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ABSTRACT .

The present paper is devoted to the study of some recurrence properties in a
Tachlbana r-recurrent space, wherein we have defined and studted Weyl—-Tachlbana
projective r-recurrent and Weyl-Tachibana conformal r-recurrent spaces and several

theorems have been established. The necessary and sufficient condition for a Weyl-

Tachibana projective r-recurrent space to be a Tachibana r-recurrent space has been

derived therein.

1. FUNDAMENTAL FORMULAE

Mathai [2] and Walker [6] have studied Kaehlerian spaces and Ruse’s spaces of

recurrent curvature tensors respectlvely Singh and Nautiyal [3] have defined and

studied some recurrence properties in a Kaehler Space and several theorems have been
Investigated.

Further, Singh and Kumar [4] have defined and studied some recurrence
properties in a Tachibana space and several interesting results have been obtamed

Here, we shall firstly define Tachibana space ‘and give some preliminary
formulae, which are pre-requisities to understand such a space.

An almost Tachibana space is an almost Hermite space (F", g)), where F" is an

almost complex structure and g; is a Hermite metric, such that

F'j+F' =0, ... (1.1)
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where the comma (,) followed by indices denotes the operation of covariant
differentiations with respect to the symmetric connection rhij.

In an almost Tachibana space, we have (Yano [8])
N = -4(F%,) F", ... (1.2)

where F"; is pure in i and j and N"; is the Nijenhuis tensor (Yano [8]). When the
- Nijjenhuis tensor vanishes, the almost Tachibana space is called a Tachibana space and it

will be denoted 1n brief by ‘T, — space.
A Tachibana space is called recurrent Tachibana space, if it’s curvature tensor
‘Rhijk’ satisfies the condition (Lal and Singh [1]):

ijkm,a - 7‘-3 R.ijkm, o1 (13)
Or,

R'ikmsa = Aa Rljkm = 0,

where A, 1s a non-zero recurrence vector field and the Riemannian curvature tensor,

which we have denoted by R"; , is defined as

R%jk = 8) Tk = Bk T + Tk Ty = T Ty ... (1.9
where 8, = 8/0x) and {x'} denotes the real local co-ordinates.

The Ricci tensor and the scalar curvature tensor are respectively given by

Ri=R",and R=R; g’ .

If the curvature tensor satisfies the conditions :

R"%k,a1.. a - Ay . a, R =0, ... (1.5)

for some non-zero recurrence tensor field Aa; _ a;, then the space is called Tachibana r-
recurrent space.

We shall call such a space an "T,, — space.
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The space T, is said to be Tachibana Ricci — r recurrent, if it satisfies the

condition:

Rj,ar..ar - Aa; . a, R;=0, ...(1.6)

for some non-zero recurrence tensor field Aa; a. and is denoted in brief byan R -"T, —

space.

Multiplying equation (1.6) by g and using the fact that

g’ a; _a, =0, we obtain
R,a;. a--Aa;  a R=0. | ..(1.7)
The Weyl projective curvature tensor and Weyl conformal curvature tensor in a

I'n-space are respectively given by

1
Whuk . Rhl_]l.lk T e (Rik 6h_| RIJ 6hk) (1 8)
n-1
and
1 R
Ch1_|k = Rhl_]k T seevene (le Sh_] RU 6hk T glk th £ij th) il e (glk Shj glj‘Shk)
n-2 | (n-1)(n-2)

(1.9)

In view of (1.8) and (1.9), we have

1 1
Cliik = Whiji + —ommomemmeeeeee (Rik 8" — Rj 8"%) + ------ (gik R% — g R")
(n-1) (n-2) n-2
R :
= SR (gik Shj — &ij Shk). . .(1- 10)
(n-1)(n-2)

Remark 1.1. From (1.5), it follows that every T,-space is an R — ‘T, — space,

but the converse is not necessarily true.

2. WEYL-TACHIBANA PROJECTIVE r-RECURRENT AND WEYL-
TACHIBANA CONFORMAL r-RECURRENT SPACES

Definition 2.1. A Tachibana space T, satisfying the condition:
Whi,a1 . ar - Aa; 2, Wi =0, ..(2.1)
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for some non-zero recurrence tensor Aa; .. a; is called Weyl-Tachibana projective r-
recurrent space and is denoted by W-'T,, — space.

Definition 2.2. A Tachibana space T, satisfying the condition:
Ciik, a1...8 - Aay ... a; Cljc = 0. .(2.2)
for some non-zero recurrence tensor Aa; . a, is called a Weyl-Tachibana conformal r-

recurrent space and is denoted by an C-"T,-space.

We, now, have the following theorems:

Theorem 2.1 . Every 'Ty-space is W-"T-space.
Proof. Differentiating (1.8), we have

h R h h
Whik,a1..ar = Rjjk,a; . ap +---mmm--- (05 Rik,a1...ar - 0k Rjj,a1.. ). vehond )

Multiplying (1.8) by Aa; _ a, and subtracting the result thus obtained from (2.3),

we get

h i b h h
Whik.a1..ar - Aa; _ ar Wik = R'jik,a1...ar - Aay _a; R + --------- 10 (Rik,a; ... a;

- Aa; . ar Ry) - 8" (Ryj, a1, a - Aa; . ar Ry)) ..(2.4)

If the space is "T,, — space, then (1.5) and (1.6) are satisfied and (2.4), in view of
(1.5) and (1.6), gives

whijk: a.. ar-Aap.. a Whijk = {),
which shows that the space is W-'T,, — space.
- This completes the proof of the theorem.
Theorem 2.2. Every 'T,-space is C — T, — space.
Proof. Differentiating (1.9), we get

h eI h h h
Cliik, a1...ar = R, a1 . ap+ --------- (05 Rik,a1...a, -0k Rjj,a1 . ar+ gk Rj,a; . &
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R: d] ... 4,

- Zis th, ] .. ;) = =-mmmmmmm—————— (Zik Shj — gii Shk). ....(2.5)
(n-1) (n-2)

Multiplying (1.9) by Aa; ... a; and subtracting the result thus obtained from (2.5),

we get

h T, h h
Clijk, a1...ar - Aay .8, Clje = Rk, a1 _a, - A a; _a, R + ==-m--- 105 (Rik, a; . a;

-Aa;_ a Ry) - 8% (R, a1 .a, - L a; _a, Rj) + gk (R", a1 _a, - A a; _a, R")

(R: d1 .. 4dr - k d] .. adr R)
- Bij (tha aj.ar-Aay. a th)} i A P e (8ik Shj — 8ii Shk) ...(2.6)
(n-1) (n-2)

If the space is "Tp-space, then (1.5), (1.6) and (1.7) are satisfied and (2.6), in |
view of (1.5), (1.6) and (1.7), becomes

Cik, a1 .ar- A a; .4, C"i =0,
which shows that the space is C- "T,, — space.
This completes the proof of the theorem.

Theorem 2.3. If in a T, — space any two of the following properties are satisfied:
(1) the space is R — T},
(1)  the space is W = "T,
(1)  the space is C — T,
then the third 1s also satisfied.
Proof. Differentiating (1.10), we have

|
Ci, a1 .2, = | AT TR W — (8". Rix, a; . a; - &'k Rjj, a1 .. ar)
(n-1) (n-2)
1 R: al i ar
t cememe- (Ba R, 81 .8~ gy R, 81 . 8,) - —somemmmmeeeeev (gik 8" — gij 8"%)
(n-2) (n-1) (n-2)

.. (2.7)
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Multiplying (1.10) by A a; _ a; and subtracting the result thus obtained from (2.7),

we get,
_ 1
Cliks 31 .8 - A2y .8 Clik = Wik, a1, 8r - A a1 ar Wi + —=emmmmmommemeee (8" (Rix, a1 .a;
(n-1) (n-2)
|
-Aar.a Ri) - 8% (Ryj, a; . ar - A ay_a; Ryj)} + ----=--m- (g (R", a1 _a,- A a;_a R")
n-2
R,a; . a-Aa; aR |
- i (R, a1 .8 - A a1, 8 RY)} - —emmmememmmee e e (gik 8" — gji 8'%) s (D)

(n-1) (n-2)
Making use of equations (1.6), (1.7), (2.1), (2.2) and (2.8), we obtain the proof of the

above theorem.

Theorem 2.4. The necessary and sufficient condition for a W — "T;, — space to be

"T, — is that the space be R — T, one.

Proof. Let the W — 'T,, — space be "T, — space, so that equations (1.5) and (2.1)
are satisfied and (2.4), in view of (1.5) and (2.1), reduces to

8" (Rik, a1 . ar - A a; . ar Ryy) - 8" (Rij, a1 . ar - A a; _ a; Rjj), which after some
simplification and further calculation shows that the space is R — T,

Conversely, let the W — T, — space be R — "T,, so that (1.6) and (1.7) are

satisfied. Then (2.4), m view of (1.6) and (2.1), reduces to

Rhijk, a) . ar-Aa a Rhijk = (),
which shows that the spae is 'T,, — space.

Hence the theorem 1s completed.

Theorem 2.5. The necessary and sufficient condition for a C — 'T,, — space to be

"Tn — space is that the space be R — T,
Proof. Let the C — T, — space be 'T, — space, so that (1.5) and (2.2) are satisfied
and (2.6), in view of (1.5) and (2.2), reduces to
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- (R: d] . dr - A d] . dr R) (gik Shj — &ij 8hl() T 0:

which after some simplification shows that the space in R - T,

Conversely, let the C — T, — space be R- ‘Tn, so that (1.6), (1.7) and (2.2)
reduces to

h h
Rk, a1.a,- A a; _a, R% =0,

which shows that the space is "T, — space.
This completes the proof of the theorem.

In view of equations (1.5), (1.6) and (2.4), the following theorem can be proved

easily:

Theorem 2.6. If in a T, — space, any two of the following properties are
satisfied:

(1) the space is "T,, ,

(1)  the space is R — "T,,

(m)  the space is W —"T,,
then it must also satisfy the third.

Similarly, making use of (1.5), (1.6), (1.7) and (2.6), we may immediately prove
the following:

Theorem 2.7. If in a T, — space, any two of the following properties are
satisfied:
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(1) the space is ‘T, ,
(i)  thespaceis R -"T,,
(iii)  the space is C - T\,

then 1t must satisty the third also.

REFERENCES

[1] Lal, K.B. and S.S. Singh, On Kaehlerian space with recurrent Bochner curvature
tensor, Acc. Naz. Dei Lincei, Rend., 51 (3-4), 213-20 (1971).

[2] Mathai, S., Kaehlerian recurrent spaces, Ganita, 20(2), 121-33 (1969).

[3] Singh, A.K. and R.C. Nautiyal, Some recurrence properties in a Kaehlerian space,
Aligarh Bull. Of Maths, 13, 57-63 (1990-91).

4] Singh, A.K. and S. Kumar, Some recurrence properties in a Tachibana sp;ace,
Aligarh Bull of Maths., (Communicated).

5] Kantzin, G.H., Levine, J. and W.R. Devus, Curvture collineations. A fundamental

symmetric property defined by the vanishing Lie derivatives of the Riemannian
curvature, Journ. Math. Phy. Vol. 10, No.4, 617-619 (1969).

6] Walker, A.G., On Ruse’s spaces of recurrent curvature, Proc. Lond. Math. Soc., 11
Series, 52 (1950).

7] Weatherburn, C.E., An introduction to Riemannian Geometry and the tensor
calculus, Cambridge, (1938).

8] Yano, K., Differential geometry on complex and almost complex spaces, Pergamon
| Press London, (1965).

50



