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Abstract

The notion of a CR-submanifolds of a Kaehler manifold was intro-
duced by A. Bejancu [8]. CR-submanifolds have been studied by many
geometers ([1], [3], [4], [6], [9], [12], [13], [14], [16], [18], [19]). On the other
hand, almost contact hyperbolic (f,g,η, ξ)-structure was defined and stud-
ied by Upadhyaya and Dube in [17]. S. Kumar and K. K. Dube studied
CR-submanifolds of a nearly trans-hyperbolic Sasakian manifold in [14].
Semi-symmetric semi-symmetric connections were studied by many ge-
ometers ([2], [5], [7], [15]). In this paper, we study CR-submanifold of
a nearly trans-hyperbolic Sasakian manifold admitting semi-symmetric
semi-meric connection and prove some basic lemmas on CR-submanifolds
for semi symmetric semi-metric connection. Also, the parallel distri-
butions on CR-submanifolds for semi-symmetric semi-metric connection
have been discussed.

1 Preliminaries

Let ∇ be a linear connection in an n-dimensional differentiable manifold M . The Torsion
tensor T of ∇ is given by

T (X,Y ) = ∇XY −∇YX − [X,Y ],

The connection ∇ is symmetric if torsion tensor T vanishes, otherwise it is symmetric.
The connection ∇ is metric if ∇g = 0 for the Riemannian metric g, otherwise it is non-
metric.
A connection ∇ is said to be semi-symmetric ([11]) if its torsion tensor is of the form

T (X,Y ) = η(Y )X − η(X)Y,

where η is a 1-form.
Let M be an n-dimensional almost hyperbolic contact metric manifold with the almost
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hyperbolic contact structure φ, ξ, η, g where a tensor field φ of type (1,1), a vector field ξ
and 1-form η of ξ satisfying

(1.1) ϕ2X = X − η(X)ξ, g(X, ξ) = η(X)

(1.2) η(ξ) = −1, φ(ξ) = 0, ηoϕ = 0,

(1.3) g(φX, φY ) = −g(X,Y )− η(X)η(Y )

fro any vector X,Y tangent to M [18]. In case we have

(1.4) g(φX.Y ) = −g(X,φY ).

An almost hyperbolic contact metric structure (φ, ξ, η, g) onM is called trans-hyperbolic
Sasakian [10] if and only if

(1.5) (∇Xφ)Y = α(g(X,Y )ξ − η(Y )φX) + β(g(φX, Y )ξ − η(Y )φX)

for all X,Y tangent to M where α, β are functions on M . On a trans-hyperbolic
Sasakian manifold M we have

(1.6) ∇Xξ = −α(ϕX) + β(X − η)(X)ξ)

for a Riemannian metric g and the Levi-Civita connection ∇. Further, an almost
hyperbolic contact metric manifold M is called nearly trans-hyperbolic Sasakian manifold
if [14]

(∇Xϕ)Y + (∇Y ϕ)X = α(2g(X,Y )ξ − η(Y )ϕX − η(X)ϕY )(1.7)

−β(η(X)ϕY + η(Y )ϕX)

Let M be a submanifold of nearly trans-hyperbolic Sasakian manifold M . The metric
induced on M is denoted by same symbol g.Let M = TM + TM ⊥, where TM is tangent
space and TM⊥ is the normal space.

Definition 2.1. An m- dimensional submanifold M of a nearly trans-hyperbolic Sasakian
manifold M is called a CR-submanifold if ξ is tangent
to M and TX(M) = DX +D⊥X such that
(i) the distribution Dx is invariant under ϕ, that is φDx ⊂ Dx for each x ∈M ,
(ii) the complementary orthogonal distribution D⊥ is anti-invariant under ϕ, that is ϕD⊥x ⊂
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T⊥x (M) for all x ∈M .
If dimD⊥x = 0 (resp. dimDx = 0), then CR-submanifold is called invariant (resp. anti
invariant). The distribution D (resp. D⊥) is called horizontal (resp. vertical) distribution.
The pair (D,D⊥) is called ξ-horizontal (resp. ξ-vertical) if ξx ∈ Dx (resp. ξx ∈ D⊥) for
any x ∈M .

For any X ∈ TM , we write

(1.8) X = PX +QX,

where PX and QX belong to the distribution D and D⊥ respectively. For any vector
N ∈ TM⊥ we can put

(1.9) φN = BN + CN,

where BN is tangential and CN is the normal component of φN .
Now, we remark that owing to the existence of the 1-form η, we can define a semi-symmetric
semi-metric connection ∇ in a nearly trans-hyperbolic Sasakian manifold by

(1.10) ∇XY = ∇XY − η(X)Y + g(X,Y )ξ

such that (∇Xg)(Y,Z) = 2η(X)g(Y,Z)− η(Y )g(Z,X)− η(Z)g(X,Y )

Inserting (2.10) in (2.5), we get

(∇Xϕ)Y = α(g(X,Y )ξ − η(Y )ϕX) + β(g(ϕX, Y )ξ − η(X)ϕ(Y )

−2η(X)ϕY + g(X,ϕY )ξ.

Interchanging X and Y , we have

(∇Y ϕ)X = α(g(X,Y )ξ − η(Y )ϕX) + β(g(X,ϕY )ξ − η(Y )ϕ(X)

−2η(Y )ϕX + g(Y, ϕX)ξ.

Adding above tow equation, we obtain

(∇Xϕ)Y + (∇Y ϕ)X = α(2g(X,Y )ξ − η(X)ϕY − η(Y )ϕX)− β(η(X)ϕY(1.11)

+η(Y )ϕX)− 2η(X)ϕY − 2η(Y )ϕX.(1.12)

From (2.6) and (2.10), we get
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(1.13) ∇Xξ = −α(ϕX) + β(X − η(X)ξ).

The Gauss formula for a CR-Submanifold of a nearly trans-hyperbolic Sasakian mani-
fold with a semi-symmetric semi-metric connection is

(1.14) ∇XY = ∇XY + h(X,Y )

and the Weingarten formula on M is given by

(1.15) ∇XN = −ANX − η(X)N +∇⊥XN

for X,Y ∈ TM , N ∈ TM⊥, where h and A are called the second fundamental tensor
and shape operator respectively and ∇⊥ denotes the normal connection. Moreover, we also
have

(1.16) g(h(X,Y ), N) = g(ANX,Y ).

Theorem 2.1. The connection induced on CR-submanifolds of a nearly trans-hyperbolic
Sasakian manifold with a semi-symmetric semi-metric connection is also a semi- symmetric
semi-metric connection.

Proof. Let ∇ be the induced connection with the unit normal N on CR-submanifold of
a nearly trans-hyperbolic Sasakian manifold with a semi- symmetric semi-metric connection
∇ . Then

(1.17) ∇XY = ∇XY +m(X,Y ),

where m is a tensor field of type (0, 2) on CR-submanifold M If ∇∗ be the induced
connection ∇ from the CR- Riemannian connection on CR-Submanifold.

Then we have

(1.18) ∇XY = ∇∗XY + h(X,Y ),

where h is a second fundamental tensor of type (0, 2). From (2.16), (2.17) and (2.10),
we get

∇XY +m(X,Y ) = ∇∗XY + h(X,Y )− η(X)Y + g(X,Y )ξ.

Comparing the tangential and normal components from both sides, we find

∇XY = ∇∗XY − η(X)Y + g(X,Y )ξ.

Thus ∇ is also a semi- symmetric semi-metric connection.
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2 Some Basic Lemmas on CR-submanifold for semi-symmetric semi-metric
connection

Lemma 3.1. Let M be a CR-submanifold of a nearly trans-hyperbolic Sasakian manifold
M̃ with a semi-symmetric semi-metric connection ∇̃ Then

P∇X(ϕPY ) + P∇Y (ϕPX)− PAϕQXY − PAϕQYX = ϕP∇XY + ϕP∇YX

+2αg(X,Y )Pξ − αη(X)ϕPY − αη(Y )ϕPX − βη(Y )ϕPX

−βη(X)ϕPY − 2η(X)ϕPY − 2η(Y )ϕPX,(2.1)

(2.2) Q(∇XϕPY )+Q(∇Y ϕPX)−Q(AϕQXY )−Q(AϕQYX) = 2Bh(X,Y )+2αg(X,Y )Qξ,

h(X,ϕPY ) + h(Y, ϕPX) +∇⊥XϕQY +∇⊥Y ϕQX − η(X)ϕQY −
η(Y )ϕQX + ϕQ∇YX + ϕQ∇XY + 2Ch(X,Y )− 2ϕh(X,Y ) = 0(2.3)

Proof. From (2.8) , we have

ϕY = ϕPY + ϕQY.

By covariant differentiation of both sides, we have

∇̃XϕY = ∇̃X

Using (2.12), (2.13) and (2.11), we get

(∇̃Xϕ)Y + ϕ∇XY + ϕh(X,Y ) = ∇X(ϕPY ) + h(ϕPY,X) +∇⊥X(ϕQY )

−AϕQYX − η(X)ϕQY.

Interchanging X and Y, we have

(∇̃Xϕ)Y + ϕ∇YX + ϕh(X,Y ) = ∇Y (ϕPX) + h(Y, ϕPX) +∇⊥X(ϕQX)

−AϕQXY − η(Y )ϕQX.

Adding above two equations, we get

(∇̃Xϕ)Y + (∇̃Y ϕ)X + ϕ∇XY + ϕ∇YX + 2ϕh(X,Y ) = ∇X(ϕPY ) +∇Y (ϕPX)

+h(X,ϕPY ) + h(Y, ϕPX) +∇⊥X(ϕQY ) +∇⊥Y (ϕQX)−AϕQXY −AϕQYX
−η(Y )ϕQX − η(X)ϕQY
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Using (2.11) in above equation, we obtain

α(2g(X,Y )ξ − η(X)ϕY − η(Y )ϕX)− β(η(Y )ϕX + η(X)ϕY )− 2η(X)ϕY − 2η(Y )ϕX

+ϕ∇XY + ϕ∇YX + 2ϕh(X,Y ) = h(X,ϕPX) +∇X ⊥ (ϕQY ) +∇⊥Y (ϕQX)

+∇X(ϕPY ) +∇Y (ϕPX)−AϕQXY −AϕQYX

Equations (3.1) to (3.3) followed by comparing the horizontal, vertical and normal
components.

Lemma 3.2. Let M be a ξ-horizontal CR-submanifold of a nearly trans-hyperbolic
Sasakian manifold M̃ with a semi-symmetric semi-metric connection. Then

2(∇̃Xϕ)Y = ∇XϕY −∇Y ϕX + h(X,ϕY )− h(Y, ϕX)− ϕ[X,Y ]

+α(2g(X,Y )ξ − η(X)ϕY − η(Y )ϕX)− 2η(X)ϕY

−β(η(X)ϕY + η(Y )ϕX)− 2η(Y )ϕX,(2.4)

2(∇̃Xϕ)X = α(2g(X,Y )ξ − η(Y )ϕX − η(X)ϕY )

−β(η(X)ϕY + η(Y )ϕX) + ϕ[X,Y ]− 2η(X)ϕY

−2η(Y )ϕX −∇XϕY +∇Y ϕX − h(X,ϕY ) + h(Y, ϕX)(2.5)

for any X,Y ∈ D.

Proof. Let X,Y ∈ D. Using Gauss formula (2.13), we have

(2.6) ∇̃XφY − ∇̃Y φX = ∇XφY + h(X,φY )−∇Y φX − h(Y, φX).

Also, we have

(2.7) ∇̃XφY − ∇̃Y φX = (∇̃Xφ)Y − (∇̃Y φ)X + φ[X,Y ].

From (3.6) and (3.7), we get

(2.8) (∇̃Xφ)Y − (∇̃Y φ)X = ∇XφY + h(X,φY )−∇Y φX − h(Y, φX)− φ[X,Y ].

Adding (2.11) and (3.8), we have

2(∇̃Xϕ)Y = ∇XϕY −∇Y ϕX + h(X,ϕY )− h(Y, ϕX)− ϕ[X,Y ]

−2g(X,Y )ξ − 2η(X)η(Y )ξ + α(2g(X,Y )− η(Y )φX − η(X)φY )

−β(η(Y )φX + η(X)φY ).
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Subtracting (3.8) from (2.11), we get

2(∇̃Y ϕ)X = α(2g(X,Y )ξ − η(Y )ϕX − η(X)ϕY )− β(η(X)ϕY

+η(Y )ϕX)− 2η(X)η(Y )ξ − 2g(X,Y )ξ −∇XϕY
−∇Y ϕX − h(X,ϕY ) + h(Y, ϕX) + ϕ[X,Y ].

Here lemma is proved.

Corollary 3.1 Let M be a ξ-horizontal CR-Submanifold of a nearly trans-hyperbolic
Sasakian manifold M̃ with a semi-symmetric semi-metric connection. Then

2(∇̃Y ϕ)Z = AϕY Z −AϕZY +∇⊥Y ϕZ −∇⊥ZϕY − ϕ[Y, Z]− η(Y )ϕZ

+α(2g(Y,Z)ξ − η(Y )ϕZ − η(Z)ϕY )− 3η(Z)ϕY

−β(η(Y )ϕZ + η(Z)ϕY ),(2.9)

2(∇̃Zϕ)Y = −AϕY Z +AϕZY −∇⊥Y ϕZ +∇⊥ZϕY + ϕ[Y,Z]− η(Z)ϕY

+α(2g(Y,Z)ξ − η(Y )ϕZ − η(Z)ϕY )− 3η(Z)ϕZ

−β(η(Y )ϕZ + η(Z)ϕY )(2.10)

for any Y,Z ∈ D⊥,
Proof. From Weingarten formula (2.14), we have

(2.11) ∇̃ZϕY − ∇̃Y ϕZ = AϕY Z −AϕZY +∇⊥Y ϕZ −∇⊥ZϕY + η(Y )ϕZ − η(Z)ϕY.

Also, we have

(2.12) ∇̃ZφY −∇Y φZ = (∇̃Y φ)Z − (∇̃Zφ)Y + φ[Y, Z].

From (3.11) and (3.12), we get

(∇̃Y ϕ)Z − (∇̃Zϕ)Y = −AϕY Z −AϕZY +∇⊥Y ϕZ −∇⊥ZϕY + η(Y )ϕZ

−η(Z)ϕY + ϕ[Y,Z].(2.13)

Also from (2.11), we have

(∇̃Y ϕ)Z + (∇̃Zϕ)Y = −α(2g(Z, Y )ξ − η(Y )ϕZ − η(Z)ϕY − 2η(Z)ϕY

−β(η(Y )ϕZ + η(Z)ϕY )− 2η(Y )ϕZ.(2.14)
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Adding (3.13) from (3.14), we obtain

2(∇̃Y ϕ)Z = AϕY Z −AϕZY −∇⊥Y ϕZ −∇⊥ZϕY − ϕ[Y, Z] + α(2g(Y, Z)ξ − η(Y )ϕZ

−η(Z)ϕY )− β(η(Y )ϕZ + η(Z)ϕY )− η(Y )ϕZ + η(Z)ϕY.

Subtracting (3.13) from (3.14), we get

2(∇̃Zϕ)Y = −AϕY Z +AϕZY −∇⊥Y ϕZ +∇⊥ZϕY + ϕ[Y,Z] + α(2g(Y, Z)ξ − η(Y )ϕZ

−η(Z)ϕY )− β(η(Y )ϕZ + η(Z)ϕY )− 3η(Y )ϕZ − η(Z)ϕY.

Hence Lemma is proved.

Corollary 3.2. LetM be a ξ-horizontal CR-submanifold of any nearly trans-hyperbolic
Sasakian manifold with a semi-metric connection. Then

2(∇̃Zϕ)Y = −AϕY Z +AϕZY −∇⊥Y ϕZ +∇⊥ZϕY + ϕ[Y, Z] + 2αg(Y,Z)ξ,

2(∇̃Y ϕ)Z = AϕY Z −AϕZY +∇⊥Y ϕZ −∇⊥ZϕY − ϕ[Y,Z] + 2αg(Y,Z)ξ

for any Y,Z ∈ D⊥.
Lemma 3.4. Let M be a CR-submanifold of an nearly trans-hyperbolic Sasakian

manifold with a semi-symmetric connection Then

2(∇̃Xϕ)Y = −AϕYX +∇⊥XϕY −∇Y ϕX − h(Y, ϕX)− ϕ[X,Y ]− 2η(Y )ϕX

−3η(X)ϕY + α(−η(Y )ϕX − η(X)ϕY )− β(η(X)ϕY + η(Y )ϕX),(2.15)

2(∇̃Y ϕ)X = AϕYX −∇⊥XϕY +∇Y ϕX + h(Y, ϕX)− ϕ[X,Y ]− η(X)ϕY

−2η(Y )ϕX + α(−η(Y )ϕX − η(X)ϕY )− β(η(X)ϕY + η(Y )ϕX)(2.16)

for any X ∈ D and Y ∈ D⊥.
Proof. Let X ∈ D and Y ∈ D⊥. Then from (2.12) and (2.13), we have

∇̃XφY = −AφYX − η(X)φY +∇⊥XφY,
∇̃Y φX = ∇Y φX + h(Y, φX).

Subtracting above two equation, we have

(2.17) ∇̃XφY − ∇̃Y φX = −AφYX +∇⊥XφY −∇Y φX − h(Y, φX)− η(X)φY.
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Also, by direct covariant differentiation, we have

(2.18) ∇̃XϕY − ∇̃Y ϕX = (∇̃Xϕ)Y − (∇̃Y ϕ)X + ϕ[X,Y ].

From (3.17) and (3.18), we get

(2.19) (∇̃Xϕ)Y − (∇̃Y ϕ)X = −AϕYX+∇⊥XϕY −∇Y ϕX−h(Y, φX)−η(X)φY −ϕ[X,Y ]

Adding (3.19) and (2.11), we get

2(∇̃Xϕ)Y = −AϕYX +∇⊥XϕY −∇Y ϕX − h(Y, ϕX)− 2η(X)ϕY

−ϕ[X,Y ]− .2η(Y )ϕX + α(−η(Y )ϕX − η(X)ϕY )

−β(η(X)ϕY + η(Y )ϕX).

Subtracting (3.19) from (2.11), we obtain

2(∇̃Y ϕ)X = AϕYX −∇⊥XϕY +∇Y ϕX + h(Y, ϕX) + ϕ[X,Y ]

+β(−η(Y )ϕX − η(X)ϕY )− β(η(X)ϕY + η(Y )ϕX)

−.2η(Y )ϕX − η(x)ϕY.

Hence lemma is proved.
Corollary 3.3 Let M be a ξ-horizontal CR-submanifold of a nearly trans-hyperbolic

Sasakian manifold with a semi-symmetric semi-metric connection, then

2(∇̃Xϕ)Y = −AϕYX +∇⊥XϕY −∇Y ϕX − h(Y, ϕX)− ϕ[X,Y ]

−αη(X)ϕY − βη(X)ϕY − 3η(X)ϕY,

2(∇̃Y ϕ)X = AϕYX −∇⊥XϕY −∇Y ϕX + h(Y, ϕX) + ϕ[X,Y ]

−αη(X)ϕY − βη(X)ϕY − η(X)ϕY,

for any X ∈ D and Y ∈ D⊥.
Corollary 3.4. Let M be a ξ-horizontal CR-submanifold of a nearly trans-hyperbolic

Sasakian manifold with a semi-symmetric semi-metric connection, then

2(∇̃Xϕ)Y = −AϕYX +∇⊥XϕY −∇Y ϕX − h(Y, ϕX)− ϕ[X,Y ]

−αη(Y )ϕX − βη(Y )ϕX − 2η(Y )ϕX,

2(∇̃Y ϕ)X = AϕYX −∇⊥XϕY +∇Y ϕX + h(Y, ϕX) + ϕ[X,Y ]

−αη(Y )ϕX − βη(Y )ϕX − 2η(Y )ϕX.

for X ∈ D any Y ∈ D⊥ and
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3 Parallel distributions on CR-submanifolds for semi-symmetric semi-
metric connection

Definition 4.1. The horizontal (respectively vertical) distribution D ( respectively D⊥

) is said to be parallel with respect to the semi-symmetric semi-metric connection on

M if ∇̃XY ∈ D(respectively ∇̃ZW ∈ D⊥) for any vector field X,Y ∈ D (respectively
W,Z ∈ D⊥).

Proposition 4.1. Let M be a ξ-vertical CR-submanifold of a nearly trans-hyperbolic
Sasakian manifold M̃ with a semi-symmetric semi-metric connection. If horizontal distri-
bution D is parallel, then

(3.1) h(X,ϕY ) = h(Y, ϕX) for any X, Y ∈ D

Proof. Let D be parallel distribution, then

(3.2) ∇XφY ∈ D, ∇Y φ ∈ D for any X, Y ∈ D.

From (3.2), we get

Q(∇XϕPY ) +Q(∇Y ϕPX)−Q(AϕQXY )−Q(AϕQYX) = 2Bh(X,Y ) + 2αg(X,Y )Qξ

2Bh(X,Y ) + 2αg(X,Y )Qξ = 0

(3.3) Bh(X,Y ) = −αg(X,Y )Qξ for any X, Y ∈ D.

From (2.9), we have

(3.4) ϕh(X,Y ) = Bh(X,Y ) + Ch(X,Y ).

From (4.3) and (4.4), we have

(3.5) ϕh(X,Y ) = −αg(X,Y )Qξ + Ch(X,Y ).

Now, from (3.3) we have

(3.6) h(X,ϕY ) + h(Y, ϕX) = 2ϕh(X,Y ) + 2αg(X,Y )Qξ.

Replacing X by ϕX,we find

(3.7) h(ϕX,ϕY ) + h(Y,X) = 2ϕh(ϕX, Y ) + 2αg(X,ϕY )Qξ.
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Similarly, replacing Y by ϕY in (4.6), we get

(3.8) h(ϕY, ϕX) + h(X,Y ) = 2ϕh(X,ϕY ) + 2αg(X,ϕY )Qξ.

From (4.7) and (4.8), we obtain

(3.9) 2ϕh(ϕX, Y ) + 2αg(ϕX, Y )Qξ = 2ϕh(X,ϕY ) + 2αg(X,ϕY )Qξ.

Operating ϕ on both sides and using ϕξ = 0, we get

(3.10) ϕh(ϕX, Y ) + αg(ϕX, Y )ϕQξ = ϕh(X,ϕY ) + αg(X,ϕY )ϕQξ = 0.

Thus, we have

(3.11) h(X,ϕY ) = h(Y, ϕX) for each X, Y ∈ D.

Proposition 4.2. Let M be a ξ-vertical CR-submanifold of a nearly trans-hyperbolic
Sasakian manifold M̃ with a semi-symmetric semi-metric connection. If the distribution
D⊥ is parallel with respect to the connection on M then

(3.12) (AϕY Z +AϕZY ) ∈ D⊥ for any X,Z ∈ D⊥.

Proof. Let Y,Z ∈ D⊥. Using (2.12), we get

(3.13) (∇̃Y ϕ)Z + ϕ(∇̃Y Z) = −AϕZY +∇⊥Y ϕZ − η(Y )ϕZ.

Now using (2.13) we have

(3.14) (∇̃Y ϕ)Z = −AϕZY +∇⊥Y ϕZ − η(Y )ϕZ − ϕ∇Y Z − ϕh(Y,Z).

Interchanging Y and Z, we have

(∇̃Y ϕ)Z = −AϕZY +∇⊥ZϕY − η(Z)ϕY − ϕ∇ZY − ϕh(Y, Z).

Adding above two equations, we obtain

(∇̃Y ϕ)Z + (∇̃Zϕ)Y = −AϕZY −AϕY Z +∇⊥Y ϕZ +∇⊥ZϕY − η(Y )ϕZ

−η(Z)ϕY − ϕ∇Y Z − ϕ∇ZY − 2ϕh(Y, Z).(3.15)

Taking inner product with x ∈ D in (4.13), we get
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g(AϕY Z,X) + g(AϕZY,X) = g(ϕ∇Y Z,X)

+g(ϕ∇ZY,X).

If D⊥ is parallel then ∇Y Z ∈ D⊥ and ∇ZY ∈ D⊥ for Y, Z ∈ D⊥.
Consequently, we have

g(AϕY Z,X) + g(AϕZY,X) = 0

or,

(3.16) g(AϕY Z +AϕZY,X) = 0,

which implies that (AϕY Z +AϕZY ) ∈ D⊥

Definition 4.2. A CR- submanifold with a semi-symmetric semi-metric connection is
said to be mixed totally geodesic if h(X,Z) = 0 for all X ∈ D and Z ∈ D⊥.
The following lemma is an easy consequence of (2.15).
Lemma 4.1. Let M be a CR-submanifold of a nearly trans-hyperbolic Sasakian manifold
M̃ with a semi-symmetric semi-metric connection. Then M is mixed totally geodesic if
and only if ANX ∈ D for all X ∈ D.

Definition 4.3. A normal vector field N 6= 0 with a connection ∇⊥ is called D-parallel
normal section if ∇⊥XN = 0 for all X ∈ D.
Now, we have the following proposition.

Proposition 4.3. Let M be a mixed totally geodesic ξ-vertical CR-submnaifold of a
nearly trans-hyperbolic Sasakian Manifold M̃ with a semi-symmetric semi-metric connec-
tion. Then the normal section N ∈ φD⊥ is D-parallel if and only if ∇XφN ∈ D for all
X ∈ D.

Proof. Let N ∈ φD⊥. From (3.2) we have

Q(∇XϕPY ) +Q(∇Y ϕPX)−Q(AϕQXY )−Q(AϕQYX)

= 2Bh(X,Y ) + 2αg(X,Y )Qξ.(3.17)

Also, we have

(3.18) g(X,Y ) = 0, ϕPY = 0, ϕQX = 0

From (4.18)and (4.17), we get
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(3.19) Q(∇Y φX) = 0.

In particular, we have

Q(∇YX) = 0.

Using (4.19) in (3.3), we obtain

∇⊥X(ϕQY ) = φQ(∇XY ).

Consequently, we get

∇⊥XN = φQ∇XφN.

Hence the proposition is proved.
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