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Abstract

In this paper, we have studied the weighted Pal type (0;0,2)— inter-
polation when we have Lagrange data on the zeros of Laguerre Polyno-
mials L )(33) and weighted (0,2) data is prescribed on the zeros of the
derivative of the Laguerre Polynomials (LS? ))’ (), > —1 for a suitable
weight function and any natural number n. Existence, uniqueness and
explicit representation of the interpolatory polynomial R, ,(z) has been
obtained. A qualitative estimate for R, o(z) has also been dealt with.
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1 Introduction
In 1975, L.G. Pal [6] introduced the following interpolation process. Let
—00 < Tpp << T1p <00

be a system of distinct real points which are zeros of W, (x), i.e.,

The roots yin(i = 1,2,...,n — 1) of W, (z) are interscaled between the roots of W, (z), i.e.,

(1.1) —00 < Tpp < Yn-1n < Tp—ip - < Yin < T1,n < +00.

! corresponding author
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P&l proved that for given arbitrary numbers (o )" ; and (5@71)?:_117 there exists a unique
interpolatory polynomial R, (x) of degree 2n-1 satisfying the conditions:

Ry(Tin) = @im, 1=1,2,--+ 05 R, (Yin)=Bin-1, i =1,2,--- ,n—1,

and an initial condition R,(a) = 0, where a is a given point, different from the nodal
points (1.1). Szili [8] was the first to apply this method on infinite interval by taking the
mixed nodes of the Hermite polynomial H,(x) and its derivative H}, (z). Later 1. Jo6 [3]
sharpened his results by improving the estimates of fundamental polynomials. Srivastava
and Mathur [7] studied the problem of (0;0,1) - interpolation on the mixed zeros of Hy,(z)
and its derivative.

In 2004, Lenard [7] studied a modified P4l type interpolation on Laguerre abscissas and
showed that if (z;)"_; and (x})", are the zeros of the Laguerre polynomials L% (z) and
LE=1(z), respectively and xq = 0, then there exists a polynomial R,,(x) of degree 2n+k
satisfying the conditions:

Rm(wi):yiv R;n(x:) :yga i1=1,2,---,n,
and ‘ ‘
R,(%)(.CL'O) = y(()j)(j - 07 17 T 7k))
where y;, y; and y[()J ) are arbitrary real numbers. She also obtained the explicit representa-

tion of the interpolatory polynomial and gave the corresponding quadrature formula.
In this paper, we have considered {z;}}_; and {yk}z;ll to be the zeros of Laguerre

Polynomial Ll (x), its derivative (Lg}))’ (x) respectively, which are interscaled as:
(1.2) O<z1 <y <2< ... < Tp_1 < Yno1 < Ty < 00,

For an arbitrarily given set of real numbers:

(1.3) {ag, k =0(1)n; B, k =1(1)n — Ly, k= 1(1)n — 1},

we seek to determine a polynomial R, o(z) of minimal possible degree such that:
Ry o(zk) = ok, kE=1(1)n,

' (WRno)"(yk) = k=1(1)n -1,

RnVQ(O) = Q)

where

(1.5) w(x) = e 52T

is the weight function satisfying the condition:

(1.6) (WL (L))" (y;) = 0.

In Section 2, we give some preliminaries. Section 3, is devoted to the existence and ex-
plicit representation of the interpolatory polynomial. In Section 4, the estimates of the
fundamental polynomials have been obtained and lastly in section 5 we prove the main
theorem of the paper, where the quantitative estimate of the interpolatory polynomial has
been dealt with.
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2 Preliminaries

The differential equation of Laguerre Polynomial Lﬁf“) (x) is given by

d*y dy
2.1 1— —
(2.1) xde—i—(oe—i— :U)dw—l—ny 0

where n is a positive integer.The recurrence relations between Laguerre polynomial and its
derivative are as follows:

a+1 a
(2:2) L (@) = ~(L) (@),
n+ o n®
2. ~ .
(23) < n > lFa+1
Let the fundamental polynomials of Lagrange interpolation on the nodes x; and yi be
(a)
Ly,
(2.4) I(z) = ((“?) , k=1(1)n
(z — ) (Ln") (xr)
and
(L) (@)
(2.5) () = , E=1(1)n—1,

(& — ) (L) (k)

respectively. We shall also need the following estimate:
1
(2.6) L (z) = O(n%), <a = maaz(% - Z,a);O <z<did>1la> —1>

(see [9], (7.6.11)).

(2.7) [naz, e_%x%'%wgf‘) (x)] ~ ngi

(see [9], (Theorem 7.6.5)).

(2.8) S (L) ()2 = DR Dm0
k=1

Fn+a+1)

(see [9], (14.7.5)).

(2.9) (LY (@p)| ~ 2, 2 insta
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(see [9], (8.9.10), (8.9.11)).

]452
(2.10) T~ =

k2
(2.11) Yp ~ o

k=n Tk lz o
2.12 <
(2.12) L ot k() < potl
(see [2], (Inequality 11)). Further, we have
n 0(1), v <0
(2.13) Zl{:”_l =< O(logn), v=0
k=1 Oomn"), wv>0.

3 Existence and Explicit representation of the interpolatory polynomial
R, .o(2).

Let (2n — 1) points in (0, 00) be given by (1.2). Then to the prescribed numbers {ay}}_,
{ Bk}z;ll and {Vk}z;ll, there exists a unique polynomial R, o (z) of degree < 3n—2 satisfying
the conditions (1.4). It can be explicitly represented as

n n—1 n—1
(3.1) Roa(2) = apAr(@) + Y BiBi(x) + Y wCr(x),
k=0 k=1 k=1

where {Ay(2)}7_,, {Br(z)}}Z] and {Ck(2)}}Z] are uniquely determined polynomials each
of degree < 3n — 2 and can be explicitly represented as:

(LY (@) [e(2)]2 2L () (L) () L0)

3.2 Au(z) = _
- T (LY @)z [203(LE) ()

z 1(4) — Zr—a=l 7 (@)y

L[ R,
(o) T 2(7* " 2
(33) By (z) = (Ln 2(2))(;1@)( )] n
n k
ue L (@) (LY @) [ G)(0) — =2l o)
" n{L(a) (yw)]? /0 t— 1y dt +

2 —2(3+ 20y + (20 +4) [T, (LY (0)
o lp(t)dt — ="
Yie 0 nyr Ly (yr)
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e LS (@) (LY () 21t
2w () (L) (yi )2

where [;,(z) and [} (x) are given by (2.4) and (2.5) respectively. Lastly,

(34) Ci(z) = -

LY (2) (LYY ()

. Ap(x) = .
(3 5) 0( ) lé?)(O)(lﬁ?)Y(O)

The interpolatory polynomial R, ,(x) satisfies the quantitative estimates:

Theorem 3.1. Let f(") € Lip ~, 0 <~ <1, in[0,00) for some r > a, where o > Oand
integer. Then

O(’n_y—%)e%x_%_%’ a < % _ %
()(n_”_% log n)ezqf_%_%’ a = %,__%
|/(x) = Rualfiz)] =8 O(nv=2)eva—o1, 2_S<ca<9—1
O(n™""2 log n)e®z—"1, a=9%-1
O™ ™ 2)era=ol, a>g§ -1,
for0 <z <, a:mam(%—i,a) andy:HT'y,

The Proof of the Theorem 3.1 has been sketched in Section 5 which needs the estimation
of the fundamental polynomials given in the following section.

4 Estimation of the fundamental polynomials

We shall need the following;:

Lemma 4.1. Ifd > 1 and o > —1, we have

(4.1) maz e w2t %|(L(O‘))( )| ~nsti.
0<z<d

Proof. On replacing o by o + 1 in (2.7), we get

mar €2 x2+4\L O“H)( )| ~nSti.
0<z<d

Now, on using (2.2) in above equation, we get the required result. O

Lemma 4.2. For the zeros of Ll () the estimate

n

=

xZe_)‘m’“ =O0(1)n
k=1

holds for x > 0, where n is constant and X\ is positive constant.
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Lemma 4.3. For0 <z <d;d>1 and a > —1,

(4.2) 1N Bx) <1+ C0n i
k=1
and
(4.3) IS (1)2(2)| < 1+ C'n 1,
k=1

where C and C’ are constants.

Lemma 4.4. Fork=1,2,--- ,n—1 and z € (0,00), we have
. a5 4 a
(44) (@) = O(n~5)e~ % yf THesa (340,
The above lemmas are due to [9], we omit the details.
Lemma 4.5. Fork=1,2,--- ,n, x € (0,00) and a = max (% — %,a), we have
_ay3 x O("a_i)v a<§—] ;
(4.5) x, * [(L%O‘))'(:Uk)]Q/ lk(t)dt‘ =< On*“logn), a=9g—73
0 On* 2ti), a>9 -2

Proof. By Christoffel Darboux formula for Lﬁf““)(x), we have

LG L ) o LTV @)L ) - LY (@) LD ()

(46) = = — n—1 n—1
U e o=

On substituting y = x; and integrating with respect to t from 0 to x, we get

z (n+a — a+1) 3: (et 1)
(4.7) / L(t)dt = — / LT (t)dt,

0 n[(L ()] zg t_&l) 0
which, due to (2.2), gives

s () ES) @)L () — L 0)
le(t)dt = o > z+a+1 .
0 n[(Ln ") (zk)]? i=0 (1)

Now, using (2.3), (2.6) and (2.9) in above equation, we get

T a—1 %
/ lk(t)dt' < M
0 [

from which, due to (2.13), the lemma follows. O
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Lemma 4.6. Fork=1,2,---,n—1, z € (0,00) and a = mazx (% — %,a), we have

-2
O(n**), a<g—1

(4.8) ‘{L%“)(yk)]z / ’ l;;(t>dt‘ ~{ O 2logn), Q=2%-1
0 O(n2a), Q > % -1

Proof. The proof of this lemma follows on the same lines as the proof of Lemma 4.5. We
omit the details. O

Lemma 4.7. For k=1,2,--- ,n and z € (0,00), we have
A z—a—1 (@I, n [
/0 -0 2xk(L§f“>)/(xk)/o o) 5y ), WO
{8 () (@) — (LY @)Hp(a) | L () = (L7 () = (L4 ) L (0)

- 21 (x) i 21, (LYY ()
Proof. From (2.4), we have
_ L
(4.9) (t —ap)le(t) = m

On differentiating with respect to t and dividing by (¢ — x3)2, we get

(4.10) G 50 (O N A()

t—ak)  (t—2p)2( LY () (= 2k)?

which on integration with respect to t from ¢t = 0 to ¢t = z and using (2.4) gives

PRUNP. LYW [ I
/o (t*m)dt_(Lsﬁ)y(mk) /0 (t—xk)Zdt /0 (t—xk)3dt '

By integrating first integral term on RHS, we get

A LYW, L) L)
(4.11) /0 <t_$k)dt_2(L$f‘))’(xk) [/0 (TR 2|

So,

Ton) . m—a-1 LY@, 1 (L) (1)
/0 )" 22, (LY (21,) /0 i 2Ly (1) [/0 - a2
ap—a—1 7 (LMY (1) '@ L)
O ay, /o (t — ) dt+($—$k)2_ ; }
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On integrating first integral term by parts and using (2.1) and (2.4), we get

Tut) . mp—a-1 (LYY, 1 Ly (z) — LYY (0)
/0 - 22, (L)Y (xk)/o (t—xk) "= 2(L(a))’(wk)[ T

(a) (@ ()
Y@ gy + o)~ ) [ e 2 0)

" (x —xr) g (x — xp)? z3
Now, on using (2.4), we get the required result. O
Lemma 4.8. Fork=1,2,--- ,n—1 and z € (0,00), we have

/w (@), ge—a—2 / G0 L L o p@)? )
0 0 (

) (t —yr) 2ys, t— k) 2y (L) (2) 2k
‘ nL @) | (L)) L) -1 7
@y @ @) 2 ()t
20p(Ly") (x)  nyrLn’(yr)  2ukLn (yr) Yk Jo
Proof. The result follows on same lines as previous lemma, we omit details. ]

Lemma 4.9. (/1)) If f) exists and is continuous in [0,00), 7 > 0, then there exists a
polynomial Gy, of degree n > 4r + 5 at most, such that

FD (@) — GO (F12)] = O(1)w (f(r); x(xn—z)> ( :E(ﬂ%—ﬂ:)) _

n n

0<zxz<xp,1=0,1,---,r, where w(f(T),.) denotes the modulus of continuity of f) on
[0, 2p,].

The lemma shows that Gg)(f;()) = fD(0),i=0,1,2,---,r

Lemma 4.10. For xp, k=1, ,n and v = #, we have
_3
30 30,5 O(n i)’ a<%_%
e 2x2 11 \xZAk(a:)\ = O(n_i log n)’ a= % — %
k=1 O(na—%—i)7 a>3g— %.

Proof. Due to lemma 4.7 and (3), we have
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S L) (@) () VLY (@)L (x)
2 Al < 2 1T | T @p |
"z LY (@) (L) W! oy L (1) (L) (2) LY, ><o>‘
= (LY ()3 (L) ()2

n ‘nxgnga>(x)[(Lg°‘ )2 [ U (¢ ‘
o (L) (@)

= Ia1+ Lao+ Iaz + Laa + 1as(say).

By Lemma 4.1, we have

n

IAIZZ

k=1

e Thy V+a+ 2lk(x)| e L

On using Cauchy’s inequality, Lemma 4.2 and Lemma 4.3, we get

l
Iy = (Z ‘6—23% 2u+2a+3|) <Z ’lk ) e;v:E—a—%

(4.13) = O(nZ)e 273 < O(n%)e%zx_T_%.
Again by using (2.7) and Lemma 4.1 in 142, we have

1 3z p4324 91 33 _3a_5
IAQZO(ﬁ)Ze 2 P I
k=1
(4.14) = O(n 2)eTa 51
due to Lemma 4.2. Similarly,
(4.15) Iiz=0(1)esz 5 1 <O(l)esz 5 1
and
(4.16) Ii=O0(n3 )%z > L < O(n3 1)z 21,
2+§

On multiplying and dividing Ia5 by z,
for x and x, we get

n 5z a3 T
Lo = 00 3| ”*3“”( ey @ [ >dt)
k=

By Lemma 4.5 and Lemma 4.2 it follows that
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5
o fora < § — 7,
(4.17) Lis = O(n 32~ 573 <O 3)eFa™ %71,
_ 5
e for a = % -3
(4.18) Ins=0(n"2 logn)esz 5 1 <O(n 2)esa 5 1

ofora>%—%

(4.19) Ia5 = O(na_%_i)e%wﬂv_%a_Z < O(na_%_i)e%m_%&_%.
Thus by (4.13), (4.14), (4.15), (4.16), (4.17), (4.18) and (4.19) the lemma follows. O
Lemma 4.11. Fory,, k=1,--- ,n—1 andv = TJQW, we have
] O n_%), a<g—
e Tasti Z |y, B (2 O(n_% log3 n), a=95-1
O(n?*—2F2) a>§—1

Proof. On using Lemma 4.8 in (3.4), we get

1
Z |lyi, Br(x Z

L< ()i <x>]2‘ +Z yz[LnC“)(x)Pl;;(m‘

e <yk> =1 2L ()2
n—1 u ( -1 —17 () (@)yr ()
< @y (z) LS (@) (L) () L5 (0)
+
Z L (yn)]? ‘ = 2n L5 ()3 ‘
1/ 1 () (a)s x
N yk—2 1+4n)yk+20<+4)L @) (Ln )" (@) [0y 0
; $n(LE) ()2 / o

= Ip1 + Ipa + I3 + Iy + Ips(say).
Now, on using (2.7) for x and y; and Lemma 4.4 and Lemma 4.2, we have

1"‘

Byk 30‘ 11} 3 30 7 3 3a_ 7
V+ B e?zx_Ta_Z =0 (n_1/2> e?zx_Ta_Z_

3

k:

Again by using (2.7) for = and yj, we have

Ipy = O(l)ezafa*% Z
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On using Cauchy’s inequality, Lemma 4.2 and Lemma 4.3 in above equation, we get

2

1
n—1 2 n—1
- v * z, —a—2
I = OQ) (Zre 20,2 \) (zw»?r) ot
k=1 k=1

(4:20) = O(ni)ea "4 < OMmi)efa 51,
Similarly,

(4.21) Ips =0 1)e"z o L <Om 1)esa™ 31,
and

(4.22) Ipy = O(nE+i)ers™ < OB+ ¥ o ¥ 1,

On multiplying and dividing 5 by [L,(f‘) (yx)]? and using (2.7) for = and y; and Lemma
4.1, we get

n—1
Igps = O(n™ %) Z ‘672% (y,’;+20‘+2 —2(1+ 4n)y;€’+20‘+1 + (2a+ 4)yZ+2")
=1

(1w [ e

Now, due to Lemma 4.6 and Lemma 4.2, we have

ety

ofora<%—1

(4.23) Ips <O(n 2)ezz s 1.
e for a =5 — 1, we have
(4.24) Ips = O(n*% log n)e*z~ 1 < O(n*% log n)e%w*%&*g
o for a > § — 1, we have
(4.25) Ips = 0(712“_‘”%)e”””x_o‘_1 < O(n2“_°‘+%)e%x_%&_g.
Thus by (4.20), (4.20), (4.21), (4.22),(4.23), (4.24) and (4.25) the lemma follows. O
Lemma 4.12. Fory,, k=1,--- ,n—1 andv = HQ”, we have
n—1 On_%), a<§—1
Y TG = O logm),  a=5 -1
k=1 O(nza—w%) a>35—1



128 Shankar & Mathur: (0;0,2) - Interpolation on Laguerre Absicass

Proof. On multiplying and dividing (3.4) by [L,(f“) (yx)]? and on using (1.5), (2.7) for = and
yr and Lemma 4.1, we get

n—1 n—1
v— —« 3 v o ’ T o
>t = 00 Y | (0 [ o) e
k=1 k=1 0
which due to Lemma 4.2 and Lemma 4.6 gives
o fora< g —1
n—1 5
(4.26) > lyp Crl@)| = O(n2)e"z >
k=1
o fora=95 -1
(4.27) Z Y/ ()] = O(n™2 log n)e"a= .
o fora>5 -1
(4.28) Sy Ok(@)] = O(n2eoF 3 )etg o,
Owing to (4.26), (4.27) and (4.28), the lemma follows. O

5 Proofs of Theorem 3.1

Proof. Let Gp4+a(f) be the polynomials defined in Lemma 4.9 then

[f(@) = Rnolf;2)] < [f(#) = Gnialf;2)] + |Gnialf; 2) = Bnalf; o)

<o ( sy, VL %—x)) (¢x<xn—x>)7“

+ > 1 f(zn) = Graalfi o) | Ap(x \+Z’f (k) = Gntalf;ur)|Be(z)]
k=1

n—1
+ ) 1" (k) = Gura ("5 90)|Cu(2)] + 1 £(0) = Gura(f:0)| Ao(2)]
k=1

Ell+12+13—|—f4—|-[4+15.
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Now, by the definition of modulus of continuity, we have

(r+v)

o)) w0\
L=001) Y22 —0()r 2 e, (1-— n= ),

n Tn

which due to (2.10) and taking "5 = v, gives

r+v)  _ ()
2

(5.1) L =01)x n~ 2 =0(1)z"n"".

On using Lemma 4.9, (2.10) and taking "5 = v for I, we get

ho= Y0 (f(”; wk(ﬁﬁj”’”)( xk(ﬁj‘“)) Au(z)
k=1

n

= O(n™"))_ lefAx(@)],

k=1

which, due to Lemma 4.10, gives

O(niufg)e%xfgfa a < % _ %
(52) I, = O(’I’L_V_% log n)e%x_%_%’ a = % _ %

Ottt tE, a> g}
Similarly, due to Lemma 4.9, (2.11) and Lemma 4.11, we have

O(n v 2)6%117_%_%7 a < g -1
(53) I3 = O(n_l/—% log n)@%x_%_ij a = % -1

N R
and

O(n~ " 2)etx 71, a<§—1
6 h={ 0mlog merset,  a=g-1

O(HZG*V*aJr%)ezx—a—l’ a> % _1
Owing to Lemma 4.9,
(5.5) I; = 0.

Thus by (5.1), (5.2), (5.3), (5.4) and (5.5) theorem follows. O
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