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Abstract :

General expansions of R (A, p) = [](-q")" in multiple series are
n=0

nz0,u,A-p(modA)

obtained. Expansions of R (A, p) for A = 8s+14, 16s+10, 24s+14, 32s+14, 48s+26.,
48s+34, 48s+38, 72s+34, 36s-3, 36st3, 36s+15, 36s+21, 72s+39, 72s+51, 72s+57,
108s+51, 32s+12, 32s+20, 64s+28, 64s+52, 64s+60, 96s+52, 96s+68, 96s+76, 72s-6,
72s+6, 72s+30, 72s+42, 128s+104, 128s+120 are obtained as (s+1)-fold and (s+2)-fold
series for some values of pu. These expansions yield RR type of identities as double and
triple series on specializing s further. The moduli of these RR type identities are
2,3,4,5,6 times the prime numbers 11,13,17,23,31,37.41.

Key Words: Basic hypergeometric series, bibasic hypergeometric series,
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§1. The expansion of triple product

a0

R(A,u) = I (1-¢")

n=0
n20, 0, A-p(mod 1)
)

as an infinite or multiple series, for A, p positive integers, has been investigated since

long and are known as Rogers-Ramanujan (RR) identities (A is called the modulus of

identity). In a recent paper [2], RR type identities for R(12s-1,i), R(12s + 1, i), R(12s +
5, 1), R(12s +7, 1) as (s+1)-fold series are obtained for some values of i and RR type

.

identities for R(24s+13,1), (24s+17,1), R(24s+19,1) and R(36s+17,i) as (s+2)-fold series
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are obtamed for some values of i. These identities for s=1, 2 yield full quota of
1dentities of prime moduli 11, 13, 17, 19, 23, 29, 31, 37, 41, 43 and 33.

The main tools for obtaining the RR type identities are the known transformations
15;(3.1),(4.1)] : Ifx, yor z 1s of the form ¢™ , n a non-negative integer.

mW[a'b X, =X, V,=V,2,—z;q;—a’q’ | bx*y*z*]1=
[a’q®,a’q" /x"y*,a quxz a'q’ 1 y*z*;q%],
[a qz/x aq’ /y ,a‘q*lz,a’q* 1 x*y*z% ;4% ]

x2,y2, 2%, —aq/b,~aq? | b;q*: ¢
0,7 4 q 2 q 9,9 (1.1)
| x*y*z*/a’,a’*q® 1 b*,—aq,-aq’ ] -

wWolasb,x,xq,y,yq,2,2q;q%;a°q* 1 bx*y*z* 1=
lagq,aq/xy,aq/xz,aq/ yz;q], )

laq/ x,aq ! y,aq !/ z,aq !/ xyz;q] X,),Z,—\aql b, \Jaq!b;q;q 5
% D, " (1.2)
Q)Z/a&aq/ba_@:\/a—q |

and the Lemma A[2; (1.10), (1.11)].

Lemma A If p, k ,s be integers with p>0, k>1, s>1 then

agsgl. 3. 3 3 Ca g [ (i), -

r=0r_,=0 n=0 n=0

i[ ] ( a)j ;(;+l)/2/[q q] ZA aAsn n[k ns- pk+2kj], (13)

=0

where S[(rs)] = retr, 4t L{(r)]=r +r, +..+r and
[ri/k]

C, =Y 4, /[ag;q),.0 [9:9), 4 - (1.4)
r=0

In this sequel it may be pointed out that the above lemma is a special case of the
transformation [2; (2.7), (2.8)]

0 L[(f;..])] S[(re-1)] o\ |
Z Z Zu[aql p\' ﬁ(') -_:M
ro=0r_;=0 n H[q q] vy

Xy lag,aq /! xy;q],

- n 1 (s— & kn
$ g 41,4’ 075014 S o 550N a“'g""" ”[q‘ *’] (1.5)
j= [qa'xy/a q]j n=0 ! [aq/xsaq/yiq]kn Xy
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[n/k] oV

where Bl =3 ———— o
; 199:9),...[9:9]), .,

which reduces to lemma A on replacing 8 and ¢® by C, and A, respectively and

~letting P = Moreover, multiplying both sides of
[r/k]

L, = Z A, {laq;q],..[9:9],_..} by M— and summing with respect to r
m=0) [aﬁq /a;‘?],-
from 0 to n, we get [2; (3.5)]

y[@Biablag/ ap;q),. C, [_ag_\r _<__ la.Bq).laq/ a,aq/ B;q], (_ﬂi)m F
r=0 [9:9],.. ap )
(1.7)

In this paper some general RR type identities are obtained which on specialization give
RR type identities on moduli 2, 3, 4, 6, 8 times the moduli of sum of the primes 11, 13,
17,19, 23, 29, 31, 37, 41, 43 and 53. The notations used are that of [1, 2].

af ) wla9:9),0ml9:9), 09/ @ aq/ Biq],,

§2. We begin this section by obtaining multiple series expansions of
RBH140)ix (164 + 10,47, r(zes+ 10,00 k(2ass 10,05 R(325+14,0) or their

linear combination which for s =1 yield known, as well new, RR type of identities of
moduli 22, 26, 34, 38, 46 and their linear combinations. The expansions of

R (245 + 10,4y and p ., . ., ;, for s=2 reduce to RR identities of moduli
58 and 62. Identities for b Bha d e

R (48s + 34.i).,R (485 + 38,i),R (725 + 34.i), Wil also be obtained

which for s=1 give RR identities on modulus 74, 82, 86 and 106 (1.e. the general
identities obtained contain as special cases RR identities whose moduli are twice the

prime numbers 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 53). For this we start by proving
the transformations:

If F;, [!‘, (’; )] - qr2+lS[(:})] /[Q:Q]r {H [ql;qk:lﬁ_—rj“I } [ql,ql] : then
j=2

K=r

—Pr

T B oF 2r+2L[(r,)]
[qzq;q]mz Z___zZﬂ[h(fs)]a q

re=0r_,=0 =0 r=0 [azq;qz]r
|
. : “j(f+” +45n O nz-n— n+4nj
Sl Ca)eT T e’ Ay ) a g e
j=0 [QJQL n=0 [qz;qz]n(l_az)
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r(r 1)-2pr,

2r+4L[(r,)]
aqq]zz ZZ r(r)]a q°

r.=0r_,=0 =0 r=( a q q ]r[—a q:Q]zrl
[q—Zp,q ] ( ai j(j+l)2[a ,qz]n(l a2 4n)(__ 4+8.5)n n((8s+5)n—4 p+8 j-1)

p
= (2.2)
,«Z:; [9%3q *1, [¢°:°],(1—a?) |
(r -1)+4 L[(r,)]-2 pr,
n [ (”' )] 2r+4L[(r, )]qg
[a*q?;4]., 2 -
Z-:‘}rgo qz-;)rzﬂ az ] [ a q Qqu(l d ‘?4] 2)
=i[q-2!? ] ( 1 )} J(j+5)i[ ,q ]"(1 a 8n+4)(_a4+85)nqn((S.f+5)n+33+l-4p+8j) (23)
Jj=0 [q ?q ] n=0 [qz'qz]n
Fr,(r)lla q;q);, . [a*q/ b;q°],a* g7
CLRTE) Z ZZ————#——————
r=0r_;=0 =0 r=0 a qiq ]r[a q 3q ]2r'|[a q/b!q:lr
3
i[q_ ] ( o )J _j(ﬁ)i[az,b;qz] (l_al 4n)( a6+123)n n[(125+6)n-6p+12 ] (2 4)
= [9%:4%), [q%,a*q* /b;q*],(1 - a®)b’ |
(r 1)+6L[(r,)]-3 pr,
Elr,(r)lla*q:q);,. ., a* " "lg?
[a°q’;q°], Z Z ZZ -
r,=0r,_,=0 =0 r=0 [CI q:q ]r[a q ,f] ]2,‘1.,.]
3
i[ 3p,q ] (—a )J, —J(J )Z[a Cjz] (1 6 12n+6)( a4+12¢)n n[(125+5)n+125] (2 5)
. o [C] . q ] | [q g ] qu(1+6p 12 /) '
Fylr,(r))la’q; gl @™ g e
CRTRIDID I ZX Sy i
r=0r=0  1=0 r=0 a¢,9°1,[a°’;q "lag
37
. (J+
_i[ 3P:q ] ( —a )J Z[a q g ]n(l a6q12n+6)(_ 6+123)nq(12s+7)n (2 6)
j=0 [q ’q ]j [ ,q ] qn(ép lZé:—lZJr 1) ’

r [1/2]] r/.?.] 2 2. . 4 . ik e 2m+r+2L[(r;)]  2m-pr,
A X%, [d g’ 1 x4, lag,4° ) [a:q°),_, HIm,r,(r)]a q
el S 33 g e e e i3

ey Sl e S [~aq*;q° Ll a4 d'q’ 1 %°,q° ), [aq), [ q:47), ™
s ZP;[ ’5q1,(-a’) g gLt )Z [a;¢°],(1— ag*")[x*;q*],a"“* g oD+ (2.7)
=0 [g549], o [q97:9°],(1-a)[a’q* /x*;q* | x*"q“P sim.

where H[m,r,(r)]= () ¢"" "N g*;¢*1[4°:4° ) onlasq), o ([ [La34), -}
j=2
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Proof of (2.1): Transformation (1.2) on replacing a, z by o, g "and letting
b.x.y - o Decomes

i aqur" [ /2] [a2;q2]r (1 . a2q4r)(_a6)rqr(7r—l)

B g

— __-T__—___—___ L
r=( [q; q]r [q! Q]ﬁ -y [azq; q2 ]r r=() [qz ! q_ ]r (1 W az )[azq; q:lr1 +2r [q! Q]rl =27

(2.8)

Now, in the transformation (1 .3) replacing a by o’ and setting, k=2,
A, =[a*;q*] (1-a%q* )(=a®) q" """V [[q%; 4 ],(1-a*) and transforming C, by (2.8),
yields (2.1).

Proof of (2.2): In (1.2) replacing a, y, z by a*,—g™" ,q 'and letting . _
to obtain

i aqur(3f'—l)/2 [n/2] [a2 ng ],. (1 . a2q4r )(_a4)r qr(Sr—-—l)

w ,b 9 0

=~ [6:91[9%:9°), . [a’0:4° ) [-a*q;9),, 5 [4%4°]. (1 —a))la'q*;q’], 0, 04%39%], s,
(2.9)
In (1.3) replacing a, g by & and ¢ respectively and setting k=2,
4, =[a*;q°1, (A -a*q*" )(=a) ¢ ¢V l9°;q*],(1-a*), and transforming C, by (2.9),
gives (2.2).
Proof of (2.3): In (2.9) replacing (1 - a*q*") by {(1-a*¢*)¢* +(1 —g*")}and breaking
the series into two series and adjusting the summation index in the second series
appropriately and combining the two series, we have

4

h aqur(3r-l)!2(1 _a4q2 )(1 _a4q4) [ /2] [a2q2;q2] (l _a4q8r+4)(__a4 )r qr(SrH)
—_— T = _z_z_r___________
=64)1e3q°), (1-a'q ") d'q:¢’) [-d’qsq), S [45iq 11a'9%:4° ], 0, [4%:47], L,
(2.10)
In the transformation (1.3) replacing a,q by a‘q* and q” respectively and setting
k=2,4,=[a"q";q’],(1-a*¢""*)(-a*) ¢"*"* /[¢*;4*] , transforming C, by (2.10)
gives (2.3).
Proof of (2.4): In (1.2) replacing a,x,y,z by a°, g™, o'q", g™ respectively
(where @ is cube root of unity), gives
[nf] [a°,6;,6°),(1-a’q*)a* ¢*
= [9°.a°¢" 16;¢°],(1-a))[a"¢*;4°),,.,,[0%:4° ], b
m 221 b a? - 2r 1
Ty [a°q/biq°),[a°q;q],,.,a°" g 2.11)

= [g.a°q/biq],[a’q;4°).[¢%;4° ] _[a°G*:; 7L,
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Next, in the transformation (1.3) replacing a, g by a° and ¢° respectively and setting
k=2, A =[a’,b;q°].(1-a’q 4")q6" a® I[qg*,a’q* 1b;q°],(1-a*)b", transforming C,
by (2.11), yields (2.4).

Proof of (2.5): In the transformation (2.11) letting b — 0 and rewriting (1-a’q"") in

the LHS as [(1-a°q®")+a’q* (1-¢*")] breaking it into two series, adjusting the
summation index suitably, we get the transtormation

[;HZIZ] [aquI;q2]r (1 aﬁ 12r+6 )(_a )r r(Sr- l). (1 a(iq})(l an )Z [a q! q]3m_r 2r 1(3:‘—1)1’2

r=0 [qz;qz ]r[aﬁq ’q ]m+2r[q 5q ]m-Zr [a q q 2m+1 [q q] [a q’q ]m+r[q q ]m—r
(2.12)

Now, in the transformation (1.3) replacing a, ¢ by a°q°® and g’ respectively and setting
k=2, 4, =[a’q%¢°],(1-aq""*)(=a*) ¢"*" " flg*;q*],,  transforming  C, by
(2.12), yields (2.5).

Proof of (2.6): In the transformation (2.11) letting » » «» and rewriting (1-—a’q*")

in the LHS as [(1—-¢* )+ ¢*"(1-a’q*")], proceeding as in the proof of (2.12), we get
the transformation

[mzh?][a q . q ] (1 aﬁ |2r+6)( —a )r r(7r+ l_)- £1—06q3)(1—a_6 Z q]3m r r?.
= [9%:4°1,06°0:4°),.0.10730° ), 10°¢*;¢° e =M@l la’a;9%), 04,4,
(2.13)

Now, in the transformation (1.3) replacing a, ¢ by a®q® and ¢’ respectively and then
setting k=2, 4 =[azqz;qz]r(l—aﬁqlz”"’)(—aﬁ)’q"””') /l[g°;q°]., transforming C, by
(2.13), we get (2.6).

Proof of (2.7): In (1.1) replacing g by ¢°, letting , . o and then setting z=qg",
y=q"", gives the transformation

= [4:9°1u[x50* 1, (1 - ag*")a™"q
2

m=0 [C]2§£}2 ]m l: q4 / x* g lﬂ (1 -a)[q . q ]r—zm[azqz;qz]HmeM
| [r/2] [x2;q4 ] I:azqz /xz;qcl] a2mq2m(2m+l)

r=—m

[a*q%;4°), | @’ 1 x*5q7 | i 1954 1u[-09"4"Lula%:0° )2’

2m _ m(3m+l)

(2.14)
Multiplying both sides by [C,q™",q"™";9*] ¢*" /[Cq"*" /a*;q*], and summing both
sides with respect to » from 0 to[s/2], interchanging the order of summation on the

LHS and summing the inner series and finally letting yields the
transformation

a q ,
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[n/4] [a; q2 ]m [x2;q4]m(1 = aq4m )a4mqm(7m+l)
9 09%9°), | a'q 15750 | (1-a)q 39 1,0n[0°q 50%],.0 X"
[’f ["f’zz] [x . q ]m [ /xz;q4:l [ag; q2 ]r[a;q2 ]n-r (_)r ar+2mq4m2+2m+r3 x 2
4

el U A Y e P Y N 1 e i M R R S R ) O P R M T
(2.15)

In the transformation (1.3) replacing a by a?, setting k = 4,
4, =[a;q°1[x*;¢" ], -aq* )a* q" """ /[¢*;4*),[a*q* 1 x*;4*],(1 — a)x*", transforming
C, by (2.15), yields (2.7).

Identities for R(8s+14, 1):

Transformation (2.1) for a=1, p=0; a=1, p=1; a=q, p=0; a=q, p=1 and a=g,
p=2 give identities which on some mampulatlons yleld RR of identities for R(8s+14,2i):
i =1,2, 3, 2s+2, 25+3 as (s+1) fold series. These identities for s=1 reduce to known [4;
(3.18)—(3.22)] RR type of identities for , ., , ,,, . i <5as double series.

Identities for R(16s+10, 1):

Transtormation (2.2) for a=1, p=0; a=1, p=1; a=q, p=0; a=q, p=1 and (5.3)
for a=1, p=0; a=1, p=1 give, on combining amongst themselves, RR type of identities
as (s+1)-fold series for R(16s+10,i): i= 24,6,8,8s+4 and an expansion for
R(16s+10,8s)+ R(16s+10,8s+2). These identities for s=1 reduce to known [4; (3.23)-
(3.28)] double series RR type of identities for R(26,2i):1 < ; < ¢

Identities for R(24s+10, 1):

The transformation (2.4) for, ., ¢ and a=1, p=0; a=1, p=1; a=q, p=0; a=q,
p=1; a=q¢* , p=0 and (2.5) for a= l, p=0; a=1, p= 1 a=q, p= 1yleld (s+1)-fold series

expanSIOHSforR(z4s # P0,125 + $), RC2485 . + 10,125 —2)4% RE2444 LOL1 22},

R (24s + 10,2) %R(245s +10,8)~ qg?R(245+10,4),
R (24s + 10,12s + 4) = R (24s + 10,32 s -+ 2),.

R (245 + 10.6). R(24s +10.12y and R(24s+10,125-6)-R(24s5+10,125-8) on
some manipulations. These expansions reduce for s=1 to the known [4; equations
(3.30)-(3.37)] RR type of double series identities for R(34,2i) : 1 <i < 8. Furthermore
(24) for b, ¢ and a=¢’,p=0a=1p=2;

*a = 1, p = JI,a = ¢, p = 2;

a=q,p=1 and (25) for , _ , , _ , give (s+1)-fold series expansions
forR(24s+10.4)3R(24s-+10,123—8)+ R (2 4% %0 86,1.2 % &)
R (24 s + 10,12 s - 14) + R (24s + 10,125 =129
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R(24s+10.14)~qu(24S+10310):R(245+10,125-4).
R (245 + 10.1 8. All the above expansions for s=2 yield RR type of
identities for R(58,2i) : 1 < i < 14 astriple series on some manipulations.

Identities for R(24s+14,t):

Transformatlon (5.4) for b » and a =1, p=0; a=1, p=1; a=q, p=0; a=q, p=1;

a=q , p=2 ;a=q°, p=0 and (5.6) for a=1, p=0; a=1, p=1; a=q, p=1 give expansions
which on straight forward manlpulatton yields (s+1) fold series expansions for

R (245 + 14,i) - =4, 6_. 12,12s+4, 125+6 and

R (2 4 s + 1 4 ,1 2 s ) + R (2 4 s + 1 4 ,1 2 s + 2),

R(24s +14,14) — g*R(24s +14,10) , R(24s +14,8) — g*R(24s +14,4)

R (245 + 14,125 - 4) - R(24s + 14.125 - 6 - I'heseexpansions yield
for s=1, known RR type of identities R (38, i) : i < o . Inthis sequel 1t may also

be noted that for s=2 the above identities and the identities obtamed from (5.4) on
letting b— « and setting a=q’, p=0; a=1, p=2; a=1, p=3; a=q, p=3; a-q p=1 and (5.5)

for a=1, p=2; a=1, p=3 that 1S R (2435 + 14.4) 5
R (24 s + 1 4,12 s - 6) + R (245 + 14,125 - 4) >

B (242 3 4-.290) - qu(24s+l4,16),

Ri(a- Mg r 1405 2wl o R Y R R0 e 1 S B R,

Pl PV @ael@ R TP 2l 95T R tHe 42 54 e and RET 42 % 1.4 .24
respectively also yield RR type of identitiesfor , (, ,,, 1 < i< 15.

I [dentities for R(32s+14, 1):

Transformation (2.7) for x* =—ag® and then a—l,p—O a=q” ,p=0; a—q ,p=0; a—l,p—l
a"q p=1; a=q ,p—l a=( ,p—2 and (2.7) for ¥* = -aq" and then a=q*,p=0; a=q’,p=1;
a=q’,p=2 and a=q",p=1 give (s+2)-fold series expansions for , SRR

=16st6,2,16s+4, 16s+2,6,16s,10,4,8,12 and 16s-2 ,on some manipulations.These
expansions for s=1 become RR type dentities

f0r3(46.v+l4.2t):l < 1B B ¥

Next, for obtaining RR type of identities of moduli 48s+26, 48s+34, 48s+38 and
72s+34, we prove the following transformations:

If M}i[m,r,(}..s)] - qm'+.«1r +6S5([(r,)] X[q;q]m[ql;ql]r*m[qﬁ;qﬁ]n_rn [qﬁ;qﬁ]r_-r"_. ’

v, r N

= g9 L 2m+4r+12L[(r,)] 6 pr. -1)/2

12 6 i - [a q !q ]BrI—r MZ [mir'(rs)]a b ]q s

aq‘?mzz Z 3 = &) Tl 12 6. 6 i
e Sl e la"q;q7 ). [-a"q;:9),.[a"q 597 ],
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2n(6+125s) n[('7’4.a. +13)n-12p+24 j-1]

=i[q_6p!q ] (_al2)_; 3}(1—”)2[(1 ,q ] (1 az 4n)(

-)'a
j=0 [9°;¢° ]J lq ]

2.16)

[al2q6_q6] i i ii Z [a q q ]3r-r+2M [m i (?. )] 2m+4r+12L[(r,)], q4r+IZL[{rj)]—6pr;,+m(m-—l)f2
’ _____—_______T_—
r.=0 R /=0 r=0 m=0 [a q:q ]m[_a q! Q]Er[alzq q ]2r+2 (1 04 . +2)

-6p, —
p [q P,qﬁ]j(_ 12)1 3J(j+5)z[a q ,q2]n(1 a4 3n+4)( )n 2n(6+123)qn[(24s+l3)n 12p+24 j+245+49]

j=0 [9°;q ]J o oy L
(2.17)
[a q q - M [ng r(r )]a2m+4r+12L[(ﬁ»)L-qlzL[{’})]‘ﬁprx+m(m—l)/2
12 6 3n-r
Z_O; ﬁzﬂ;;o [a 9.9 ] [_a 9, q]z,_[alz 5 ]2q+l

__i[q-—ﬁp;qﬁ]j(_312)1‘?3}(.;45)Zm:[az 2, ] (1 alz 24r1+12)(_)na2n(6+12s)qn[(24s+l3)n—l2p+24j+245+1]

Jj=0 [qﬁ;qﬁ]j n=0) [qz;qz]n
(2.18)
aq;ql,,_ [aq/b;q*1 M.[m,r.(r )]a™ 3 +6LED] 6,
ag'sq). 330 5 31 31 g0 B Lo Mol ™ T g 0
r,=0r_, =0 r=0 m=0 [aq q ]:n[aq/b;q]m[a q &q ]2r[_a q :q ]2"!
_i[q_ﬁp’q ] (-a );q31(1+1)i[a b q ] - aq4n)an(9+lzs)qn[(24s+l8)n—-12p+24.:] (2 19)
— __—__-'—_'___'__—_- .
J=0 [q » q ]j n=0 [q !aqz/b!q ]n(l_a)bn

b o0 E E see E E lr : Ir N 2 3 3 a 3 3 3 - 3
=0r_ r=0r=0 m=0 [aq! q ]m [a g .9 ]2r+l[ adq, q ]2-'1+2

_Zp:[q—ﬁpﬂq (_aﬁ)j 3j(j+5)i[aq2;q ] (l a3 12n+6)(__)nan(3+l23)qn[(24.1'+l7)n-12p+24j+243+lI]
]= [q q ] n=0 [qz;qz]n
(2.20)
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a'g%q L33 3 3 3 (08 T Mol Y™ 7 g T
n=0r_  /=0r=0m=0 [aq q ]m[a q ,q ]2r+l[_a q;q ]2,.I+2

i[qﬂﬁp!q ] ( a ); 3;(J+5)Z[aq (1 a3 12ﬁ+6)( )n n(9+12s) n[(24s+l9)n 12 p+24 j+245+13]
= [9°:9°], [97;9°],
(2.21)
a q q ZZ ZZZ[GQ Q]:’:r —m a q3'q3 ]3:'|~rN[m! r(’;‘ )]a’”+3"+9£‘[(’})]q_9pﬁ-
r.=0r, -1 l'l--Ol'—U m=0 [aq q ]m[a 3]2r[a9q9;q9 ]2."]
=i[ —9P,q ] ( a )f 9I(I+l)fzz[a;q ]n(l_aqélﬂ)(_)narr(8+!8.s)qn[(36s+l7)n—l3p+36j—l]
J=0 [q q ]j n=0 [qz;qz]n(l_a)
(2.22)
and
o r. B r [aq,q] ; [a3q6_q3] B N[m r.(r )]am+3r+9L[(r;)]q—9pr;+6r+l8£.[(r;.)]
9 9, .9 3r—m ) 3n-r+l ’ s
COSTEDIDID I R

oo 6. .3 -9
r.=0r,_, 1 =0 r=0 m=0 [GQ:‘? ];n[a q ‘!q ]Er[a q ?q ]2;-1+1

-9p. 9 INS 97(j+5)2 4 n n __n s) _n n-— 1+308
R Z;:.»:[ P,q ]_;("’a ).Iq J(Jj+3) "Z [aqz;qz]n(l_a:’,qlz +6)( ) a (8+18 )q [(365+17)n—18 p+36 j+365+11]
T L 9. .99 R . e
5q ]j n=0 [q";QZ]”

(2.23)
where

N[m ,f‘,(?‘_i_)] - q3r +9S8[(r,)]+m(3m~-1)/2 /[q;q]m[q3;q3]r-m[q‘?;q?]rl_rn [Q’g;qq],"_,-"_l
n=2

(2.24)
Proof of (2.16): In (1.7) replacing @ and g by a’ and ¢° respectively and evaluating C

by (2.9), we have, on setting a=wg"",B=w'q " (@ is a cube root of unity)

2m+4r 2r2+m(3m--l)f2

4 3. 2 |
ZZ_M_—_—QT_—_H

mmola:ql,la’q;97),09%97),,09%4°), . [a"q%;4° ), [-a’q; 4],
[n/2] [a ,Q] (l_az 4m)( )m 12m m(l3m 1)
m=0 [q 5q ]m(l_a )[alzq q ]n+2m[q q ]n—’?m
(2.16) is obtaied from (1.3) by replacing , , by a”q’respectively and then setting
k= 2,4, =[a’;q],(1-a’q*")(=)"a""q""" " /[¢*;q*],(1-a*) and evaluating G by
(2.25).

(2.25)
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Proof of (2.17): In (1.7) replacing a and ¢ by a’q’ and ¢* respectively and evaluating

C by (2.10), we have, on setting a = wg™", f = w’q™>"(w is a cube root of unity)
2m+4r 2r(r+2)+m(3m-1)/2

ZZ [a4q2 qz]3n r+2 q W W 3
S eleal.la’e:q’),[d: 97,0095 4%, [a"% ¢ ;4% ), [-a* ¢; q),, (1 —a'q* ™)

{,r,-,fzz][GZq q ] (1_ 4 8m+4)( )m 12m m(l3m+9)
m=\_) [q q ]m[alz lgﬂq ]n+2m[q ’q ]n—Zm |

(2.26)

(2.17) is obtaied from (1.3) by replacing , , by a'’¢'?,q°respectively and then setting
k= 2,4, =[a’q ;9 ],(A=aq"""")(=)"a*"q" """ I[q*;4"], and evaluating ¢ by (2.26).

Proof of (2.18): the RHS of (2.25) replacing (1-a°g*") by
{(1-a’g"")g"" +(1 - 2’")} and proceeding as in the proof of (2.10), we get

ii [a4 - B q2]3” r(l al" 6)(1 a12 12)a2m+4rq2rr+m(3m 1)/2
Slaalla’eq’),09%9°),,09°% 9% ), a9 4° L, [-a* ¢; ), (1 — a2 ¢ ™)

=[r,-/zz][a2q2_q] (1_ 12 24m+12)( —a )m m(13m+]) ' (227)

m=0 [ !q ] [al? lx,q ]n+2nr[q Fq ]H—ZHI

(2.18) is obtaied from by (1.3) by following the same lines as that of (2.17) except we
use (2.27) instead of (2.20).

Proof of (2.19): (1.2)for x=wq™,y =w’q”",z=¢q" (w cube root of unity) becomes

m H’l

- [aq q]Br—rn[aq/b q ] E!____—
m=0 [q,GQ/b q]m[aq q ]:n[q q ]r—m[a 3;‘]3]31‘

;ﬁl la,b;q ]m(l aq4m)a3m ol | (2.28)
m=() [qzaaqz /baq ]m (1 _a)[a y ]r+2m[q3;q3]r_2m b"

In (1.7) replacing @ and ¢ by &’ and g’ respectively, 'letting a — o and setting
k=2,8=-g"and A =[a,b;q*] (1-aq*)a*"q*" /lq*,aq* / b;q*],(1-a) and
evaluating C by (2.28), we get
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m+3r 3% +m*

[aq ql;,_ m[aq/b q°],a
;;[q,aq/b q], [aq; q 1.0a7:9°],..[9":9°],- ,-[a 9 L [-a’q’;4°],,

(n/2] [G,b,q ] (1 aq4m)a9m 18 m* (2 29)
= [q%,aq’ 1b;¢°1, 1 -a)a’q®;q°],.,.[9°:9° ), B”

(2.19) is obtained from (1.3) by replacing , , initby o°,¢® and setting » - - ,
=[a,b;¢], (1-aq*")a’"q"" /[q*,aq® /b;q*] (1- a)b" and evaluating C,

by (2.29)
Proof of (2.20): In (2.28) letting , -, o and replacing (1-ag*) by {(1-ag*")+

ag”" (1-¢g*™)} and proceeding as in the proof of (2.10), we get

i [aq;Q]3,_m(1—G3f} )am m(3m-1)/2 [r/ZZ] [aq2;q2]m(l a3 12m+6)(_ )m m(Sm-1) |
] 0 7R 7 O 7 e S U W A OO (Y P

(2.30)

(2.30) 1s obtained from (1.3) by following the proof of (2.19), except we use (2.30)

instead of (2.28).
Proof of (2.21): In (2.28) letting , . «» and replacing(l-ag*")by {(1-aqg*")q*" +

(I-g*")}and proceeding as in the proof of (2.10),we have
L [ag’sql,,(1-d’g%)a"g"  _Hag’ig’], (1-a’q"" ") (=a’)" g" ™"

2

“1a:q9) [aq;q),, (454’ ) [a°¢%4° ), 2 (454 [64°:0° ). [q%:4° ) o

(2.31)

Following the proof of (2.20) and using (2. 31) 1nstead of (2.30), (2.21) 1s obtained.
Proof of (2.22): In (1.7) replacing a and g by @’ and g respectively and setting k = 2,

a=wq",B=0'q", 4 =[a;q*],(0-aq*)(-a*)"q""" " I[¢*;¢*],(1 - a)

and evaluating C by a llmiting case ., , ,, of(2.28), we get
m+3r _3ri+m(3m-1)/2

Z [aq q:ISr rn[a3q3 q3]3n -4 q )
r=0 m=0 [q Q] [a‘?:!q ] [q q ]r m[q !q ]n—r[a q ;q3]2r[agq9;q9]2n

f [a,4°],, (1~ ai‘“ﬂg e (2.32)
[9°:¢°),0-D)a"q°;9 1,.2u[9 39 L1am -

(2.22) 1s obtaied from (1.3) by replacing a, g by a’,q’ respectively and then setting & =

2, 4, =la;q*],(A—-aq*")(=a")"q""""™" I[q*;4"],(1 — a) and evaluating ¢ by (2.32).

Proof of (2.23): Follows on the same lines as that of (2.22) except we use (2.30) instead

of the limiting case (, - o ) of (2.28).
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Identities for , ., ... ,. Ly
Transformation (2.16) for a=1,p=0; a=q,p=0; a=q2,p=0; a=1,p=1; a=qp=1I,
a=q2,p=]; a=1,p=2; a=q,p=2, (2.17) for a=1,p=0; a=q,p=0; a=q p=0 ra=1p=1I;

a=q,p=1;a=1,p=2 and (5.18) for a=1p=0; a=1,p=1; a=1p=2 yield (s+2)-fold

CXpdnsions R(48s + 26,245 + 12)35R (485 + 26,2) >

R(483+26.24s+10)! R (4 8 s + 26,245)+R(435 + 2.6 ,2 4 5 + 2)

2
R (48s + 26,14) 9 R (485 4+ 26,109 >
R(485+26.245-—2)+R(485+26,24.¢+4):
R(483+26,24s—12)+ﬂ(485+ 26 ,245s - 10) >

2
R (48s + 26,26) 9 R (48s + 26,227
R(485+26,4)R(483+26.245‘+I{])—R(483+26,243+8),

2

R(485+26,6)-qR(483+26,2)3R(483+26,16)'
- =
qR(485+26,8)3R(483+26,243—4) R (48s + 26,245 + 6) 9

R (48s + 26,28) _q4R(485+26:20)=R (4 8 s + 26,12 ) »

R(48s + 26,24y and p .o . , ¢ 5, . These identities for s=1 give
RRtype identities for | (14,21 +F1,2,3,5,6,7,8, 10, 11, 12, 13, 14, 15, 16, 17 and
18.

Identities for , .., . - N

In transformation (2.19) letting » -, o and then setting a=1, p=0; a=q°, p=0,
a=q’, p=0; a=q°, p=0; a=1, p=I; a=q’, p=1 yield (s+2)-fold expansions for
R(485-+-34,245+16)3R(485+34.2)$R(485+34‘24s+14)$

R (4 8 s + 3 4 ,4) R (4 8 s + 34 .32 4 5 4+ 4)+

2
A ol L S R ST DR B AR T SRR T A U T AR i il T

whereas (2.20) for a=1,p=0; a=q*, p=0; a=1, p=1 reduce to (s+2)-fold expansions for
R(483+34.6)’R(485+34.24s+l2)- |
R(48s + 34,245 + 10) a0A o0 o5, s 4,1 8 ) - Lhese expansions for s=1,

give RR type of identities on modulus 82.

Identities for , ., ., . SR

In the transformation (2.19) letting , -, . and then setting a=1, p=0, a=q2,
p=0; a=¢’, p=0); a=q°, p=0; a=1, p=1; a=¢’, p=1, yield (s+2)- fold expansions for
R(485+38.24s+18)3R(435+38.2)?R(485+38.243+I6)J

R (4 8 s + 3 8, 4) > R (4 8 s + 38,24 5s + 6)
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+R(483 +# 38,2 4 35 +# s)aR(43s+33,14)"]2R(4ss+3s,10)a

on the other hand (2.21) for a=1, p=0; a=q’, p=0 and a=1, p=1 reduce to (5+2)-

CXpansions of R (485s + 38,6)07 R (48s +# 38,24s + 14)°
R (48s + 38,245 + 12)>5 R (4835 + s s .18 - lhese expansions for s=1

-

give RR type identities on modulus 86.

Identities for p (725 + 34.1y

The transformation (2.22) for a=1, p=0; a=q’, p=0; a=q’,
a=1, p=1, a=q’, p=1 and (2.23) for a=1, p=0; a=q’, p=0; a=1, p=1 yield (s+2)-fold

expansions for R (72 s + 34,365 + 14) 0 R (17 2 s + 3 4,2) 9
R(7z.v+34,4)9R(723+34,363—2)_2'-3(72:+34.36.s)a
R (72s + 34,36s + 16)>» R (72s + 34,20) -q R (72 s + 3 4,16) 3
E (28 5o+ F WL 8- RAT2 v % 34,368+ 12) .
R6(725+34,365+10) and_ R (7 2 s + 3 4,2 4) §

g R (725 + 34,1 2) Onsome manipulatios. For s=1 these identities reduce to RR
type identities on moduli 74, 82, 86, 106.

§3. In this section expansions of ; (3 6 ¢ - 3 .i), R (36 s + 3 .i).
R(365‘+15,Z), R ( 3-% 3 + s A Sed? & | (aS (S+1)'f01d SerieS), B (7.2 3 + St N

i

& S SE VPSR O & S5 ) and p (1085 + S5 1,4), (as (st2)-
fold series will be obtained. These expansions for s=1, 2 yield some RR type identities

on moduli 33, 39, 51, 57 (as double series) and 69, 81, 87, 93, 111, 123, 129, 159 (as
triple series ). The moduli of the RR identities are three times the prime numbers 11,

13, 17, 19, 23,29, 31, 37, 41, 43 and 53. For obtaining the said RR type identities we
begin by proving the following transformations: Define

K[r,(r)]1=q% " [¢%q°),1a%:0% ), (] 11937 )- . )
n=2
H i, e (r)] = g ™ s 40 ot a8 1e% ¢ ), 1073¢" )isa {H %900

P im, r,(r.)] = q* 26500 jra . o f 1 19%q L letia’ sa il 12%50° L B then

n=2
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10qsq'), 3 M3 g 1Big) (g ].«._,.[x q°), KIr,(r,))(-)" a¥ 24 gtmn-2p)
[632 z/x.qi!] -Or 1=0 rl-{} r=0 [...aq q ]Zr[ 6/b2,q ] [a ,q ]2,.1 r

ZP:[q'ZP,q J (a*q’ /x)"z[ 4" 1;,.,0a,6;4° ], (1= ag® )(=a*® )" g3 +(I-6r+3)
o q q ] n=0 [q aq ]n[azqz /x!q ]Brr[aq3 /b:q ]n (l_a)x3nbn
(3.1)

(3 [-aq’ 1b;q°),,[a%3q° ), [e:4° ], [-a’q* | a;q* ), Hm,r,(r, ](-)"a"‘”'”’”““*”
CXRTRDINIED 33 £ o e S R
o0 ramo  [-aq3q°),,[a°q° 16%4%),[a%; ' ), [-a'd ;47 )y, [a'g* 1 a9, @'

iwz [a b g ] (1 aqﬁn)[a q ]3n (_a9+12¢) qn[(363+13)n+24_f—I2p+3)

~ [9":4"], o [q°,aq’ 1 b;q°],[a°q’ | ;4 ], (1 - @)’ b"
(3.2)
and
[r/3] [az;qﬁ ],-._m [a2q2;;q2 ]3,1_,- V[m, r, (?_'.1 )](_)m a2m+2r+6L[(:j,)]
[aﬁqﬁq:l ZZ ZZ _ 3 ol 6 6. .6 2. 2 6 pr
e=0r_=0  r=0 m=0 [ aq ,q ]2m[a qg 9 ]Zﬁ [a o q ]2,—
=i[q_6p;q6]j(_a6)jq3ju+l)i[ ] (1 aqﬁn)( a3+185‘)n n[(108s+51)n+72 j-36 p-3]/2
po: [4°;4°], = [¢°;4°],(1-a)
(3.3)
Proof of (3.1): In the transformation (1.1) first replacing g by ¢’ and then setting
P =g, Yyt =q°" 2% = ¢**" yields on some simplification
“"Z”] [a;¢°),(1-aq®)[b;q*),a* ¢
= [¢7:9°),(0-a)aq’1b;9°),[a*q%;¢* )5, 097347, b
1 [m/3] [ aq3/b q ]2,—[“ ,q ]m r 2r 6r’ (3 4)

@54, S 14549, ~ag’ 0 ), [a%q" 163" ]r[q 9 Lass
Next, in (1.5) letting y —> o and then replacing g, a by q*, a?respectively and then

setting k=3, ol =[a;q’],(1- ag*")b;q°), 6" ¢ Nq’;q°],(1 - a)lag’ 1 b;q°,b"
transforming  S;" by (3.4), yields (3.1).

Proof of (3.2): In the transformation (1.7) replacing a, g by,.:, ¢ respectively and then
setting k=3,=-9"",4, =[a,b;q’],(1- .*:rqﬁ‘")a:x”"gg”2 /lq°,aq’ /b;q°] (1-a)b” and
evaluating C by (3.4), we get
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n [r/3]

Z Z . [a2-;_q6 ]r:m[__aq} /tl, q3 ]_z_m[a;gz ]rL_aZ‘?_Z /a;-, qZ ]_2_"_,- (:)r aim+2rq6m2 +r(r+l)a-—r B0
L L ) =003 Lonldq 16536° 1,105 07 )l @8 L -0 a5 07 Mg 5 0, e e 1 %307,
" (n/3] [a,b; q3]m (1 _ aqﬁm )[a,qZ ]3,,, (_)m a9mq3m(6m+l)

4 Im
mam

(3.5)

m=0 [‘?3:“‘?3 /bi q3]m (1 i a)[a2q2 /a;qz ]3m[a4q ;q4 ]n+3m[q4;q4]n-3mb

(3.2) is obtained from (1.3) on replacing ¢, a by g',a' respectively and setting
k=3, 4, =[a,b;q’),(1 —ag*"e:¢* ), (-a’)" ¢ N1¢*,aq’ 13’ ), [’ " | a3 ¢° s, (1 - @)™
transforming the C, by using (3.5). '

Proof of (3.3): In (1.7) replacing a, g by., ¢ respectively and then setting
k=3.a=w0q,8=0q A4 =[a;q’],0-aq®)(-a*)" g>"" V2 g, 4], (1-a)and
valuating C by the limiting case , , o of (3.4), we have

(_)m a2m+2r q‘) m>+2r

[a*;4°],_,[a° 0" Lsaes
=0 [qﬁ;qﬁ]m[“aqs;qg’]Zm[qz;qz ]r-3m [az;q2 ]er [qﬁ;qﬁ]n—r [aﬁqﬁ;qﬁ ]Zr.'
(n/3] - - 6m~s \m 8m Im(17m-1)/2
-5 Ea,cg l,,(1-aq ﬁ)g )Ga q _ | (3.6)
m=0 [q :q ]m(l_a)[a q ?q ]n+3m[q ;q ]H-Bm

(3.3) is obtained from (1.3) on replacing g, a by ¢°,a° respectively and setting k=3,
A =[a;q’],(1=aq®)(-a*)" ¢ """ [g’;q"],(1-a) and transforming C, by (3.6).

Identities for R (36s-3,i):

In (3.1) first letting p=0, b—0 and then setting - - aq = - ¢ 3 ¥=-A 4=

x=-a q=-q’ ; x=-aq2 =-q5; x=-aq’ =-q8 give expansions for R (36s-3,i) : i =3, 6, 18s-
6, 18s-3 and R (36s-3, 18s-6) - R (36s-3,18s-9) as (s+1)-fold series. These expansions
for s=1 reduce to the RR type of double series identities of R(33,37) 1 1 < i < s (see
also [4]) and for s=2 they reduce to triple series RR type identities for R(69, 3i): i=l1,
2,9, 10, 11.

Identities for R (36s+3,i):
In (3.1) first letting b — oo and then setting p=0, x =-a g=-q; p=0, x=-a q=-
" p=0, x=-a g= -q'; p=0,x=-aq=-q; p=1x=-aq=-q andp =1x=-aq= -4
give expansions for R(36s+3, i) : i=3. 6,9, 18s-6, 18s-3, 18s as (s+1) — fold Series.
These expansions reduce for s=1 to the known [3; equations (8.31)-(8.36)] RR type of
identities for R (39, 3i): 1 <i <6.
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Identities for R (36s+15,i ).

(3. l)onlettmgx—roo b—>Oandthensett1§p =0, a= lf =0, a=q"; p=0,

a=q°; p=0, a=q’; p=1, a=1; p=1, a=q¢’; p=1, a=q¢°; p=1, a=q give, on some
reduction, RR type of identities forR (36s+15 i) :i=3,6, 9, 12, 18s-3, 18s, 18s+3 and

18s+6 as (s+1)-fold series. These 1dentities reduce for s=/ to the known [5; equations
(8.19)-(8.29)] RR type of identities for R (51,3i): 1 <i <8 and for s=2 they reduce to
triple series RR type identities for R (87,3i):1=1, 2, 3,4, 11, 12 13, 14.

Identities for R(36s+21, i).

In (3.1) letting x — o, b — oo, setting for p=0, 1 and giving a the values /,
g, ¢°, ¢° and for p=2 setting a=1 give RR type of identities for R(36s+21,i) : i=3, 6, 9,
12, 18s, 18s+3, 18s+6, 18s+9 and expansion for R (36s+21, 18s-3) + ¢ R (36s+21,
185+9). For s=1, the above reduce to known [5; equations (8.7)-(8.17)] RR type of
identities for R (57,3i) : 1 <i £9. For s=2 they give RR type of identities for R(93,3i) :

i=1,2 3,4 11, 12, 13, 14, 15.
Identities for R(712s+39, i ):

In (3.2) letting » » « and then substituting a=¢’,a =-q*,p=0;

e 1,8 » il g ey je=g =g  p=0;

a=1a=,..qp=.; aqa——qp“l a=q",a=-q",p=1;
a=q¢',a=-¢,p=0; a=q¢’,a=-¢,p=1;, a=q¢’,a=-¢’,p=2 we get (s+2)-fold
expansions for R (72s + 39,3) > R (72 s + 39,3645 + 18) 3

R (7T 2 s+ 3 9 ,3 6 s+ 1 &) ¥

R (7 2 s+ 39,3 68+ 6)+R (72s+39,36s+797) 3
R(72s+39,15)-q’R(725+39,9) ;

R (7T 2¢ # 319 ;3635 *.3Y)Y " R (723 # 3 %,368 £ 12} 2

R (72 s + 39.6) %R (72 s + 39,18) andR(723+39,30)+q3R(723+39,6)
. These expansions for s=1/ give RR type identities for modulus 111.

Identities for R(712s+51, i ):

In(3.2), letting , ., , . . « andthen substituting

by g e oamgp R0 a=gyp=0; asq s pEOp; (G, 540 5
a=q',p=1, a=q°,p=1, a=¢q’,p =1 toobtain (s+2) —fold expansions for
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R (72 s + 51,36 s + 2 4) >R (72s + 51,3) 29
RAXT2T 8§ + 5V 386 8 W% 21)YYR (7253 %« 31,6) >

R (72 s + 51,36s + 12)+ R{(72s + 51,365 + 1358) >

RCTEs 451155~ PR(T2s #5L9), & ¢ 55 & aeiue i

B (TFa s Sk o di6 el d gy - B R 8 e S . The above identities for -
s=1 reduce to the RR identities on modulus 123.

T3 B By 9 ) +*

Identities for R(72s+57, i ):

In(3.2) letting , , . ., andthensubstituting , . , , - o,

a=¢,p=0,a=¢%,p=0; a=¢’,p=0; , . . , -, a=q,p=1
a=q¢°,p=1,a=q",p=1toobtain (5+2)—fold expansions for
R(?Zs+57,36.¢+2_?)3R(725+57,3):

R AT 2's ¥ 5§ L0370 % TR ETHL T2 o8 % 3 T 6. ) 3
R (7 2 s + §$§7T .3 635 +# 123 ) #+ R 7T 2= %« 37,36 8 % 1 &),

R(72s +57,15)—q’R(72s +57,9),

R (172s +# 57,36s + 12) - R(72s + 537,365 ¢ 2:¥:) ﬂnd
® (725 + s71.18,. Iheseidentities for s=/ yield RR type identities on

=2

modulus 129.

Identities for R(108s+51, i):

In (3.3) for both p=0, 1 setting a =1,4°,¢°,q° we get (s+2)-fold expansions for
R (1 08 s + 51,5438 # 2 4 Yy » R (L0088 s -3 LF,3) 9

R (108s + 51,54s +# 21)> R (1 038 s + 5. = ) P
R(lUBs+51.54s+6)+*R(1085+5l.$4s+9)

R(108s +51,21)— > R(108s + 51,15)

R (1 08 s + 51,5435 + 3) + R(l{}83+51.54s+12)and
R(108s + 51,24) — ¢° R(108s + 51,12).

These expansions for s=1 become RR type identities on modulus 159

§4. In this section general RR type identities for , (324 + 12.,i)>
R {3 2 8 + 20.:‘)3R(645+28,1‘)‘!R(645+52.i)!R(64s+60,1’)!
R(965+52.5):R(963+68,:‘):R(963+?6,:‘) willbeobtainedfor

some values of i. These identities for s=1, 2 reduce to RR type identities on moduli 44,
52,76, 92, 116, 124, 148, 164, 172 (i.e. they yield some RR type identities with moduli
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four times the prime numbers 11, 13, 19, 23, 31, 37, 41 and 43). For that we first prove
tollowing four general transformatlons Define

Mr,(r)]= """ 11¢*:4°),1g:0], ., ([ 134, ., }
n=2

N[m,r,(r,)]=q™ "+t [qz;qz]m[q;q],._z,,,*H[qz;qz],—"_m}[Qz;qz],-,-,- ;

X "=2

and K[m’ r’ (rs)] — q2m1+3r1+33'[(fJ]] /[qz;qz]m[qﬁ;qﬁ]r_m[q.'!;ql]rl“er [q3;q3]r,,—r,,_| s
n=2

then
& [aq” 1b;9°),[x:9% ], lag !/ x;47], (=) @ " g™7 Mr, (1))
agiglY, 3, 3y 3, o 9 o nd Maging . d =
o i [ag®;q"),[aq” 1b39°],[aq;q°), [aq/ x;q], "

"J(J 1)

i 5‘?] (__a)J' i a, b q ]"(l_aqﬂn)[x q ]7" n(3+4x)q(l6.&+8)n +n(8 /-4 p+2)
j=0 q q:lj n=0 q :aq4 /b:q ]n (1"3)[“‘]2 /x!q ]Zn(bx )"

(4.1)

a°q%q7], ] Z 3. iz[f [%:4°)ulaq/%,q°),_u[367), Nlm,r,(r,))(-)""" g™ +2H0)
q2 /y, m re=0r,_;=0 11=0 r=0 m=0 [aqz;q4]m[aq; qz]r[aq/‘x;Q]r[—aq; q]Zl‘i xmy":qﬂ(’}‘l)*'zﬂﬂ-'m

i[q !q ] a q i ’q ]u(l—aqan)[x;qz]zn [J):“q2 ]4n+j(_a7+8.f)n q(323+10)n +n(8j-8p+4)

. 1 Bl [9*;9" 1,1 - a)aq® / x;4°), [a’q* | y; g Joa "y :
' (4.2)
Z Z i[fli [a q ] [a q3/a;q6]q_r[a2q2;q2]3r m[ 2/b .q ] K[m y (r )](_)r m+6r+6L[(r,)]
i i [0°654'),16°% 4", a 16,°),16° 057, [6°¢5q°), @ g
i—-————-——[q_h"“’ l,(za )’fqmm $[07,5:q'], (= 0’ )[asq a2 g o s
=0 [4°:4°], = [4'.d%q* /b;¢°],(-a)[a’q®  a;q°],, 0"
(4.3)
UL I, 2m+6r+6L[(r,)] m(m-1)+3r*+12L[(r,)]
aq" a q’ q ]3,, I,,,,K[m r,(r.)]a q' (4.4)
7 1. Sd ML o 1o nli - .
Z-;H'ZU f; ; n;] q q ]m[ un!q ]zr[aﬁqlsaq ]"l 3P .
o 45 Laig ] 09" /24, [Ty o KL, ()] a2 1)
] Z Z Z Z Z 13 . .6 3pr,~15r=12L[(r,)] . 7
=0r_,=0 n=0 r=0 m=0 :q ] [a ,q ]Zr[a q /a: »q ]f‘][a q ,q ]r1 o
i[q*fip’q ] (__a )j 3j(j+9)/2 [a2q4;q ]"(1_a6q24n+l2)[a q ]Zn(_)n (184245)n
(4.5)

Proof of (4.1): In (1.2) first replacing g by g* and then setting z=q¢™,y=¢g™"" ‘yields
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A [a,b;9"],(1-aq"")[x;q ]zr(aB/ By 0
= [q'.aq" 1b;q"),(0-a)aq’ | x;4°),,[aq;9),.4, (05 2),n-ar

b 1 [”f[aqub 9°1,[x;9°],[aq/ x;q ],,..- (-alx)"q""" (4.6)
lag/ x;q),[aq:9), < (q%,aq® I b;q°),[aq";q"),[9:9) -2,

Next, in the transformation (1.3) setting k=4,

4, =[a,b;q*1,(1- ag*)[x;91,,(a* 1bx*Y " 1 {[g",aq" I b;q*],(1-a)laq’ / x;q°,,},
transforming C, by using (4.6), we get (4.1).

Proof of (4.2): In (1.7) replacing , , by —¢g™",4 respectively and letting o — o,

4, =[a;q*1,(1-ag*)[x:9° 1, (-a* /%) q"" 1 {[g*:4"], (- a)aq’ / x;q° 1},
transforming C by the limiting case (» - « ) of the transformation (4.6) yields

Y [ud'llag/xiq7) ()" b g

= =dh %) ladt a4 .09:9),00laq:9° ) [ag ) x,9),197597 ), [—aq; g1, X"

_[f] 4391, (1= a9 ™ )" ou g™ 5 [ a’ " 4.7
“ia*:q* ], (- a)aq® /%4 13,[0°0%5 4% a0 Den\ X )

Next, in the transformation (1.5) lettingx — « and then replacing g, a by q°, a

respectively, setting k =4,

a =[a;q*],(1-ag*")[x:4°,,4°" (- a 15" 1 [g5q*1, (- ag® / x:¢* ],
transforming f3,” by using (4.7), gives (4.2).

Proof of (4.3): In (1.2) first replacing, , by a*,q*respectively and then setting x = g™
y=wg"”, z=0q" t (v is a cube root of unity), we have

r [a ’q ]3_m[aq2/bQ]a2m Zrn_
Sqt,dq 1b,q°1,1a° 0 ;9% 1,19% 4% ). [a°¢" 34",
[r/2] 2 Fue 2, 8my _6m 12m°
3 Z 4 2 4 [a -:b’q ],,,(21 B RN 6, 6 7 m (4:5)
m=0 [q , q /b:q ]m(l_a )[a q !q ]r+2m[q ;q ]r—Zmb
Let
[r/ k]
Z A, Ma*q%:9*)mel@%30" )cos - (4.9)

Multlplymg both sides by [a,q7",97"" ;9] ¢*" /[aq'"*" /a*;q*], and summing W.r.t.

from O to [n/2], we get
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[n/2]

Z (@;9° ), [a*q/ a;47],., (~a®) g"¢*

A L BT L Ca) g
[9:9),5.[a°q/ @;q],[a%q;¢%), @

(n/k) [a,q ]k (__a )km km(km+1)

=y y

m '’ (4 10)
o [a°q" 1aq° ], [a°q3q],.00, (239, . @™

In (4.10) replacing a ,q by a’ ,q’respectively and setting k=2,
4, =[a*,b;q*],(1-a’q*")
we get
[n/2] »

2l

[a2q2 /5;94],"[6?292;(]2 ]3,‘*”] [a, qﬁ] [a q.’: /CC q ],, r(__)r 2m+6r 2m +3r(r+l)
r=0 m=0 [q : ’

7' 1.[aq 15,471, [0 ¢%:4°),14% 4% ), [a°¢5 "), (42 q ala q3/ a;q°'1,[a°¢’;¢°], "
[n/4] '

= Z [a2 b, q-‘-'i] (l - a.?. 8m )[a q ]2m lquﬁm(4m+l) (4 1 1)
. mijp m )
m=0 [q a q4 /bi ‘?4] (1 —d )[a q6 /a’q ]Zm [a q ’q ]H+4m [q ’ q ]n—4m az b

a®"q"" Ilqg*,a*q* | b: ;q"1,(1-a’)b" and evaluating C by (4.8),

Now, (4.3) is obtained from (1.3) on replacing a,q by d°
2 o T2 Sn 13n 6n(4n+l)

B = — B —— —_— e

,q" respectively and then

(4.11)
Proof of (4.4): In (4.8) letting , , , and on right hand side replacing (1- a%¢*") by
{1-a*¢™)+a*q*" (1-¢*")} and following the line of proof of (2.10), we get

Iz

) [a°q°;9°)s,,, (1= a°q"*)a?" g"OmD

—2—3-—————————*__
ard 17 'q ] [a°9%;:9*1,[9%¢%),_, [a°q";q 2

[f] 4]m (1 aﬁ 24m+!2)(__ )mq?.m(Sm-l) (4 12)
—__-_—____'_——_— " .

[q q ] [aﬁ ]3! ]r+2m[q ’qﬁ]r—-Zm

In (4.10) replacmg a,q bY aq°,q’ respectively and then setting - 5 .
4, =[a*q";q*],(1 - a®q* 12 )(=q*)" 2D /[9";4"],and evaluating C by (4.12), we get

[a’q’ g ]3 (1-a%g')q 2m+6rqm(3m--l)+6r(r+2)
\ _
= 010070 ,00%4°) 0054 L, [0, [ e g,

[n/4] [a ]m (1 o 6 24m+12 )(__alﬁ')mqu(l'?mHl)

. (4.13)
[q :q°1,[a%g '5593],”.4,”[93;9'3]

n—4m
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Now, (4.4) is obtained from (1.3) on replacing ,  , by a°¢'?,q’ respectively and then

Settingk e el e Aﬂ — [azq q ]"(1 . aﬁ 24n+1")(__a16)ﬂq2n(l7n+ll) /[q4;q4]n and
evaluating ¢ by (4.13).

Proof of (4.5): In (4.8) letting » -, «» and on the right hand side replacing (1 -a’g¢"")
by {(1-a’¢"")g"" +(1-¢*™)} and following the line of proof of (2.10), we get

S Gt WO Vi
—olg 9 ).la’q%;9" 1,099 ). [a°q";4°],,

_[rz,*'a] ;q4] (1_ 6 24m+12)(_a6)mq2m(7m+1)

(4.14)
nm=0 [q q ]m[aﬁ 18!q ]r+2m[q6;q6]r—2m

The proof of (4.5) follows on the lines of (4.3) except we use (4.14) instead of (4.8).

Identities for R (32s+12,i):

Transformation (4.1) on letting x — 0, b — o and then giving p and a the
set of values p=0, a=1; p=0, a=q4; p=1, a=q8; r=1, a=1; p=l1, a=q4 yield on some
reduction, RR type of identities for R (32s+12,41):i=1, 2, 4s, 4s+1 and expansion for

R(32s+12,16s)- R(2s+12,165-4) as (s+1)-fold series. For s=1 they reduce to RR type
of identities for R (44,4i) : 1 <i<S.

Identities for R (325+20,i).

The transformation (4.1) on letting x — o, b — 0 and giving p and a the values
p=0, a=1; p=0, a=q4; p=1, a=1; p=1, a=q4; p=1, a=q8 yields RR identities for
R(32s+20, 4i) : i=1, 2, 4s+1, 4s+2 and an expansion for R(32s+20, 16s+4)-
R(32s+20,16s5) as (s+1)-fold series. For s=1 they reduce to RR type of identities on
modulus 52.

Identities for R (64s+28,i):

In (4.2) letting e T e LR

a=q',y=—q"; a=q¢',y=—-¢"; a=q*,y=—q¢*; a=q¢%,y=-¢"; a=q2,y=-g"
expansions for , (¢4 5 4+ 23 . 2

A we get for

iy 1+ It = 1 65 + 6 ;2 ;1 68 % 4 ;4,1 &5+ 2:3
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as (s+2)-fold series. For , _ | they reduce to RR type identities for

R(92.2f):i=2.3.4.18.20,22

Identities for R (64s5+52,i):

In (4.2) letting , ., ., , we get for . R R U e o
' w SR S e e w ;x=—q2,a=q4,p=0;
X = —-g,a =1, p = ( X=-q",a=q*,p=0;
2 W clgamLmid, s = 1 X==ga=g* p=1 expansions for
R(64.5‘+52,2f):i=165+13,IGS+9..],!6.5'+12,2,6
andR(645+S2.323+16)+ R (64 s + 52,325 4+ 20y as

(s+2)-fold series. For s=] they reduce to RR type identities
e AT s,28,29 andatriple series expansion for the

I
t
=)
o

: 3

liner combination | (11 6.,48)+ R (116.52)

ldentities for R (645+60,i):

Transformation (4.2)_011 letting . , ., . and then setting , . ;.. - .

a=q',p=0, a=q"p=0; , ., , _ . a=¢',p=1L a=q" p=1 a=q",p=0;
give (s+2)-fold expansions for R (64 3

t+ 60,2 i) i = 1635 + 14.2.6.4 ;
{R(64s+60,32ﬁ+28)—R(64s+60.323+24)},
VA (64 + 60,325 4 20) 4+ R(64a + 60,325 % 247)) and
{R(64s+60,32:+20)—-R(64s+60,325+15}}.FOI'S=1
they give RR identities for R (124.4i):i=1,2,3,12.13.14.15 astriple
SEeries.

Identities for R (96s+52, i ):

In (4.3) letting , ., . andthen for a =1, p=0,c =—q3;
a=q2,p=0,a=—-q9; a=é4,p=0, & ==~g": a=lL,p=l,a=-q’; a=q°,p=1,
a =-—q° and (4.5) for a=lp=0a=-¢"; a=1,p=0,a =—¢°; a=q*,p=0,
a=-g°;a=lLp=la=-¢’;a=¢’,p=la=-¢"; a=lp=1a=—g°:
a=lLp=2,a=-q"; a=q*,p=1,a =-¢" give expansions of

R L9 6 5 &« 52 .24y i & = 24 s + 12,245 + 10,6 ,3,12.9 .18 .

andfe(gﬁ,r.-+ 52,485+12)+R (9 6 5 + > 2 ,4 8 s + 1 6 )
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R(965+52,16) —=g*R(965 +52,8), & (0 6 + + s 1

, 4 8 s + 2 2 ) -

- R (9 6 2 ++ § 2,4 8 s + 1 8§ ) 2

R (96 s + 52,4835 + 4) - R (96s + 52,483) 3 |

R (96 s + 52,4835 + 10) - R(96s + 52 .48<35 4+ 6)-Thesereducefor
s = 1 to RR identities for

R (1 4 8 ,2i) :i = 2.3, 6.9.12.18.3 4.3 ¢ andtripleseries

expansions for the linear combinations , , , ¢ & ,
R(148,16) - q"R(148,8) » (1 45 .7 0 )

R (1 48 .,52) — R (1 48.48) andn(|43.53)m-n(|43,54)

) + R (1 48,64) 9

- R (1 4 8,6 6 ) 9

Identities for R (96s+68, i ).

In(4.3) letting , , ,. , , , themfor, _ , , _ , ;a=q¢"p=0;
a=g",p=0,0=24",p=0; ., « 1.5 s as8=¢,p=lia=¢ p=l
a= qﬁa P - 1 and (44) for a = T = (0 ; a = " = 1 :
« = 1., = 2 yeld(s+2)-fold expansions for
R (96 s « 68,2i) :1 = 24§ 4+ 16;2,24s + | 4.,4.8.,24s + 8,10,;6.12.18

andR(?ﬁs+68.483+24)+ R(96.¢+68.483+20)'F0r

s = 1 theybecome RR type identities for

R (16 % ,440)y vt = 4,2 .%,48,5,.6,9s.)19 2.8 and triple series
expansion for the linear combination , (eSS + EROY £

g o & )

Identities for R (96s+76, i ).

In (43) first lettimg , , , , and then settng , _ , , _ 4 ;
a=q',p=0;a=q",p=0; a=q¢",p=0; , . ,,, - 1,a=¢*,p=1; a=q¢",p=1
and i (4.5) first letting ¢ - o then setting , _ , , - o5 o - 1., = 13
. = T.5 = 3 BIVE expansions of
R(963+-76.2f):f=245+18,2.245+I6.4,8,24s+II],II]363

12, 18 and (965 + 76,485 + 24)+ R(96s + 76,485 + 238 S
(s + 2, -fold series for - ; they reduce to RR type identities for

R (172 .4i) :7 = 1.2.3.4.5.6.9.17.20.2 1 anda triple series expansion

forR(l72,72)+ R'C17T2.176)
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§5S. In this section expansions for R(72s—-6,i), R(72s+6,i), R(72s + 30,i) and
R(72s +42,i) (for certain values of [) as(s+1)-fold series will be obtained. These

expansions for s=1,2 reduce to RR type 1dentities on moduli 66, 78, 102, 114, 138, 174

and 186 (which are six times the prime numbersll, 13, 17, 19, 29, 31). For obtaining
the aforesaid expansions we begin by proving the transformation

l
P+ F » __rj(r.r_l)-prs
C Y e [x649][a9°], [ag? 1b;q%], a7 O (<) g 72 Plr,(r,)]

lag;q]. : :
lagq/x;q], anu Zﬂ Zo [a9°59°),[ag’ 1 b;¢°],[a;q),, x"

— i [q#p;qlf a‘?)j i [x;q]ﬁ,,+j[a,b;q6]n (1 — aqu”) /a3+6s
| =0 [aq/x;9]s,[9°,aq9° 1 b;q°],(1-a) | bx®

Plr,(r))= a7 "N g0 L 1as 41, o ] a:q]
n=2

Proof of (5.1): In (1.2) first replacing g by ¢° and then setting x =¢g™"
yield on some reduction

[f] [a,6;9°],(1—aq"™ )a* ¢'*"

r=0 [q6! aq6 / b;qﬁ]r (1 . a)[aq: q]m+6r [q; Q]m—ﬁr b"
_S__ [&d’), laq’ 1byq°)a’g” (5.2)
= (97,09’ 16;4°,[aq’;4°), 4 9], [ ),

J q36.ﬁ'n2+n(6j-—6p+3) (5 l)

Fu = Vgl }

,y::ql_m, > = q2-—m

Next, in (1.5) setting |,

= 6 , y - o0 2
ar(.]) :[a,b;qﬁ]r(l__aq12r)a3rq|3r2 /[qﬁ,aqﬁ /b;qﬁ]r (l_a)br,

transforming 8" by (5.2), yields (5.1).
Identities for R(72s-6,1):

In (5.1) letting , , and  then setting a=1 p=0,x=—\/5'

3

6 71/2 . . . a o 7
a=q !p=01x=_q > a R R = U s X = - 1 2 a'—q !p_oix__q?
. 6 = - 4 15 43 i} B3
@« = l.p = 0.x = -4 5 a=¢q,p=0x=—¢" and a=¢",p=0,x=—g
give (s + 1y -fold series expansions
forR (7 2 s ~ 6 3 i) : ¥ = QI 2 g = 2.2,125—I,I.123-3 3

& R(72s—6,36s-—6)—-R(723-—6,36s—12) which for ; - ;| reduce to RR type
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identities as double seriesfor ; (¢ 6 3,y . - 1.2 3 s o 10,11 and for s=2

they are RR identitiesfor , (, 35 /5y .7 = 1.2 .3.20.21.22,23

Identities for R(72s+6,1):

In(5.1) letting , . o« andthensetting a=1,p=0,x= —\/E :

6 3
= 3 ;a:qﬁijO,x=—q7f2;a=q,p=0,x='_q;
ql3f2 y131d

a = 1 p =, Qi X

| B " _ 4 , R 7 - - -
a = Fopm =P = 0 X = - q .-.a'—C] :P"-Oax-'-ﬂj'aa“f] 5p"'0:x"“'_

series expansions of

R (7 2 s + 6 , i)
which for , - ;

F w3 B FeatS G e P83 2 DB

give RR identities for , (T8 . 34310 4 = 1452 3 8 0 11 .8 2 51 -3

Identities for R(72s+30,1):

In the transformation (5.1)- first lettmg . , . , ., , and then
substituting, _ , , . o, ; a =1, p =1; a=¢°p=0; a=¢°,p=1;
a=q",p=2;, - . , - , ;a=q°,p=3 give ., , ,, -fold series expansions of

which for

R (7 2 5 + 3 0 ,6 i) @i = 6 & + 2 ,6 5 + 1, 1,2 .3.,6315s.,4

1 reduce to RR identities for ,; ;. 02 643 : ¢ = 1.2 .3 . 4.6.1 .38
g1ve RR type of 1dentities for

and for §=2 they

R (0t T 4 ,.,&4) 2 4 == & .2 ,3.,%°,1 32,13 ,1"°4

Identities for R (712s5+42,i):

In(5.1) furst letting ., , _, , andthensubstituting , _ , , _ .

a = 1,p = 13%a =1,p = 2 ;a=q6!p=0;a=q6:p=1; a:qf",p:z;
a=q°,p=3 give ., , ,, -fold series expansions for

63+2.65+].],2‘3*4‘These

ol I PR RN (BT, [N (S 3, VRSNt MR TR S,

expansions for s=1 are RR i1dentities for
o, and for s=2 they are RR type of identities

R CA Y & &3y « F % Vo2 . %247 o8

forﬂ(lsﬁ,ﬁf):f=1.2.3,4.13.14-15-
§ 6. In this section expansions for ; (|, , 5, + 104 i)
R (1285 + 120,y (forsome values of i) as (s+2)-foldseries will be obtained. For

s=1 they yield RR identities on moduli 232 and 248 (which are eight times the prime
76
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numbers 29 and 31). To obtain the aforesaid expansions we begin by proving the
transformation:

r, [n/2] [r/2] 2 m 2m+2r+2L[(r )] 2m=—pr, -
[GQQ]WZZ Zzz[xQ][aq/XQ]r_() ‘Olr,m,(r,)]

T g ot 99" ,[a*q* ;9" ), [a’q" / x;q° ],[a 7;9°], x"
j +
_i[ -p,q] ( a )j (; )Z[ag;qg]”(l_az lt’:n)[x q ]M( al4+|63)nq(64:+52)n +8n(2j-p)
=0 [q:9], =0 (¢%:4%], (- a®)[a*q* | x;q* ], x°

(6.1)

where

Qlr,m,(r)]=a’ 23N yrgt g, a9 1, amlasal, o ] ] (9591, ..}

n=12

Proof of (6.1): In the transformation (1.2) replacing first , , by g*,a” respectively and

l=r

then setting z=¢q ", y=q ' and letting b — o, yields
[/ 4] S [a2;q4]m (1 _-a2q3m)[x;q2]2m (“__la(i)mq-l'I?ur:v:c2
m=0 [qd;q4]nr(1 '---az)[azq2 /x;qz]lm [azq;q:lr+4m [q;q]r-—4m‘x2m

3 1 3 [x:q9°1,[a%q! x;9%),_,.g"""" (—-az Y

[a’q;q°),[a’q/ x;q), m (97347 ).la*q 34" ), (4590, 0m \ X

Now replacing in the above transformation g by ¢°, multiplying both sides by
[a,q7",q7""1q%]. ¢ /[ag' ™" / a*;q*], and summing with respect to » from 0 to [n/2],

interchanging the order of summation on the left hand side and summing the inner
series and finally letting , -, » yields

2m+2r( )m f?'..ﬂ'*l(ﬂr:r+l)+21r*2

[x;q9°1,[a’q” 1 x;q4°],_,.a
~ Hiatq'] [a%0%4° ) 16%:9% ), .04 1, [a%q% 1 ;671,93 9), ., [a% g5 471, x"
WY [a%¢°],(-d*¢ x5 g L, (-a")" ¢

E Z:‘} [4*:4°), 01— a*)a*q* 1 x¢* L, [ 691 sm @39 rsm X"

(6.2)

Next, in the transformation (1.10) replacing a by a’, setting & = 8,

4 =[a*;q*),(1-a*¢"")x;q% )y, (=a") g™ Nq%;4°1,(1-a*)a’q" I x;4%],, X°
transforming C, by using (6.2), yields (6.1).

77



Identities for R(128s+104,1):

Transformation (6.1) forx=a¢" =¢°,p=0; x=ag =g ,p=el;
X8y =q%,, .4 x=ag =q",p=0} 22ag" =q',p=1; "x=ag =¢" . p=2;
x:aq2=q6’

p=3; a=—x=l.p=0; a=—-.x=l.p=l;
i = -3 = 1., = 25 x=-a=q',p=0;x=-a=-q",p=1gives expansions' for
R (128s + 104,4i):i=16s+ 12,165 +10,2,4,6,16s + 13,16s +11,1,3,

R(128s + 104,645 +32) + g"'R(128s + 104, 645 + 48) .
R(128s +104,32) + ¢" R(128s +104,16),

R (128 s + 104,64 s + 36) + 21—R(1285+104,64s+52)- For s=I
q

they reduce RR identities for

R (232 .4i) +i = 1.2, 3,4.6.8,24,25,.26,27.28,29 as triple

series.

Identities for R(128s+120,1):

In (6.2) letting x > o and then substituting

¢ * L,.p = O3
a = 1, p = 12 a = 1V, 'p = 3 a=q4,p=0; a:q43p:1; a=q4:P=2§
a=q",p=3; yields Y.y ~iokd series expansions
0fR(lZEs+120,4f):i=163+14,lﬁs+12,2.4,6:
R(128s +120,645s +40)+q 'R(1285+120,645+56), 2 (1 2 8 s + 120 .32 ) +
g'R(128s +120,16). For s=1 they become RR identities

of g (248.8i) :i =1.2.3.4.13, 1415,

78



REFERENCES

l. Gasper, G. & Rahman, M. Basic hypergeometric series, Encyclopedia of
Mathematics and its applications,

35, Cambridge University Press, Cambridge,
1990.

2. Jain,S., Jain,V.K. & Verma,A. Som

¢ general identities of Rogers-Ramanujan type
Ganita, 61, (2010), 65-97.

3. Jain,V.K. Certain ap
(1985), 195-208.

4. Verma, A. & Jain,V.K. Transformations between basic
different bases and

(1980), 230-269.

hypergeometric series on
identities of Rogers-Ramanujan type, Jour Math.Anal Appl., 76,

J. Verma, A. & Jain,V.K. Transformations of non-
series, their contour integrals and applications
Jour. Math. Anal. App., 87, (1982), 9-44,

terminating basic hypergeometric
to Rogers-Ramanujan identities,

79



