) and (2.6) of Lemma 2.2 we have

1 * . . J—
7}1—{& S pman (€1, T37) = .
and
: * e _ .2
Jim St pnsan (€273 7) = 27

This completes the proof. O
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4 Rate of Convergence

We recall the definitions of weighted spaces and corresponding modulus of continuity. Let
(0, 00) be the set of all continuous functions defined on [0, 00) and Bs[0, c0) the set of all
functions defined on [0, co) satisfying the condition

|f(2)] < M((1+27))

with some positive constant M which may depend only on f. C5[0, 00) denotes the subspace
of all continuous functions in Bs[0, c0). In this section we consider the space

C5[0,00) = {f € (3]0,00) : Elxli_{gom < oo}

endowed with the norm

_ @]
17l = 208, [+

The modulus of continuity of f on the closed interval [0,a],a > 0 is defined by
wa(fa 5) = sup |f(5) - f(ac)\,s,ac € [O,CL]

|s—x|<d
. It is well known that for a function f € C5[0,00) we have

lim w, (£, 8) = 0.

Now we obtain the rate of convergence of the operators S , . (f;z;7) to f(z) on C3[0, 00).

Theorem 4.1. Let f € C5[0,00),7 € No,q = ¢, € (0,1),p = p, € (q,1], such that
gn — 1,pn = 1 as n — 00 and wey1(f,0)(a > 0) be its modulus of continuity on the finite
interval [0,a + 1] C [0,00). Then

HS;;,p,q(f; l’;?“) - f(w)HC[O,a]

<N{(1 +a?) [amﬂp’q +a? { n+ 1 (p[n *rlpa 2) + 1}]

[n];%,q [1]p.q q[n]p.q

+ 2wa+1 (f7 5)

1/2
where § = [a[n[:]# +a? { [n[;:];]]:q (p[qn[:];h;’q - 2) + IH and Ny is a positive constant
p,q ’ ’

depending on f.
Proof. For z € [0,a] and t > a+ 1, since t — x > 1, we have
f(t) = f(z)] <Mp(2+2* + %)
<My(2+ 32 +2(t — 1)?)
(4.1) <Np(1+a®)(t — x)?
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whereNy = 6My. For x € [0,a] and ¢t < a + 1, we have

4D 10— @)l Seon(fli-ah < (14557 ) wun(r0.0 >0

Combining (4.1) and (4.2), we get for all x € [0,a] and ¢t > 0

10~ )l <Ny1+ @) -2+ (145 Y wrn(r0

On applying the operators to both sides of above inequality, we get

’ npq(f;xsr) - f(iL')‘ SS;;,p,q(‘f( ) - (.CI?)|;£L';7“)
SNp(1+a®)S; o ((t = 2)%a37)

(1 Sl )

By Cauchy-Schwarz inequality and Corollary 2.1 we obtain

‘ npq(f;x;'r) —f((]?)|
SS:L,pg(’f(t) - f(-f)‘,l’?“

((t — 2. 1/2
NP1+ 02)85 (- xr+<1+{mm i) )wwﬂﬁ®
+ 7] n+rlpq (pln+7lpg
<N;(1+a° {[n Py g { ( 2>+1H
e Mg \ ity
[n+] [ntrlpg ( plntr] 172
a pP,q - p,q - p.g __ 2 _|_ 1
+ 1+ |: [n } { [ }p,q 5( ‘1[ }p,q ) }:| Wa-i—l(fa (5)

1/2
Choosing § = [a trlpa 4 g2 { [trlp.g (p[nﬂ}p’q - 2) + 1}} , we get the desired result.

["];%,q [nlp,q q[n]p,q
]

5 Weighted Approximation By S*

n,p,q

Firstly we show that S, are linear positive operators acting from C3[0, 00) to Bz[0, o0).
We make use of the results given in [4, 5].

Lemma 5.1 ([4, 5]). The sequence of positive linear operators (Ly)n>1 which act from
(3]0, 00) to Bz]0,00) if and only if there exists a positive constant k such that

Ln(p;z) < kp(x), i.e

ILn(p; @)llp < K
where p(x) = (1 + z?) is the weight function.
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Lemma 5.2. If f € C5[0,00),7 € No,q = ¢n € (0,1),p = pp € (¢,1], such that ¢, —
1,pn, = 1 as n — oo then

195 puga L+ 5257 ]2 <1+ M

where M is a positive constant.

Proof. By linearity of operators S . and Lemma 2.2 we get

n7p7q
2 2
* 2 0+ Tlpnan . TDanAT]
Snaman (L H Eimir) =12 [n]2 o an[nl3 Fed
Prsdn nlpn,qn
1 z n+r
HS:L,pn,qn(l + tz, I‘,T)HQ = sup {( + [ ]p'm‘In

14+22)  (1+2?%) [n]?

z€[0,00) Pnsqn

2
+ z” p"[n+r]pn,qn}

(1+22)  guln]3, g,
[n + T]qun Pn [n + T]vaqn

[n] ZQ)n »qn an [TL] 12)71 »dn

<1+

from (3.2), (3.3) and by the fact that lim ¢, = 1 and lim p, = 1 there exists a positive
constant M such that

15 pan (L4 E5257) ]2 < 1+ M
]
By using Lemma 5.1 we can easily see that S’:;7pn7qn are linear positive operators acting

from C5[0, 00) to Bz|0, 00).

Theorem 5.1 ([4, 5]). Let (Ly)n>1 be the sequence of positive linear operators which act
from C3[0,00) to B2[0,00) satisfying the conditions

lim ||Lye; —eill2 =0,i=0,1,2

n—oo

then for any function f € C5[0,00)
lim ||L,f — f|l2 = 0.
n—oo

Next we prove a weighted korovkin type approximation theorem for operators Sy,
with the help of Theorem 5.1.

Theorem 5.2. Let r € Ny be fized , ¢ = g, € (0,1),p = pp € (q, 1], such that ¢, — 1,p, —
1 as n — oo. Then for each function f € C5[0,00)

||S:L,pn,qn(f;x; T) - f||2 =0

lim
n—oo
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Proof. According to the weighted Korovkin type theorem given by Theorem 5.1, it is
sufficient to prove the following three conditions

(5.1) lim ||S*

n—oo

o (€55757) —€il]2 = 0,0 =10,1,2

By (2.4) we see that (5.1) holds for i = 0.
From (2.5) we get

" x 7+ T]png
17 pn.gn (€15 57) — €1]|2 = sup { ndn
n,Dn,q x€[0,00) (1 + x2) [n]pmqn

< {[n+r]pn7qn B 1}

N [Tl/] Pnsqn

and by using (3.2) we obtain

lim [|S*

er;x;7r) —eqlle =0
n—oo

,anqn(
Again from (2.6)

Hs;;vpnﬂn (62; €; T) - 62"2

= sup T [n + r]PnaQn 4 x2 pn[n + T]I%n:Qn -1
$€[0700) (1 + [132) [n]l%nﬂ}n (1 + .’I}2) an [n}l%nﬂ]n

[n + T]pnﬂn Pn [n + T}Znﬂn
= 2 2 -1
[n]pn »dn 4n [n]pn yqn

and thus by (3.2) and (3.3)

nhﬁrrolo |]S;7pn7qn(eg; x;r) —eslla =0
Thus (5.1) holds for i = 0,1, 2. Hence the proof is completed. O
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