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Abstract

We have derived some extended fractional derivatives of certain el-
ementary functions, extended Generalized Gauss hypergeometric func-
tions, extended Appell’s hypergeometric functions and Generalized Lau-
ricella hypergeometric functions in one, two and more variables containing
extra parameters.For the sake of clarity and easy readability, we may first
study the properties of extended Appell’s hypergeometric functions and
then we can view the extended Lauricella’s hupergeometric functions as
a further generalization of Appell functions.
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1 Introduction, Definitions and Preliminaries

In 1997, M.A. Chaudhry, A. Qadir, M. Rafique and S.M. Zubair [3] presented the following
extension of Euler’s beta function

1
(1.1) By(z,y) = /0 t* 11 — )y Lexp <_t(1p— t)) dt, R(p)>0.

Afterwards, M.A. Chaudhry and S.M. Zubair [2] used Bp(z,y) to extended Gauss hyper-
geometric function and Kummer confluent hypergeometric function as follows

By(b+m,c—b) 2™
B(b,c—b) m!’

(1.2) Fy(a,b;c; z) = Z(a)m
0
(

in(b+m,c—b)ﬁ
B(b,c—b) m!’

0
(p=0,[z] <1L;R(c) > R(b) > 0)

(13) Dy (b6 2) =
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In 2011, E. Ozergin, M. Ali Ozarslan and A. Altin [6] introduced the following generaliza-
tions

(1.4) Féa”g) (x) = /OO >~ R (a; B;—t — Zg) dt,
0
(R(p) = 0,R(z) > 0, R(er) > R(B) > 0)
! p
15 B = [ e g (asse gt

(R(p) = 0,R(x) > 0,R(y) > 0, R(a) > R(B) > 0)

In this paper, our extensions mainly based on the following generalization of gamma and
beta functions:

Definition 1.1 ([7, p.243]). Let a function ©({ki}icn,;2) be analytic within the disk
2] < R (0 < R < o) and let its Taylor-Maclaurin coefficients be explicitly denoted by
the sequence {ki}ien,. Suppose also that the function ©({ki}ien,; ) can be continued an-
alytically in the right half-plane R(z) > 0 with the asymptotic property given as follows:

(1.6) O(ki; z) = ©({kitieno; 2)
{f;kﬁf (|2] < R;0 < R < 003 ko = 1)
=4 i=0
Moz¥ exp(z)[1+ O ()] (R(2) = 00; My > O;w € C)

for some suitable constants My and w depending essentially on the sequence {k;i}ien,. We
can define extended Gamma function Fl(ykl)(z) and the extended Beta function

(1.7) (k) () = /OO 1@ ({kl};—t— %) dt,
0
(R(p) > 0,R(2) >0,)
1
(19 B i) = [ 0= 026 (k- Py )

(R(p) = 0, min{R(e), R(5)} > 0)

By introducing one additional parameter q with ®(q) > 0, we have

1
(19) Bt = [ eta-ore (y-f - 1y a
(min{R(p), R@)} > 0; min{R(a), RE)} > 0)

Definition 1.2 ([7]). The Extended Gauss hypergeometric function o Fy®) is defined by

e {ki} n

{k} | a,b By’ (b+mn,c—0b)z
1.1 F czipa| =Y (a)n =
( O) 24 |: c 2y 2 q:| nzo(a) B(b,C— b) n!

(2] < 1;min{R(p), R(q)} = 0; R(c), R(b) > 0)
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If ©(k;; 2) = exp z, we write

i(“) Bpg(b+n,c—b) 2"
" B(b,c—b) n!

a,b

C

(1.11) 2 F1 [ 23, q] =

n=0

For the extended Gauss hypergeometric function gFl(kl) [ a,cb 25D, q] , we have the following
integral representation:
{ki} | @b 1 b b1
1.12 F Tz == 1= (1= 2t)
( ) 24 |: c 7Zap)q:| B(b,Cb)/O ( ) ( Z)
b q
O {k};—= - dt
<{ B —t)) ’

(R(c) > R(b) > 0, R(p), R(q) = 0;p = ¢ =0larg(l — z) <)

Definition 1.3 ([7]). The extended Appell’s hypergeometric functions of two variables and
extended Lauricella’s hypergeometric function of three variables are as follows:

— By(a+m+n,d—a) z"y"
1.1 F sy, y;p) = £ : n(@m— =3
( 3) 1(a7b7 G da%%p) R;O B(a,d— a) (b) (C) n! m!

(max{z], [y} < 1)

> (a)m+an(b+nad* b)BP(C+m7€ 70) z"y™
1.14 Fy(a,b,c;d,e; ip) = PRE
( ) 2(&, 7C’ ’6’x7y?p) an:O B(b,d_b)B(C,e—C) TL' m!’

({lzl + v} < 1)

and

~ Byla+m+n+re—a)(b)m(c)p(d), z™y" 2"
3 .o — b ? g Z .
(1.15) Fp(a,bediesz,y,2) = Y Bla,e —a) m! nl rl’

n,m,r=0

VIl + VIl + V=l < 1)

Respectively, notice that the case p = 0 gives the original functions.

The extended Appell’s hypergeometric functions of two variables for additional param-
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eter ¢ with Fl{kl}(a, b,c;d;x,y;p,q) and Fé{kl}(a, b,c;d,e;x,y;p,q)

(1.16) F{" (a,b,¢;d; 2,93, )
_ i B;f“ql}(a+m+n,d—a)(b) (c) "y
_nm:0 B(a,d —a) nOm
(max{[z[, ly[} < 1, min(R(p), R(q)) = 0)
(1.17) FY a,b,¢;d, e; 2,95, )
_ i (a)m+nBl{>,kql}(b+n’d_b)Bl{’ﬂk‘Il}(C_‘_m’e_c)ﬁﬁ'
_nm:0 B(b,d — b)B(c,e —¢) n! m!’

({lz[ + [y} < 1, min(R(p), R(qg)) > 0)

Extended Lauricella’s hypergeometric function,

(118) Fg,{kl}(a7 ba ¢ d7 63%%2519)
> Békl}(a +m+n+re—a)(b)m(c)n(d), z™y" 2"
_anZO B(a,e —a) m! n! r!l’
{VIzl + Iyl + VIzl} <1,R(p) > 0)

For additional parameter ¢ with R(q) > 0, we have

(L19)  Fp gy(ea, B Bri@i ... 25 p,q)

o

= Z (ﬂl)m1 e (5T)mr

mi..myr=0

(max{lzy| ... [z,[} <1, min(R(p), R(q)) = 0)

B;,ktjl}(()éﬁLml‘F...quT,ryfa)x;m Zmr

B(a,y — «) mi! T my!



GANITA, Vol. 68(1), 2018, 15-32 19

And integral representations of extended Appell’s hypergeometric functions

(1.20)

Fl{k’}(a b,c;d; x,y; p,
a— 1 d a—1 _ —br1 _ —c ._2 - q
ad—a) ; t (1—at)°(1 —yt) @({kl}, ; 1—t) dt
(min(R(p), R(q)) > 0; max{|arg(1l — x)|, |arg(1 — y)|} < 7, R(a) < 0)
(1.21)
Fz{k’}(abcdea: Yip, q

tb 1 d b—1 e~ 1(17.[/.)6—0—1
(bd b) B ce—c// 1—xt—ys)

© <{kl}; -5 > ({kl} - 1> dtds

(min(R(p), 8“3(61)) > 0;|z| + |y)| < 1,R(d) > R(b) > 0,%R(e) > R(c) > 0)

and integral representations of extended Lauricella hypergeometric functions

(1.22)
Fp (o, B Brsvi@n .. 2 p, q)
_ F(’}/) ! a— 1 a—1 ﬁj
e e, “ 0" HHJ otk f - L)

(R(p), R(q)) = 0; max{|arg(1 — wl)\ v larg(l =) [} <7, R(7) > R(a) <0)

2 Application of Generalized Extended Riemann-Liouville Fractional
Derivative Operator

H.M. Srivastava, R.K. Parmar and P. Chopra [7] introduce the following generalizations of
the extended Riemann-Liouville fractional derivative operator D:”

i Sz = 7 Ok heny: 5) f (D)
(R(p) < 0,R(p) > 0)

d™ pu—m,p
WDz,({kz}leNo){f(z)}
(R(p) >0,m—1<R(p) <m);m €N

(1) Dl {f()} =
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Moreover, the fractional derivative operator D'"*? e ({krhie ) defined by (2.1) can be further
extended as follows:
o Joz -t 1e ({kl}leN03 =+ - %) f(t)dt
(R(p) <0)

%D# {YZEZN ){f( 2)}
(m—1<R(p) <m);meRN

Where (min{R(p), (R(q)} > 0) and the path of integration in the Definition 2.1 and 2.2 is
a line in the complex t-plane from t =0 to t = z.

Theorem 2.1. Let Re(\) > —1, Re(u) < 0 then
{ki} :
DHP () = By (A + 1, —p;p) Ap
z,({ki}ieng) NG
Proof. Using (2.1) and (1.8) and let Re(\) > —1, Re(u) < 0, we get

1 /7 o —pz*
H,p A — A _ 12 1 o« £
D tieny) V271 = P(—u)/o A <{k’}l€N°’ (z —t)t) dt

_ 1 1uz’\z_“_1 _u)hl e N B
- [P e we (lhews ) =

()" /1 A —p—1 —p
= 1= u) 710 ( {kihien; d
F(—,U,) 0 (U) ( U) { l}lGNm (1 —U>’U, U
k
_ B “1P) Ay
I'(=p)
Hence the proof is completed.
Theorem 2.2. Let Re(\) > —1, Re(a)) >0, Re(p) <0 and |z| < 1. Then

(2:2) D%P{Zl}le%){f( 2)} =

_ _ N A
D?,({’ZIP}ZGNO){ZA 1-2)}= Eug HL R (o, g s 25 p)

Proof. We can write as
)\7},1,7p A—1 _ —«
DZ7({kz}leN0){Z (1—-2)7"
2

= =N /OZ A1 -z -t e ({kl}leN0§ (z_fzt)t> dt
(Z),uf/\flz)\fl

_ W /0 1 TN - uz) (1 —w)r e <{kl}leN0; (z:];)u> zdu

_ (" o ERY (g X e e
A)B(A,u AN E (e, As s 25 p)

p1

,_J

($<W1FWMaAmzm
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Whence the result.

Theorem 2.3. For Riemann-Liouville fractional derivative operator for two parameters,
let Re(A) > —1, Re(u) < 0 then
k
1,9, () = Bp,ql}()‘ +1,—p5p,q) An
z,({ki}ieng) NG ’

Proof. Using (2.2) and (1.9) and let Re(\) > —1, Re(u) < 0. then

,P,q

Dz({kz}zeN){ }
1 N —pel . Thz gz
_F(—u)/o Pz — 1) @({kl},%, t Z_t>dt

1 _
— v [ @ = 0 e (e T - L) s
H(A—p) N Cuc1 P q
=2 [wra - (thhews 2 - 1)
_ B+ 1,—pip,q) e

I'(—p)
Proof is completed.

Theorem 2.4. For Riemann-Liouville fractional derivative operator for two parameters,

let Re(\) > —1, Re(a) >0, Re(u) <0 and |z| < 1. Then

DYt AT =2 = ?E,XZ“‘IZFE’“%, i 5 230, 9).
Proof. We can write as
Dl 10 =9 7)
— i | P0G 06 (fhhews T - 2 Yt
- <z>“(:1i;1 /0 (- wp e ({kl}lem; e u) 2du
=T 2 A)B(A,u — N2 (0, X s 25 p, q)
F(Mg( Y F Y (0, M s 20, )

Whence the result
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3 The extended fractional integral of an analytic function

The following theorems determine the extended fractional integral of an analytic function
for single and double parameters.

Theorem 3.1. Let f(z) be an analytic function in the disc |z| < p and has the power
o0
series expansion f(z) = > anz", then

n=0

w,p A—1 _ w,p A4n—1
Dz’({kl}leNo){z f(2)} = ZoanDZ,({kl}zeNo){z }

ZA—p—1) 2 Bl .
= F(_Iu)nz:oan P (A+n, —p;p)z
Provided Re(\) > 0, Re(p) < 0 and |z] < p.

Proof. We have

P A—1
D kipeng 127 f(2)}
o
=D (tkihieny) {Z z_;]“”z }

1 Z,\—looanz___1 . p
_F(_M)/(] t nz:;) nt ( t) K @<{kl}l€N07(z_t)t) dt

I 1 P AN ) I € ) il P ooa uz)"zdu
= reg L 0@ 0 (s ) S

(2P

— 1u/\—1 — ) H S Ooa uz)"du
=Sy @ a6 (e i) S

o
Since the series ) apz"u™ is uniformly convergent in the disc |z| < p for 0 < u < 1
n=0

and the integral fol ‘(u)’\_l(l —u)"* O ({ ki ey ﬁ)

35| du is convergent provided that

Re(M\) >0, Re(u) < 0 and |z| < p, we can change the order of integration and summation
and obtain

A—p—1
787 A—1 _ (2)
D rnen V27 F(2)} =

L At 1
an(2)" w) (1 —u) T
P e [ @)

n

O({ki}ieny:

Ol

= N, B O 40, —psp)2”

-D
(1-— u)u)du
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Hence the result.

Theorem 3.2. Let f(z) be an analytic function in the disc |z| < p and has the power
[e.e]

series expansion f(z) = > anz", then

H,pP,q >\_1 H,p,q >\+n—1
Dzv({kl}leNo){Z f(2)} Za" z,({ki}ieng) {z t

)\ u—1)
= Z“nB{kl} A+ n,—p;p, q)2"

Provided that Re(X) > 0, Re(p) < 0 and |z| < p.

Proof. We have

D59 A—1
D> (kihien,) {271 (2)}
=D ({kz}le%){ Z_%“nz }

1 e a1 —pz gz
= t nt"(z =) k ;—— — dt
i Jy 7 et =070 (thews H>

0

(Z)/\—/L—l 1 1 i —p
- W 0 (u) (1 ) @ {kl}l€N07 — Zan UZ
o0
Since the series ) a,z"u™ is uniformly convergent in the disc |z| < p for 0 < u < 1 and
n=0

the integral fol ‘(u))‘_l(l —u) PO ({kibieny: <2 — ﬁ)’ du is convergent provided that
Re(M\) >0, Re(u) < 0 and |z| < p, we can change the order of integration and summation

and obtain

(P &

! An—1 —pu—1
P e [ @)

© (‘Uﬂ}leNo; —Tp T u) du

)\ p—1
ZanB{’”} A+n,—pp, q)2"

w,p A—1 _
Dzv({kl}leNo){z f(2)} =

Hence the result
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4  Further Generalization of some Results

Now we will deal with the further generalizations of Theorem 2.2 and Theorem 2.4 in terms
the extended Appell’s hypergeometric functions in two variables, Fl{kl}(a, b,c;d;x,y;p,q)

and FQ{k’} (a,b,c;d,e;x,y;p,q) and the extended Lauricella’s hypergeometric function of r
variables x1;...;x,, Wthh are defined by F {k }(al,ﬂl Byt XDy q)-

Theorem 4.1. Let Re(p) > Re(A\) > 0, Re(a) > Re(f8) > 0; |az| < 1 and |bz| < 1. Then

Ai#?p A—1 _ —Q o IB ( ) 1 {kl}
Dzv({’fz}lezvo){z (1—az)"*(1—-0b2)""} = (M) FTP (N« B s az, bz p)

Proof. Considering the Theorem 2.1 and using (1.16) we can write as

D;\I{lzf}lez\fo){z)\_l(l —az) (1 - bz)_ﬁ}

_ b o e e
= T =) /0 AN —at)" (1 —bt) P ({kz}leNo, e t) ) (z — gt

_ L lu)\_l ~auz) "1 — buz _u A1 —p y
IRYUEDY /o (1 ) 71— buz) (1 - w) O <{k?z}lezv0, — u)u> d
= mz“lﬂ{k’}(%a,ﬂ; 11 az, bz; p)

Hence proved.

Corollary 4.1. Let Re(u) > Re(X) > 0, Re(a) > Re(B) > 0; |az| <1 and |bz| < 1. Then

D’\ {"k’f}lw {11 —az) (1 —b2) ")

_w -1 B 8 ik} az bz
—F(M)z“ (1—az)"*(1—-0b2)""F <u )\aﬁu, b1 )

Proof. Now using, [4, p. 15, Theorem 3.2] we can easily obtain the following transfor-
mation

FPY O\, a, B; s az, bz; p)
bz
—(1— —a] _ —BF{kl} _ ... az . )
( az) ( bZ) 1 ,u )‘704757,Uaaz_17bz_17p
Hence the Result

Theorem 4.2. Here we prove the Theorem 4.1 for two parameters.
Let Re(p) > Re(X\) >0, Re(a) > Re(B) > 0; |az| <1 and |bz| <1 . Then

D 20 =070 =0) = L R s i)
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Proof. Considering the Theorem 2.2 and using (1.20) we can write as

Di\vz{ukzlp}leNo){ZAil(l - az)ia(l - bz)fﬁ}

— 1“(;;—)\) /OZ A1 —at)" (1 —bt) PO ({kl}leNO; _sz B Zq_zt> (- P> lat
_ 1 N Z
N 1%/ w1 = auz) " (1 = buz) P (1 —w)t 'O <{kl}leNo; Tp B Zq_ t) du
re

P 1F{k’} N\, B az,bz;p, q
T Y

Hence proved the theorem for two parameters.

Corollary 4.2. Let Re(u) > Re(A\) > 0, Re(a) > Re(B) > 0; |az| < 1 and |bz| < 1. Then

DAL (70 = a2) (1= 2) )

L'(A) p—1 - 8 ik} az bz
— N _ «@ _ -\ gy - 7= . .
F(,U,)Z (1 CLZ) (1 bZ) Fl ,U, 7a7ﬂvua CLZ—].ij—l’p7q

Proof. We can easily obtain the following transformation using [4, p. 15, Theorem
3.2]:

F'Y O\ o, 8 3 02,02, 0)

S LN 9% bz
_(1 CLZ) (]‘ bZ) Fl (:U‘ )\’a’@u’az—l’bz—l’p’q)'

Hence the result.

Generalization for r variables

Here we prove the Theorem 4.1 for (two parameters) r variables.

Theorem 4.3. Let Re(p) > Re(A) > 0, Re(81) > 0, Re(B2) > 0...Re(B,) > 0; and
la1z| < 1, |agz| < 1...|ayz| < 1. Then we have

A—14,p, _ B B s
Dz,({k;wp}?ewo){'ZA "1 —a12)™ (1 —ag2) ™ ... (1 - a2)™"}

r

= 1—\( )Zu FD,{kl}(Aaﬁl-~~Br;u;alz---a7’z;p7q)'




26 Chaturvedi and Rai: Some Applications of Generalized Extended ...

Proof. Considering the Theorem 4.2 and using (1.19) we can write as

" o - N - —Mr
Dzv({lz?f)}lquo){ZA 1(1 —a12) ﬁl(l — azz) b, (1 —arz2) B }

- D(p=A) S
B;g,kql}O‘ +mi+ .My, — )\)zm1+m2+..,+mr

= B()‘m“_)‘)zu—l i (BL)my - - - (Br)m, Bzg%}(/\'le—i-...—l—mmM_/\)
NPT i my!...m,! B\ p—X\)
(a12)™ (a12)™* ... (a12)™"

P()‘) pn—1
= FT o B s e Qp 2D,
F(ILL) z Dv{kl}()\7 61 B /J; a1z Qrz;p q)

T

P i (B)my -+ (Br)m, a11m ‘ my

..a
mq!...m,!

Hence the result.

Corollary 4.3. If we take p = q then we get the generalization of Theorem 4.1 for (single
parameter) r variables

z,({k1hien,

_ F()‘) pn—1 or C e .
- F(M)Z FD,{kl}(Aalgl"‘/8T7/’L7alz--'a7’z7p)

DA-pp 0){2/\—1(1 —a12) P (1 —ag2) ™. (1 —ap2) 7P}

Corollary 4.4. Putting r = 3 in Theorem 4.3 we get

Dj,?féf)ﬁ?ewo){zA_l(l —az) (1= 02) (1~ e2) 77}
T'(A) 1.3
= Pramty o A o, B,y wsaz, bz, ez p, q

Corollary 4.5. In Corollary 4.3, after putting r = 3 we get

Dj,z{lélp}leNo){ZA_l(l — GZ)_(X(l — bz)_ﬁ(l — CZ)_’Y}

! ()‘) -1 73
= HF A, B,y s az, bz, ez p
1-\( ) D,{kl}( )
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5 More applications of Generalized Extended Riemann-Liouville Fractional
Derivative Operator

Theorem 5.1. Let Re(u) > Re(A) > 0, Re(a) > 0, Re(B) > 0, Re(y) > 0;
|z| +|2| < 1. Then we have

<1,

1—2z

A=, A-1 —a_ ik} T
Dza({!zlp}lqENO) {Z (1 - Z) 2F1 : (Oé?/B?f% 1 — Z7p7 Q}
F()\) —1 pfki}
= Ty (o, B, Ny, s, 25 p, q
IN(D) 2 ( )

Proof. Using Theorem 2.1 and (1.17), we get

- - — k
DAt {20 e s 1)

~ _ Y 1 BB +ny—8) ( = \"
=Di<fkfa:?ew{f 1m0 g S B =) ()

n=0

1 > B{"”}
B 5 oditien,) { T2 e B)W(l—z)—“—”}

1 " pik <>n (@n(@+ M A ppa  Atim
" BBy - B) > BB +ny-p) DL (B ieng)?

m,n=0

1 - - <x>n<>m+nBé;}<A+mu N et
—Bw,w—mm;:fpvq Bty =B N7ESYR

TS () BBy =) B O maa = 3) (@) 2
T T(u- N " B(B,y - B) Bhu=2) ol

m,n=0

—B(/\ w—A)

Zh=1
BT
)

= 7’2"“71F{kl} a757)\;77/1’;x7z;p7q
™ 2 )

Whence the result.

F{kl}(ajﬂ, Ay s, 230, @) B(A, e — )

Corollary 5.1. Let Re(u) > Re(\) > 0, Re(a) > 0, Re(f) > 0, Re(y)
|z| + |2| < 1. Then we have

- — — k
Di,(flf}’zqezvo){% 11— 2) %" a By ,p,q}

QY

— pn—1 1— _ *&F{kl} _ _ )\ . -z —z .
F(M)Z ( xz Z) 2 0477 B)IU’ 77),“‘71_x_271_x_z7p7q

x
ﬁ <1’
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Proof. Transformation we can easily obtain the following transformation using [4,
p. 15, Theorem 3.2]:
k
Fi" (o, B, Xy, 11,23 p, q)

= (1 — _ —aF{kl} _ _ )\ . —-T —z .
( x Z) 2 aa’Y IB’/‘L ’%M’l—x—z’l—x—z’p’q

Hence the proof.

Remark 5.1. Let Re(p) > Re(\) > 0, Re(a) > 0, Re(B) > 0, Re(y) > 0; )l—fz) <1,

|z| 4+ |2| < 1. Then we get the Riemann-Liouville fractional derivative for single parameter

|

A—p, A—1 —« k L. T
Dza({iﬁleNo) {Z (1 o Z) Fé l}(aa Bvr% 1

F()‘) pn—1 {k1}
= 577 F. CM,B,)\; s 3T, 25D
F(M) 2 ( ey )

Proof. If we set p = ¢ in Theorem 5.1, we get function B{kl}(ﬂ +n,v — B) in place of

B{kl}(ﬁ +n,y— ) and B{ l}(A + m,pu — M) in place of B;J}(A +m,pu — A) and using, (7,
p. 243, Remark 1, Equatlon (2.11)], thus we obtain the above result.

Corollary 5.2. Let Re(u) > Re(A) > 0, Re(a) > 0, Re(8) > 0, Re(y) > 0; |[{%] < 1,
|x| + |z] < 1. Then we have
Di,fféﬁleNo) {ZAI(l — 2)"“F{* (o, By = & Z;p}
— ?E;;zu—lu — )k (a v =B, X, 1 fl,x__zl;p)
Dty {70 = F 5 p}
:II:E:;Z#I( _ aF{kz}< B — Ny, s __xl,zil;p>
DX g {27 0= 9 B s o)
= ?E;; L (o <0w =Bt = X __;_ i1 __xz_ Z;p>

Proof. Using, [7, p. 243, Remark 1, Equation (2.11)], we get the following transforma-
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tions

k —a ik x —z
F2{ l}(a767)‘;77,u;x7z;p):(1_3:) FQ{ l} Oé,’}/—ﬁ,)\;’)/,/_,b;i,i;p
z—1 x—-1
k _ k —X z
Fy" (o, B, Xy, i, z:p) = (1— 2) Ry (a,ﬁ,u—/\;%u;z_l,z_l;p>

F{*" @, 8,37, 2, 2 p)

= (1 — _ —aF{kl} _ _ )\ . -z —Z .
( z 2,’) 2 a77 67,“ 7’77:“'71_1._Za1_$_zap

And thus we obtain the above result.

Theorem 5.2. Let Re(n) > Re(A) > 0, Re(a) > 0, Re(B) > 0, Re(y) > 0; |75
|x| 4+ |z] < 1. Then we have

<1,

A—p+m,p, — —a k
Dz(ﬁ}éﬁ) {ZA H1-2) 2F1{ Yo, B; e 7p,q}
'A+m) , 4 ik (Nigm
— oM m
I'(p) (u A ; (1) i4mi!

FQ{kz}(a’ﬁ’A+m+¢;u+i+m;:ﬂ,2;p,Q)
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Proof. Using Theorem 2.4 and (1.11), we get

—ptm _ o itk

Dj,(fg}l:z::) {ZA (11— 2 F" o BT ,p,q}

— DA Htmpg =11 - B{kl} B+n v —05) T "

T Tz({kiheng) 2 (=2 ﬁ v —B) Z: 1>
Dj,zgf—l’—ﬁ:i;:) {ZAl(l - 2)70{2}71{ l}( ﬁa’% _ app(Z}

- - - 1 (@) B{kl}(ﬁ‘i‘n v —5) x \"
_ pA—ptmpg A—l4+mq a
= D% (fadieny) {Z =" 56,5 Z;) - ——

{kl}
— 1 A=ptmp,g ) A—1+m (B+n,v=08), \n —a-n
= BBy = B) = thihieny) | Z . (@)*(1 - 2)

Z B{k‘} (B+n,7—B) (@)™ (@)n(a + )m A ptmipg SA-14+2m
n

/8 v —B) =0 m! z,({kihieny)
B{kl} _ ()" ()min
57 B) mzn:o (B+ny-p) n! m!
k
B];ql}()\ +2m,pu— A —m) .
I(p—A—m)
I‘(:U’_)‘_m)mmzo 3(577_5) B()‘_‘_ma/‘_)‘_m)
(x)' Zf'B()\—I-m,,u—)\—m)
n! m!
2! {k}
= mFg (o, By N+ myy, wsx, 2;0,) BN+ my o — A —m)
I'A+m) _
= (F(H))Z” ES (0, B0+ mi s s, 230, )
Now using [4, p.18, Theorem 3.6], we get
A—p+m,p, — —a k
Dzv({!;;}lei:) {ZA 1(1 - 2) 2F1{ l}( B 7) _ 7paQ}
LA +m) pn—1 S ()\ i+m
_ . —m);
I'(p) (N /\ ZZ:; M)H—ml'

Fg{’“’}(a,ﬁ,A+m+z’;u+i+m;w;M>-

Hence the proof.
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Theorem 5.3. Let Re(u) > Re(A) > 0, Re(a) > 0, Re(f) > 0, Re(y) > 0; |75 < 1,
|x| + |z] < 1. Then we have
A—p—m,p, A—1 - {k1} NN € .
Dza(ﬁﬁl}leij) {Z (1_2) 2F1 : (0475,% 1_Zap7Q}
T pimer Wm <~ vk o Dk
=~ 7 prm—=i_ -1 mcki
St G 2O,
FS* (o, BN+ ks o+ ks 2, 2, 0)
Proof. Using Theorem 2.4 and (1.12), we get
A— —m,p, — m —Q k
Dz:({;;cl}lelpifj) {Z)\ 1+ (1 - Z) 2F1{ l}( 6 ’Ya — 7paQ}
- - o1 (@)nBia} (B+ny—8) [z \"
_ PAH—MDq A-101 _ a nDp,q )
Dzv({kl}leNo) {Z ( Z) B(ﬁjf‘y — 6) nZ:O n' 1— z
- e L (@B (Brny = B) (N
J— A H—m,p,q A—1 _ « n+~p,q )
o Dzv({kl}leNO) {Z (1-2) B(B,v—p) z(:) n! 1— 2

! Eem {kl} ﬁ+ ﬂ n —a—n
- mpi({il}le’ij { - Z !TL S )(x) (1—2)

Z B{kz} (B+n,v—B) (x)'n ()n (a+n)mD)\ p=m.pq  A—1+m
n!

ﬂ v = B) =0 m! = ({kheny)?
—; S {ki} i (x)n (a)m+n
=BG =g 2 B B = AT

m,n=0

k
B;ql}()\ +m, p+m— )\) Z,u+2m—1
L(p+m—X)

D(p+m—A) ~~ ™ B(B,y — fB) BO\+m,u+m—N\)
© 2 Bx 4 m - A)
n: m:
Z/H—m—l (I}
T Tarmonie (e, B, A+ msy, %, 25, ) BN +m, i — X —m)
(A

:7Z#+mle{kl} a, ,A; L miT, 2, q).
(i + m) 2 (o B Ay P;q)
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We can easily obtain the following transformation using [4, p. 18, Theorem 3.6], we get

A— —m,p, — — k X
D7 Gkhicg) {ZA 1= 2) A" (o, By P q}
Nk

1t)

3

_ () Sutm—1 (1)m _1\km
TTaam” (- Mm k:O( DTG

F (0, BN + ks o+ ks 2, 23 p, q)

~

e

Hence the proof.
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