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Abstract

In this paper, we have studied the weighted Pal type (0; 0, 2)− inter-
polation when we have Lagrange data on the zeros of Laguerre Polyno-

mials L
(α)
n (x) and weighted (0, 2) data is prescribed on the zeros of the

derivative of the Laguerre Polynomials (L
(α)
n )′(x), α > −1 for a suitable

weight function and any natural number n. Existence, uniqueness and
explicit representation of the interpolatory polynomial Rn,α(x) has been
obtained. A qualitative estimate for Rn,α(x) has also been dealt with.
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1 Introduction

In 1975, L.G. Pál [6] introduced the following interpolation process. Let

−∞ < xn,n < · · · < x1,n <∞

be a system of distinct real points which are zeros of Wn(x), i.e.,

Wn(x) =
n∏
i=1

(x− xi,n).

The roots yi,n(i = 1, 2, ..., n− 1) of W
′
n(x) are interscaled between the roots of Wn(x), i.e.,

(1.1) −∞ < xn,n < yn−1,n < xn−1,n · · · < y1,n < x1,n < +∞.
1 corresponding author
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Pál proved that for given arbitrary numbers (αi,n)ni=1 and (βi,n)n−1i=1 , there exists a unique
interpolatory polynomial Rn(x) of degree 2n-1 satisfying the conditions:

Rn(xi,n) = αi,n, i = 1, 2, · · · , n; R′n(yi,n) = βi,n−1, i = 1, 2, · · · , n− 1,

and an initial condition Rn(a) = 0, where a is a given point, different from the nodal
points (1.1). Szili [8] was the first to apply this method on infinite interval by taking the
mixed nodes of the Hermite polynomial Hn(x) and its derivative H ′n(x). Later I. Joó [3]
sharpened his results by improving the estimates of fundamental polynomials. Srivastava
and Mathur [7] studied the problem of (0;0,1) - interpolation on the mixed zeros of Hn(x)
and its derivative.

In 2004, Lenard [7] studied a modified Pál type interpolation on Laguerre abscissas and
showed that if (xi)

n
i=1 and (x∗i )

n
i=1 are the zeros of the Laguerre polynomials Lkn(x) and

Lk−1n (x), respectively and x0 = 0, then there exists a polynomial Rm(x) of degree 2n+k
satisfying the conditions:

Rm(xi) = yi, R′m(x∗i ) = y′i, i = 1, 2, · · · , n,
and

R(j)
m (x0) = y

(j)
0 (j = 0, 1, · · · , k),

where yi, y
′
i and y

(j)
0 are arbitrary real numbers. She also obtained the explicit representa-

tion of the interpolatory polynomial and gave the corresponding quadrature formula.
In this paper, we have considered {xk}nk=1 and {yk}n−1k=1 to be the zeros of Laguerre

Polynomial L
(α)
n (x), its derivative (L

(α)
n )′(x) respectively, which are interscaled as:

(1.2) 0 < x1 < y1 < x2 < ... < xn−1 < yn−1 < xn <∞.
For an arbitrarily given set of real numbers:

(1.3) {αk, k = 0(1)n;βk, k = 1(1)n− 1; γk, k = 1(1)n− 1} ,
we seek to determine a polynomial Rn,α(x) of minimal possible degree such that:

(1.4)


Rn,α(xk) = αk, k = 1(1)n,
Rn,α(yk) = βk, k = 1(1)n− 1,
(wRn,α)′′(yk) = γk, k = 1(1)n− 1,
Rn,α(0) = α0

where

(1.5) w(x) = e−
x
2 x

(α+2)
2

is the weight function satisfying the condition:

(1.6) (wL(α)
n (L(α)

n )′)′′(yj) = 0.

In Section 2, we give some preliminaries. Section 3, is devoted to the existence and ex-
plicit representation of the interpolatory polynomial. In Section 4, the estimates of the
fundamental polynomials have been obtained and lastly in section 5 we prove the main
theorem of the paper, where the quantitative estimate of the interpolatory polynomial has
been dealt with.
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2 Preliminaries

The differential equation of Laguerre Polynomial L
(α)
n (x) is given by

(2.1) x
d2y

dx2
+ (α+ 1− x)

dy

dx
+ ny = 0

where n is a positive integer.The recurrence relations between Laguerre polynomial and its
derivative are as follows:

(2.2) L
(α+1)
n−1 (x) = −(L(α)

n )′(x).

(2.3)

(
n+ α

n

)
≈ nα

Γα+ 1
.

Let the fundamental polynomials of Lagrange interpolation on the nodes xk and yk be

(2.4) lk(x) =
L
(α)
n (x)

(x− xk)(L
(α)
n )′(xk)

, k = 1(1)n

and

(2.5) l∗k(x) =
(L

(α)
n )′(x)

(x− yk))(L
(α)
n )′′(yk)

, k = 1(1)n− 1,

respectively. We shall also need the following estimate:

(2.6) L(α)
n (x) = O(na),

(
a = max(

α

2
− 1

4
, α); 0 ≤ x ≤ d; d > 1, α > −1

)
(see [9], (7.6.11)).

(2.7) max
0<x<d

e−
x
2 x

α
2
+ 1

4 |L(α)
n (x)| ∼ n

α
2
− 1

4

(see [9], (Theorem 7.6.5)).

(2.8)
n∑
k=1

xm−1k ((L(α)
n )′(xk))

−2 =
Γ(n+ 1)Γ(m+ α+ 1)

Γ(n+ α+ 1)
∼ O(n−α)

(see [9], (14.7.5)).

(2.9) |(L(α)
n )′(xk)| ∼ x

−α
2
− 3

4
k n

α
2
+ 1

4
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(see [9], (8.9.10), (8.9.11)).

(2.10) xk ∼
k2

n

(2.11) yk ∼
k2

n

(2.12)
k=n∑
k=1

exk

xα+1
k

l2k(x) ≤ ex

xα+1

(see [2], (Inequality 11)). Further, we have

(2.13)

n∑
k=1

kv−1 =

 O(1), v < 0
O(log n), v = 0
O(nv), v > 0.

3 Existence and Explicit representation of the interpolatory polynomial
Rn,α(x).

Let (2n− 1) points in (0,∞) be given by (1.2). Then to the prescribed numbers {αk}nk=0,

{βk}n−1k=1 and {γk}n−1k=1 , there exists a unique polynomial Rn,α(x) of degree ≤ 3n−2 satisfying
the conditions (1.4). It can be explicitly represented as

(3.1) Rn,α(x) =
n∑
k=0

αkAk(x) +
n−1∑
k=1

βkBk(x) +
n−1∑
k=1

γkCk(x),

where {Ak(x)}nk=0, {Bk(x)}n−1k=1 and {Ck(x)}n−1k=1 are uniquely determined polynomials each
of degree ≤ 3n− 2 and can be explicitly represented as:

Ak(x) =
(L

(α)
n )′(x)[lk(x)]2

(L
(α)
n )′(xk)

− 2L
(α)
n (x)(L

(α)
n )′(x)

[(L
(α)
n )′(xk)]2

[
L
(α)
n (0)

2x2k(L
(α)
n )′(xk)

(3.2)

+

∫ x

0

(lk)
′(t)− xk−α−1

2xk
(L

(α)
n )′(t)

t− xk
dt

]
,

Bk(x) =
(L

(α)
n (x))2[l∗k(x)]2

L
(α)
n (yk)

+(3.3)

+
ykL

(α)
n (x)(L

(α)
n )′(x)

n[L
(α)
n (yk)]2

[∫ x

0

(l∗k)
′(t)− yk−α−2

2yk
l∗k(t)

t− yk
dt+

+
y2k − 2(3 + 2n)yk + (2α+ 4)

8y2k

∫ x

0
l∗k(t)dt−

(L
(α)
n )′(0)

nykL
(α)
n (yk)

]
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(3.4) Ck(x) = −
ykL

(α)
n (x)(L

(α)
n )′(x)

∫ x
0 l
∗
k(t)dt

2nw(yk)[L
(α)
n (yk)]2

where lk(x) and l∗k(x) are given by (2.4) and (2.5) respectively. Lastly,

(3.5) A0(x) =
L
(α)
n (x)(L

(α)
n )′(x)

L
(α)
n (0)(L

(α)
n )′(0)

.

The interpolatory polynomial Rn,α(x) satisfies the quantitative estimates:

Theorem 3.1. Let f (r) ∈ Lip γ, 0 < γ ≤ 1, in [0,∞) for some r > α, where α ≥ 0and
integer. Then

|f(x)−Rn,α(f ;x)| =



O(n−ν−
3
2 )e

x
2 x−

α
2
− 5

4 , a < α
2 −

5
4

O(n−ν−
3
2 log n)e

x
2 x−

α
2
− 5

4 , a = α
2 −

5
4

O(n−ν−
1
2 )exx−α−1, α

2 −
5
4 < a < α

2 − 1

O(n−ν−
1
2 log n)exx−α−1, a = α

2 − 1

O(n2a−ν−α+
3
2 )exx−α−1, a > α

2 − 1,

for 0 ≤ x ≤ xn, a = max
(
α
2 −

1
4 , α

)
and ν = r+γ

2 .

The Proof of the Theorem 3.1 has been sketched in Section 5 which needs the estimation
of the fundamental polynomials given in the following section.

4 Estimation of the fundamental polynomials

We shall need the following:

Lemma 4.1. If d > 1 and α > −1, we have

(4.1) max
0<x<d

e
−x
2 x

α
2
+ 3

4 |(L(α)
n )′(x)| ∼ n

α
2
+ 1

4 .

Proof. On replacing α by α+ 1 in (2.7), we get

max
0<x<d

e
−x
2 x

α
2
+ 3

4 |L(α+1)
n (x)| ∼ n

α
2
+ 1

4 .

Now, on using (2.2) in above equation, we get the required result.

Lemma 4.2. For the zeros of L
(α)
n (x) the estimate

n∑
k=1

xηke
−λxk = O(1)n

1
2

holds for x ≥ 0, where η is constant and λ is positive constant.
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Lemma 4.3. For 0 < x < d; d > 1 and α > −1,

(4.2) |
n∑
k=1

l2k(x)| ≤ 1 + Cn−
1
4

and

(4.3) |
n∑
k=1

(l∗k)
2(x)| ≤ 1 + C ′n−

1
4 ,

where C and C’ are constants.

Lemma 4.4. For k = 1, 2, · · · , n− 1 and x ∈ (0,∞), we have

(4.4) |l∗k(x)| = O(n−
1
2 )e−

yk
2 y

α
2
+ 5

4
k e

x
2 x−(

α
2
+ 3

4
).

The above lemmas are due to [9], we omit the details.

Lemma 4.5. For k = 1, 2, · · · , n, x ∈ (0,∞) and a = max
(
α
2 −

1
4 , α

)
, we have

(4.5)

∣∣∣∣x−α2 + 3
4

k [(L(α)
n )′(xk)]

2

∫ x

0
lk(t)dt

∣∣∣∣ =


O(nα−1), a < α

2 −
5
4

O(nα−1 log n), a = α
2 −

5
4

O(na+
α
2
+ 1

4 ), a > α
2 −

5
4 .

Proof. By Christoffel Darboux formula for L
(α+1)
n (x), we have

(4.6)
n−1∑
i=0

L
(α+1)
i (t)L

(α+1)
i (y)(

i+α+1
i+1

) =
n(
n+α
n

) L(α+1)
n (y)L

(α+1)
n−1 (t)− L(α+1)

n (x)L
(α+1)
n−1 (y)

(t− y)
.

On substituting y = xk and integrating with respect to t from 0 to x, we get

(4.7)

∫ x

0
lk(t)dt =

(
n+α
n

)
n[(L

(α)
n )′(xk)]2

n−1∑
i=0

L
(α+1)
i (xk)(
i+α+1
i+1

) ∫ x

0
L
(α+1)
i (t)dt,

which, due to (2.2), gives∫ x

0
lk(t)dt =

(
n+α
n

)
n[(L

(α)
n )′(xk)]2

n−1∑
i=0

(L
(α)
i+1)

′(xk)[L
(α)
i+1(x)− L(α)

i+1(0)](
i+α+1
i+1

) .

Now, using (2.3), (2.6) and (2.9) in above equation, we get∣∣∣∣∫ x

0
lk(t)dt

∣∣∣∣ ≤
∣∣∣∣∣∣ n

α−1x
α
2
− 3

4
k

[(L
(α)
n )′(xk)]2

n−1∑
i=0

[ia−
α
2
+ 1

4 + i
α
2
+ 1

4 ]

∣∣∣∣∣∣ .
from which, due to (2.13), the lemma follows.
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Lemma 4.6. For k = 1, 2, · · · , n− 1, x ∈ (0,∞) and a = max
(
α
2 −

1
4 , α

)
, we have

(4.8)

∣∣∣∣[L(α)
n (yk)]

2

∫ x

0
l∗k(t)dt

∣∣∣∣ ≈
 O(nα−2), a < α

2 − 1
O(nα−2 log n), Q = α

2 − 1
O(n2a), Q > α

2 − 1

Proof. The proof of this lemma follows on the same lines as the proof of Lemma 4.5. We
omit the details.

Lemma 4.7. For k = 1, 2, · · · , n and x ∈ (0,∞), we have∫ x

0

l′k(t)

(t− xk)
dt− xk − α− 1

2xk(L
(α)
n )′(xk)

∫ x

0

(L
(α)
n )′(t)

(t− xk)
dt+

n

2xk

∫ x

0
lk(t)dt

=
{(L(α)

n )′(xk)(lk(x))− (L
(α)
n )′(x)}lk(x)

2L
(α)
n (x)

+
L
(α)
n (x)− (L

(α)
n )′(x)− (1 + 1

xk
)L

(α)
n (0)

2xk(L
(α)
n )′(xk)

Proof. From (2.4), we have

(4.9) (t− xk)lk(t) =
L
(α)
n (t)

(L
(α)
n )′(xk)

.

On differentiating with respect to t and dividing by (t− xk)2, we get

(4.10)
l′k(t)

(t− xk)
=

(L
(α)
n )′(t)

(t− xk)2(L
(α)
n )′(xk)

− lk(t)

(t− xk)2

which on integration with respect to t from t = 0 to t = x and using (2.4) gives∫ x

0

l′k(t)

(t− xk)
dt =

1

(L
(α)
n )′(xk)

[∫ x

0

(L
(α)
n )′(t)

(t− xk)2
dt−

∫ x

0

L
(α)
n (t)

(t− xk)3
dt

]
.

By integrating first integral term on RHS, we get

(4.11)

∫ x

0

l′k(t)

(t− xk)
dt =

1

2(L
(α)
n )′(xk)

[∫ x

0

(L
(α)
n )′(t)

(t− xk)2
dt+

L
(α)
n (x)

(x− xk)2
− L

(α)
n (0)

x2k

]
.

So, ∫ x

0

l′k(t)

(t− xk)
dt− xk − α− 1

2xk(L
(α)
n )′(xk)

∫ x

0

(L
(α)
n )′(t)

(t− xk)
dt =

1

2(L
(α)
n )′(xk)

[ ∫ x

0

(L
(α)
n )′(t)

(t− xk)2
dt

−xk − α− 1

xk

∫ x

0

(L
(α)
n )′(t)

(t− xk)
dt+

L
(α)
n (x)

(x− xk)2
− L

(α)
n (0)

x2k

]
.
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On integrating first integral term by parts and using (2.1) and (2.4), we get

∫ x

0

l′k(t)

(t− xk)
dt− xk − α− 1

2xk(L
(α)
n )′(xk)

∫ x

0

(L
(α)
n )′(t)

(t− xk)
dt =

1

2(L
(α)
n )′(xk)

[L(α)
n (x)− L(α)

n (0)

xk

−(L(α)
n )′(x)(

1

(x− xk)
+

1

xk
)− n(L

(α)
n )′(xk)

xk

∫ x

0
lk(t)dt+

L
(α)
n (x)

(x− xk)2
− L

(α)
n (0)

x2k

]
.

Now, on using (2.4), we get the required result.

Lemma 4.8. For k = 1, 2, · · · , n− 1 and x ∈ (0,∞), we have

(4.12)

∫ x

0

(l∗k)
′(t)

(t− yk)
dt− yk − α− 2

2yk

∫ x

0

l∗k(t)

(t− yk)
dt = −

nL
(α)
n (yk)(l

∗
k(x))2

2yk(L
(α)
n )′(x)

−
l∗k(x)

2yk

+
nL

(α)
n (x)l∗k(x)

2yk(L
(α)
n )′(x)

+
(L

(α)
n )′(0)

nykL
(α)
n (yk)

− L
(α)
n (0)

2ykL
(α)
n (yk)

− n− 1

2yk

∫ x

0
l∗k(t)dt

Proof. The result follows on same lines as previous lemma, we omit details.

Lemma 4.9. ([1]) If f (r) exists and is continuous in [0,∞), r ≥ 0, then there exists a
polynomial Gn of degree n ≥ 4r + 5 at most, such that

|f (i)(x)−G(i)
n (f ;x)| = O(1)ω

(
f (r);

√
x(xn − x)

n

)(√
x(xn − x)

n

)r−i

0 ≤ x ≤ xn, i = 0, 1, · · · , r, where ω(f (r), .) denotes the modulus of continuity of f (r) on
[0, xn].

The lemma shows that G
(i)
n (f ; 0) = f (i)(0), i = 0, 1, 2, · · · , r.

Lemma 4.10. For xk, k = 1, · · · , n and ν = r+γ
2 , we have

e−
3x
2 x

3α
2
+ 5

4

n∑
k=1

|xνkAk(x)| =


O(n−

3
2 ), a < α

2 −
5
4

O(n−
3
2 log n), a = α

2 −
5
4

O(na−
α
2
− 1

4 ), a > α
2 −

5
4 .

Proof. Due to lemma 4.7 and (3), we have
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n∑
k=1

|xνkAk(x)| ≤
n∑
k=1

∣∣∣xνk[(L
(α)
n )′(x)]2lk(x)

(L
(α)
n )′(xk)]2

∣∣∣+
n∑
k=1

∣∣∣xν−1k [L
(α)
n (x)]2(L

(α)
n )′(x)

(L
(α)
n )′(xk)]3

∣∣∣
+

n∑
k=1

∣∣∣xν−1k |L(α)
n (x)[(L

(α)
n )′(x)]2

(L
(α)
n )′(xk)]3

∣∣∣+

n∑
k=1

∣∣∣xν−1k L
(α)
n (x)(L

(α)
n )′(x)L

(α)
n (0)

(L
(α)
n )′(xk)]3

∣∣∣
+

n∑
k=1

∣∣∣nxν−1k L
(α)
n (x)[(L

(α)
n )′(x)]2

∫ x
0 lk(t)dt

(L
(α)
n )′(xk)]3

∣∣∣
= IA1 + IA2 + IA3 + IA4 + IA5(say).

By Lemma 4.1, we have

IA1 =

n∑
k=1

∣∣∣∣e−xkxν+α+ 3
2

k lk(x)

∣∣∣∣ exx−α− 3
2 .

On using Cauchy’s inequality, Lemma 4.2 and Lemma 4.3, we get

IA1 =

(
n∑
k=1

∣∣e−2xkx2ν+2α+3
k

∣∣) 1
2
(

n∑
k=1

|lk(x)|2
) 1

2

exx−α−
3
2

= O(n
1
4 )exx−α−

3
2 ≤ O(n

1
4 )e

3x
2 x−

3α
2
− 5

4 .(4.13)

Again by using (2.7) and Lemma 4.1 in IA2, we have

IA2 = O(
1

n
)

n∑
k=1

∣∣∣∣e− 3xk
2 x

ν+ 3α
2
+ 9

4
k

∣∣∣∣ e 3x
2 x−

3α
2
− 5

4

= O(n−
1
2 )e

3x
2 x−

3α
2
− 5

4(4.14)

due to Lemma 4.2. Similarly,

(4.15) IA3 = O(1)e
3x
2 x−

3α
2
− 7

4 ≤ O(1)e
3x
2 x−

3α
2
− 5

4

and

(4.16) IA4 = O(n
α
2
− 1

4 )exx−α−1 ≤ O(n
α
2
− 1

4 )e
3x
2 x−

3α
2
− 5

4 .

On multiplying and dividing IA5 by x
−α

2
+ 3

4
k [(L

(α)
n )′(xk)]

2 and using (2.7) and Lemma 4.1
for x and xk, we get

IA5 = O(n−α−1)

n∑
k=1

∣∣∣∣e− 5xk
2 xν+3α+2

k

(
x
−α

2
+ 3

4
k [(L(α)

n )′(xk)]
2

∫ x

0
lk(t)dt

)∣∣∣∣ e 3x
2 x−

3α
2
− 7

4 ..

By Lemma 4.5 and Lemma 4.2 it follows that
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• for a < α
2 −

5
4 ,

IA5 = O(n−
3
2 )e

3x
2 x−

3α
2
− 7

4 ≤ O(n−
3
2 )e

3x
2 x−

3α
2
− 5

4 .(4.17)

• for a = α
2 −

5
4

(4.18) IA5 = O(n−
3
2 log n)e

3x
2 x−

3α
2
− 7

4 ≤ O(n−
3
2 )e

3x
2 x−

3α
2
− 5

4

• for a > α
2 −

5
4

(4.19) IA5 = O(na−
α
2
− 1

4 )e
3x
2 x−

3α
2
− 7

4 ≤ O(na−
α
2
− 1

4 )e
3x
2 x−

3α
2
− 5

4 .

Thus by (4.13), (4.14), (4.15), (4.16), (4.17), (4.18) and (4.19) the lemma follows.

Lemma 4.11. For yk, k = 1, · · · , n− 1 and ν = r+γ
2 , we have

e−
3x
2 x

3α
2
+ 7

4

n−1∑
k=1

|yνkBk(x)| =


O(n−

1
2 ), a < α

2 − 1

O(n−
1
2 log n), a = α

2 − 1

O(n2a−α+
3
2 ), a > α

2 − 1.

Proof. On using Lemma 4.8 in (3.4), we get

n−1∑
k=1

|yνkBk(x)| ≤
n−1∑
k=1

∣∣∣yνkL(α)
n (x)[l∗k(x)]2

2L
(α)
n (yk)

∣∣∣+

n−1∑
k=1

∣∣∣yνk [L
(α)
n (x)]2l∗k(x)

2[L
(α)
n (yk)]2

∣∣∣
+
n−1∑
k=1

∣∣∣yνkL(α)
n (x)(L

(α)
n )′(x)l∗k(x)

n[L
(α)
n (yk)]2

∣∣∣+
n−1∑
k=1

∣∣∣yν−1k L
(α)
n (x)(L

(α)
n )′(x)L

(α)
n (0)

2n[L
(α)
n (yk)]3

∣∣∣
+
n−1∑
k=1

∣∣∣yν−1k (y2k − 2(1 + 4n)yk + 2α+ 4)L
(α)
n (x)(L

(α)
n )′(x)

8n[L
(α)
n (yk)]2

∫ x

0
l∗k(t)dt

∣∣∣
= IB1 + IB2 + IB3 + IB4 + IB5(say).

Now, on using (2.7) for x and yk and Lemma 4.4 and Lemma 4.2, we have

IB1 = O(
1

n
)
n−1∑
k=1

∣∣∣∣e− 3yk
2 y

ν+ 3α
2
+ 11

4
k

∣∣∣∣ e 3x
2 x−

3α
2
− 7

4 = O
(
n−1/2

)
e

3x
2 x−

3α
2
− 7

4 .

Again by using (2.7) for x and yk, we have

IB2 = O(1)exx−α−
1
2

n−1∑
k=1

∣∣∣∣e−ykyν+α+ 1
2

k l∗k(x)

∣∣∣∣ .
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On using Cauchy’s inequality, Lemma 4.2 and Lemma 4.3 in above equation, we get

IB2 = O(1)

(
n−1∑
k=1

|e−2yky2ν+2α+1
k |

) 1
2
(
n−1∑
k=1

|(l∗k(x))2|

) 1
2

exx−α−
1
2

= O(n
1
4 )exx−α−

1
2 ≤ O(n

1
4 )e

3x
2 x−

3α
2
− 7

4 .(4.20)

Similarly,

(4.21) IB3 = O(n−
1
4 )exx−α−1 ≤ O(n−

1
4 )e

3x
2 x−

3α
2
− 7

4 .

and

(4.22) IB4 = O(n
α
2
+ 1

4 )exx−α−1 ≤ O(n
α
2
+ 1

4 )e
3x
2 x−

3α
2
− 7

4 .

On multiplying and dividing IB5 by [L
(α)
n (yk)]

2 and using (2.7) for x and yk and Lemma
4.1, we get

IB5 = O(n−α)
n−1∑
k=1

∣∣∣e−2yk (yν+2α+2
k − 2(1 + 4n)yν+2α+1

k + (2α+ 4)yν+2α
k

)
(

[L(α)
n (yk)]

2

∫ x

0
l∗k(t)dt

) ∣∣∣exx−α−1.
Now, due to Lemma 4.6 and Lemma 4.2, we have

• for a < α
2 − 1

IB5 ≤ O(n−
1
2 )e

3x
2 x−

3α
2
− 7

4 .(4.23)

• for a = α
2 − 1, we have

(4.24) IB5 = O(n−
1
2 log n)exx−α−1 ≤ O(n−

1
2 log n)e

3x
2 x−

3α
2
− 7

4

• for a > α
2 − 1, we have

(4.25) IB5 = O(n2a−α+
3
2 )exx−α−1 ≤ O(n2a−α+

3
2 )e

3x
2 x−

3α
2
− 7

4 .

Thus by (4.20), (4.20), (4.21), (4.22),(4.23), (4.24) and (4.25) the lemma follows.

Lemma 4.12. For yk, k = 1, · · · , n− 1 and ν = r+γ
2 , we have

e−xxα+1
n−1∑
k=1

|yν−1k Ck(x)| =


O(n−

3
2 ), a < α

2 − 1

O(n−
3
2 log n), a = α

2 − 1

O(n2a−α+
1
2 ), a > α

2 − 1.
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Proof. On multiplying and dividing (3.4) by [L
(α)
n (yk)]

2 and on using (1.5), (2.7) for x and
yk and Lemma 4.1, we get

n−1∑
k=1

|yν−1k Ck(x)| = O(n−α)

n−1∑
k=1

∣∣∣∣e− 3yk
2 y

ν+ 3α
2

k

(
[L(α)
n (yk)]

2

∫ x

0
l∗k(t)dt

)∣∣∣∣ exx−α−1
which due to Lemma 4.2 and Lemma 4.6 gives

• for a < α
2 − 1

(4.26)
n−1∑
k=1

|yν−1k Ck(x)| = O(n−
3
2 )exx−α−1.

• for a = α
2 − 1

(4.27)
n−1∑
k=1

|yν−1k Ck(x)| = O(n−
3
2 log n)exx−α−1.

• for a > α
2 − 1

(4.28)

n−1∑
k=1

|yν−1k Ck(x)| = O(n2a−α+
1
2 )exx−α−1.

Owing to (4.26), (4.27) and (4.28), the lemma follows.

5 Proofs of Theorem 3.1

Proof. Let Gn+α(f) be the polynomials defined in Lemma 4.9 then

|f(x)−Rn,α(f ;x)| ≤ |f(x)−Gn+α(f ;x)|+ |Gn+α(f ;x)−Rn,α(f ;x)|

≤ O(1)ω

(
f (r);

√
x(xn − x)

n

)(√
x(xn − x)

n

)r

+

n∑
k=1

|f(xk)−Gn+α(f ;xk)|Ak(x)|+
n−1∑
k=1

|f(yk)−Gn+α(f ; yk)|Bk(x)|

+
n−1∑
k=1

|f ′′(yk)−Gn+α(f ′′; yk)|Ck(x)|+ |f(0)−Gn+α(f ; 0)|A0(x)|

≡ I1 + I2 + I3 + I4 + I4 + I5.
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Now, by the definition of modulus of continuity, we have

I1 = O(1)

(√
x(xn − x)

n

)r+γ
= O(1)x

(r+γ)
2 x

(r+γ)
2

n

(
1− x

xn

) (r+γ)
2

n−(r+γ),

which due to (2.10) and taking r+γ
2 = ν, gives

(5.1) I1 = O(1)x
(r+γ)

2 n−
(r+γ)

2 = O(1)xνn−ν .

On using Lemma 4.9, (2.10) and taking r+γ
2 = ν for I2, we get

I2 =
n∑
k=1

|O(1)ω

(
f (r);

√
xk(xn − xk)

n

)(√
xk(xn − xk)

n

)r
Ak(x)|

= O(n−ν)
n∑
k=1

|xνkAk(x)|,

which, due to Lemma 4.10, gives

(5.2) I2 =


O(n−ν−

3
2 )e

x
2 x−

α
2
− 5

4 , a < α
2 −

5
4

O(n−ν−
3
2 log n)e

x
2 x−

α
2
− 5

4 , a = α
2 −

5
4

O(na−ν−
α
2
− 1

4 )e
x
2 x−

α
2
− 5

4 , a > α
2 −

5
4 .

Similarly, due to Lemma 4.9, (2.11) and Lemma 4.11, we have

(5.3) I3 =


O(n−ν−

1
2 )e

x
2 x−

α
2
− 7

4 , a < α
2 − 1

O(n−ν−
1
2 log n)e

x
2 x−

α
2
− 7

4 , a = α
2 − 1

O(n2a−ν−α+
3
2 )e

x
2 x−

α
2
− 7

4 , a > α
2 − 1.

and

(5.4) I4 =


O(n−ν−

1
2 )exx−α−1, a < α

2 − 1

O(n−ν−
1
2 log n)exx−α−1, a = α

2 − 1

O(n2a−ν−α+
3
2 )exx−α−1, a > α

2 − 1.

Owing to Lemma 4.9,

(5.5) I5 = 0.

Thus by (5.1), (5.2), (5.3), (5.4) and (5.5) theorem follows.
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[2] Joó, I., An Interpolation-Thoretical Characterization of the Classical Orthogonal poly-
nomials, Acta Mathematica Academiae Scientiarum Hungaricae Tomus, 26 (1-2),
1975, 163-169.
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