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Abstract

In this paper we study Ricci solitons on invariant and anti-invariant
submanifolds of indefinite Sasakian manifolds, indefinite trans-Sasakian
manifolds, indefinite Kenmotsu manifolds with respect to Riemannian
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1 Introduction

R.S. Hamilton[8] introduced the notion of Ricci flow to find a canonical metric on a smooth
manifold. G. Perelman[17] used Ricci flow and its surgery to prove Poincare conjecture.
The Ricci flow is an evolution equation for metrics on a Riemannian manifold defined as
follows:

∂
∂tgij(t) = −2Rij .

A Ricci soliton emerges as the limit of the solutions of the Ricci flow. A solution to the
Ricci flow is called Ricci soliton if it moves only by a one parameter group of diffeomor-
phism and scaling. A Ricci soliton (g, V, λ) on a riemannian manifold is a generalization
of an Einstein metric such that[9]

£V g + 2S + 2λg = 0,
where S is the Ricci tensor, £ is the Lie derivative operator along with the vector field V
on M and λ is a real number.

Ricci solitons have become more important in differential geometry after Perelman ap-
plied them to solve Poincare conjecture posed in 1904. R. Sharma[18] studied the Ricci
solitons in contact geometry. Thereafter, Ricci solitons have been studied by various math-
ematicians such as C.L. Bejan and M. Crasmareanu[1], S.K. Hui et. al.([3],[11],[12],[13],[15],
[16]), S. Deshmukh et. al.([4],[6]), C. He and M. Zhu[10], M.M. Tripathi [19] and many
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others. Motivated from their work in this paper we have established some new results re-
garding Ricci solitons on submanifolds of some indefinite contact and paracontact manifolds
like indefinite Sasakian manifold, indefinite trans-Sasakian manifold, indefinite Kenmotsu
manifold.

S. Golab[7] defined and studied quarter symmetric linear connection on a differentiable
manifold. A linear connection ∇̄ in an n-dimensional Riemannian manifold is called a
quarter symmetric connection[7] if torsion tensor T is of the form

T (X,Y ) = ∇̄XY − ∇̄YX − [X,Y ] = A(Y )K(X)−A(X)K(Y ) (1.1)
where A is a 1-form and K is a tensor of type (1,1). If a quarter symmetric linear connec-
tion ∇̄ satisfies the condition

(∇̄Xg)(Y, Z) = 0
for all X,Y, Z ∈ χ(M),where χ(M) is a Lie algebra of vector fields on the manifold M ,
then ∇̄ is called a quarter symmetric metric connection. For a contact metric manifold
admitting quarter symmetric connection, we can take A = η and K = φ and hence (1.1)
becomes

T (X,Y ) = η(Y )φX−η(X)φY. (1.2)

The relation between Levi-Civita connection ∇ and quarter symmetric metric connec-
tion ∇̄ of a contact metric manifold is given by

∇̄XY = ∇XY − η(X)φY. (1.3)

Recently S.K. Hui et. al. studied invariant submanifolds of (LCS)n-manifolds with
respect to quarter symmetric metric connection.

A (2n+1)-dimensional semi-Riemannian manifold (M̃, g̃) is called an indefinite almost
contact manifold if it admits an indefinite almost contact structure (φ, ξ, η), where φ is a
tensor field of type (1,1), ξ is a vector field and η is a 1-form satisfying for all vector fields

X,Y on M̃ [2],

φ2X = −X + η(X)ξ, η ◦ φ = 0, φξ = 0, η(ξ) = 1,

g̃(φX, φY ) = g̃(X,Y )− εη(X)η(Y ),

g̃(X, ξ) = εη(X), g̃(φX, Y ) = −g̃(X,φY ).

Here ε = g̃(ξ, ξ) = ±1 and ∇̃ is the Levi-Civita connection for a semi-Riemannian metric
g̃.
Based on the structure equations manifolds are as follows [2]:

• An indefinite almost contact metric structure (φ, ξ, η, g̃) is called an indefinite Sasakian

structure if for all vector fields Z,W on M̃ ,
(∇̄Zφ)W = εη(W )Z − g̃(Z,W )ξ,
∇̄Zξ = −εφZ. (1.4)

• An indefinite almost contact metric structure (φ, ξ, η, g̃) is called an indefinite trans-
Sasakian structure of type (α, β) if

(∇̃Zφ)W = α[g̃(Z,W )ξ − εη(W )Z] + β[g̃(φZ,W )ξ − εη(W )φZ],

∇̃Zξ = −εαφZ+εβ[Z−η(Z)ξ]. (1.5)

for smooth functions α, β on M̃ and for all vector fields Z,W on M̃ .
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• In [5], U.C. De and Avijit Sarkar introduced and studied the notion of ε-Kenmotsu
manifolds with indefinite metric by giving an example of α = 0, β = 1, then indefinite
almost contact metric structure (φ, ξ, η, g̃) is called an indefinite Kenmotsu structure. The
structure equations thus become

(∇̄Zφ)W = g̃(φZ,W )ξ − εη(W )φZ,

∇̃Zξ = εZ−εη(Z)ξ. (1.6)

Let M be a submanifold of dimension m of a manifold M̃ (m < n) with induced metric
g. Also let ∇ and ∇⊥ be the induced connection on the tangent bundle TM and the normal
bundle T⊥M of M respectively. Then the Gauss and Weingarten formulae are given by

∇̃XY = ∇XY +h(X,Y ), (1.8)

∇̃XV = −AVX +∇⊥
XV (1.9)

for all X,Y ∈ Γ(TM) and V ∈ Γ(T⊥M), where h and AV are second fundamental form
and the shape operator (corresponding to the normal vector field V) respectively for the

immersion of M into M̃ . The second fundamental form h and the shape operator AV are
related by[20]

g(h(X,Y ), V ) = g(AVX,Y ), (1.10)
for any X,Y ∈ Γ(TM) and V ∈ Γ(T⊥M).

The mean curvature vector H on M is given by H = 1
m

∑m
i=1 g(ei, ei), where {ei}mi=1 is

a local orthonormal frame of vector fields on M .

A submanifold M of a manifold M̃ is called totally umbilical if
h(X,Y ) = g(X,Y )H (1.11)

for X,Y ∈ TM . Moreover if h(X,Y ) = 0 ∀X,Y ∈ TM , then M is called totally geodesic

and if H = 0, then M is minimal in M̃ .

A submanifold M of a manifold M̃ is called invariant (anti-invariant) if φX is tangent
(normal) to M for every vector field X tangent to M , i.e. φ(TM) ⊂ TM (φ(TM) ⊂ T⊥M)
at every point of M .

Let ¯̃∇ be a linear connection and ∇̃ be the Levi-Civita connection of a manifold M̃
such that

¯̃∇XY = ∇̃XY +U(X,Y ), (1.12)

where U is a (1,1) type tensor and X,Y ∈ Γ(TM̃).

For ¯̃∇ to be a quarter symmetric metric connection on M̃ , we have
U(X,Y ) = 1

2 [T (X,Y )+T ′(X,Y )+T ′(Y,X)], (1.13)
where g(T ′(X,Y ), Z) = g(T (Z,X), Y ). (1.14)

From (1.2) and (1.14) we get
T ′(X,Y ) = η(X)φY −g(Y, φX)ξ. (1.15)

So, U(X,Y ) = η(Y )φX−g(Y, φX)ξ. (1.16)

Thus, a quarter symmetric metric connection ¯̃∇ in a manifold M̃ is given by
¯̃∇XY = ∇̃XY +η(Y )φX−g(φX, Y )ξ. (1.17)
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2 Ricci solitons on submanifolds of indefinite Sasakian manifolds

In this section we discuss about Ricci solitons on invariant and anti-invariant submani-
folds of indefinite Sasakian manifolds with respect to Riemannian connection and quarter
symmetric metric connection.

2.1 Ricci solitons on submanifolds of indefinite Sasakian manifolds with
respect to Riemannian connection

Let us take (g, ξ, λ) be a Ricci soliton on a submanifold M of an indefinite Sasakian

manifold M̃ .

Then we have (£ξg)(Y, Z) + 2S(Y, Z) + 2λg(Y,Z) = 0. (2.1.1)

From (1.4) and (1.8) we get,

− εφX = ∇̃Xξ = ∇Xξ+h(X, ξ). (2.1.2)

If M is invariant in M̃ , then φX ∈ TM, hence equating tangential and normal compo-
nents of (2.1.2) we get,

∇Xξ = −εφX, h(X, ξ) = 0. (2.1.3)

Using (2.1.3) we have,
(£ξg)(Y,Z) = g(∇Y ξ, Z) + g(Y,∇Zξ)

= −ε[g(φY,Z) + g(Y, φZ)]
= 0. (2.1.4)

In view of (2.1.4), (2.1.1) yields
S(Y,Z) = −λg(Y, Z),

which implies that M is Einstein. Also from (1.11) and (2.1.3) we get η(X)H = 0, i.e.,

H = 0, since η(X) 6= 0. Consequently, M is minimal in M̃ . Thus we can state the following:

Theorem 2.1.1: If (g, ξ, λ) is a Ricci soliton on an invariant submanifold M of an indef-

inite Sasakian manifold M̃ , then M is Einstein and also M is minimal in M̃ .

Again, if M is anti-invariant in M̃ , then for any X ∈ TM, φX ∈ T⊥M and hence from
(2.1.2) we get,

∇Xξ = 0, h(X, ξ) = −εφX. (2.1.5)

Using (2.1.4) we have,
(£ξg)(Y,Z) = g(∇Y ξ, Z) + g(Y,∇Zξ) = 0,

which means that ξ is a Killing vector field and consequently (2.1.1) yields
S(Y,Z) = −λg(Y,Z),

which implies that M is Einstein. Thus we can state the following:

Theorem 2.1.2: If (g, ξ, λ) is a Ricci soliton on an anti-invariant submanifold M of

an indefinite Sasakian manifold M̃ , then M is Einstein and ξ is a Killing vector field.

Also ∇Xξ = 0⇒ R(X,Y )ξ = 0⇒ S(Y, ξ) = 0 = −λη(Y )⇒ λ = 0 and hence:

Theorem 2.1.3: A Ricci soliton (g, ξ, λ) on an anti-invariant submanifold M of an in-

definite Sasakian manifold M̃ is always steady.
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2.2 Ricci solitons on submanifolds of indefinite Sasakian manifolds with
respect to quarter symmetric metric connection

Let us consider that (g, ξ, λ) is a Ricci soliton on a submanifold M of an indefinite

Sasakian manifold M̃ with respect to quarter symmetric metric connection, where ∇̄ is the

induced connection on M from the connection ¯̃∇. Then we have
(£̄ξg)(Y,Z) + 2S̄(Y,Z) + 2λg(Y, Z) = 0. (2.2.1)

Let h̄ be the second fundamental form of M̄ with respect to induced connection ∇̄.
Then we have

¯̃∇XY = ∇̄XY + h̄(X,Y ), (2.2.2)
and hence by virtue of (1.8), (1.17) we have,

∇̄XY +h̄(X,Y ) = ∇XY +h(X,Y )+η(Y )φX−g(φX, Y )ξ. (2.2.3)

If M is an invariant submanifold of M̃ , then φX ∈ TM for any X ∈ TM and hence
equating tangential parts from (2.2.1) we get,

∇̄XY = ∇XY + η(Y )φX − g(φX, Y )ξ, (2.2.4)
which means that M admits quarter symmetric metric connection.

Also from (2.2.4) we get ∇̄Xξ = (−ε+ 1)φX and hence
(£̄ξg)(Y, Z) = g(∇̄Y ξ, Z) + g(Y, ∇̄Zξ)

= (−ε+ 1)[g(φY,Z) + g(Y, φZ)]
= 0.

Hence from (2.2.1) we get S̄(Y,Z) = −λg(Y, Z). Thus we can state:

Theorem 2.2.1: Let (g, ξ, λ) be a Ricci soliton on an invariant submanifold M of an

indefinite Sasakian manifold M̃ with respect to quarter symmetric metric connection ¯̃∇.
Then M is Einstein with respect to induced Riemannian connection.

Again if M is an anti-invariant submanifold of M̃ with respect to quarter symmetric
metric connection, then from (2.2.4) we have, ∇̄Xξ = 0.

Hence (£̄ξg)(Y, Z) = 0. (2.2.5)

Using (2.2.5) in (2.2.1) we get, S̄(Y, Z) = −λg(Y,Z). Thus we can state:

Theorem 2.2.2: Let (g, ξ, λ) be a Ricci soliton on an anti-invariant submanifold of an

indefinite Sasakian manifold M̃ with respect to quarter symmetric metric connection ¯̃∇.
Then M is Einstein with respect to induced Riemannian connection.

3 Ricci solitons on submanifolds of indefinite trans-Sasakian manifolds

In this section we discuss about Ricci solitons on invariant and anti-invariant submanifolds
of indefinite trans-Sasakian manifolds with respect to Riemannian connection and quarter
symmetric metric connection.
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3.1 Ricci solitons on submanifolds of indefinite trans-Sasakian manifolds
with respect to Riemannian connection

Let us take (g, ξ, λ) be a Ricci soliton on a submanifold M of an indefinite trans-

Sasakian manifold M̃ .

Then we have (£ξg)(Y, Z) + 2S(Y, Z) + 2λg(Y,Z) = 0. (3.1.1)

From (1.5) and (1.8) we get,

−εαφX+εβ[X−η(X)ξ] = ∇̃Xξ = ∇Xξ+h(X, ξ). (3.1.2)

If M is invariant in M̃ , then φX ∈ TM, hence equating tangential and normal compo-
nents of (3.1.2) we get,

∇Xξ = −εαφX+εβ[X−η(X)ξ], h(X, ξ) = 0. (3.1.3)

Using (3.1.3) we have,
(£ξg)(Y,Z) = g(∇Y ξ, Z) + g(Y,∇Zξ)

= 2εβ[g(Y, Z)− η(Y )η(Z)]. (3.1.4)

In view of (3.1.4), (3.1.1) yields
S(Y, Z) = −(εβ + λ)g(Y, Z) + εβη(Y )η(Z),

which implies that M is η-Einstein. Also from (1.11) and (3.1.3) we get η(X)H = 0, i.e.,

H = 0, since η(X) 6= 0. Consequently, M is minimal in M̃ . Thus we can state the following:

Theorem 3.1.1: If (g, ξ, λ) is a Ricci soliton on an invariant submanifold M of an indef-

inite trans-Sasakian manifold M̃ , then M is η-Einstein and also M is minimal in M̃ .

Again if M is anti-invariant in M̃ , then for any X ∈ TM, φX ∈ T⊥M and hence from
(3.1.2) we have, ∇Xξ = ε[βX − η(X)ξ], h(X, ξ) = −εαφX.

Hence, (£ξg)(Y,Z) = g(∇Y ξ, Z) + g(Y,∇Zξ) = 2εβ[g(Y,Z)− η(Y )η(Z)].

Hence from (3.1.1) we obtain,
S(Y,Z) = −(εβ + λ)g(Y,Z) + εβη(Y )η(Z).

Thus we have the following:

Theorem 3.1.2: If (g, ξ, λ) is a Ricci soliton on an anti-invariant submanifold M of

an indefinite trans-Sasakian manifold M̃ , then M is η-Einstein.

3.2 Ricci solitons on submanifolds of indefinite trans-Sasakian manifolds
with respect to quarter symmetric metric connection

Let us consider that (g, ξ, λ) is a Ricci soliton on a submanifold M of an indefinite

trans-Sasakian manifold M̃ with respect to quarter symmetric metric connection, where

∇̄ is the induced connection on M from the connection ¯̃∇. Also let h̄ be the second fun-
damental form of M̄ with respect to induced connection ∇̄. Then we can consider the
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equations (2.2.1), (2.2.2), (2.2.3).

If M is an invariant submanifold of M̃ , then we have the equation (2.2.4) which means
that M admits quarter symmetric metric connection.

Also from (2.2.4) we get ∇̄Xξ = (−εα+ 1)φX + εβ[X − η(X)ξ] and hence
(£̄ξg)(Y, Z) = g(∇̄Y ξ, Z) + g(Y, ∇̄Zξ)

= 2εβ[g(Y, Z)− η(Y )η(Z)].

Hence from (2.2.1) we get S̄(Y, Z) = −(λ+εβ)g(Y,Z)+εβη(Y )η(Z). Thus we can state:

Theorem 3.2.1: Let (g, ξ, λ) be a Ricci soliton on an invariant submanifold M of an

indefinite trans-Sasakian manifold M̃ with respect to quarter symmetric metric connection
¯̃∇. Then M is η-Einstein with respect to induced Riemannian connection.

Again if M is an anti-invariant submanifold of M̃ with respect to quarter symmetric
metric connection, then from (2.2.4) we have, ∇̄Xξ = ε[βX − η(X)ξ].

Hence (£̄ξg)(Y,Z) = 2εβ[g(Y,Z)− η(Y )η(Z)]. (3.2.1)

Using (3.2.1) in (2.2.1) we get, S̄(Y, Z) = −(λ+ εβ)g(Y,Z) + εβη(Y )η(Z). Thus we can
state:

Theorem 3.2.2: Let (g, ξ, λ) be a Ricci soliton on an anti-invariant submanifold of an

indefinite trans-Sasakian manifold M̃ with respect to quarter symmetric metric connection
¯̃∇. Then M is η-Einstein with respect to induced Riemannian connection.

4 Ricci solitons on submanifolds of indefinite Kenmotsu manifolds

In this section we discuss about Ricci solitons on invariant and anti-invariant submani-
folds of indefinite Kenmotsu manifolds with respect to Riemannian connection and quarter
symmetric metric connection.

4.1 Ricci solitons on submanifolds of indefinite Kenmotsu manifolds with
respect to Riemannian connection

Let us take (g, ξ, λ) be a Ricci soliton on a submanifold M of an indefinite Kenmotsu

manifold M̃ .

Then we have (£ξg)(Y,Z) + 2S(Y,Z) + 2λg(Y, Z) = 0. (4.1.1)

From (1.6), (1.8) we obtain,

ε[X − η(X)ξ] = ∇̃Xξ = ∇Xξ+h(X, ξ). (4.1.2)

Equating tangential and normal components of (4.1.2) we get,
∇Xξ = ε[X−η(X)ξ] and h(X, ξ) = 0. (4.1.3)

Using (4.1.3) we have,
(£ξg)(Y,Z) = g(∇Y ξ, Z) + g(Y,∇Zξ)
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= 2ε[g(Y,Z)− η(Y )η(Z)]. (4.1.4)

Using (4.1.4) in (4.1.1) we get, S(Y, Z) = −(λ+ ε)g(Y,Z) + εη(Y )η(Z), and also from
(1.11) and (4.1.3) we obtain, h(X, ξ) = η(X)H = 0 ⇒ H = 0 as η(X) 6= 0. Hence we can
state the following:

Theorem 4.1.1: If (g, ξ, λ) is a Ricci soliton on a submanifold M of an indefinite Ken-

motsu manifold M̃ , then M is η-Einstein and also M is minimal in M̃ .

4.2 Ricci solitons on submanifolds of indefinite Kenmotsu manifolds with
respect to quarter symmetric metric connection

Let us consider that (g, ξ, λ) is a Ricci soliton on a submanifold M of an indefinite

Kenmotsu manifold M̃ with respect to quarter symmetric metric connection, where ∇̄ is

the induced connection on M from the connection ¯̃∇. Also let h̄ be the second fundamen-
tal form of M̄ with respect to induced connection ∇̄. Then we can consider the equations
(2.2.1), (2.2.2), (2.2.3).

If M is an invariant submanifold of M̃ , then we have the equation (2.2.4) which means
that M admits quarter symmetric metric connection.

From (2.2.4) we have, ∇̄Xξ = ε[X − η(X)ξ] + φX and hence
(£̄ξg)(Y, Z) = g(∇̄Y ξ, Z) + g(Y, ∇̄Zξ)

= 2ε[g(Y,Z)− η(Y )η(Z)]. (4.2.1)

Using (4.2.1) in (2.2.1) we get, S̄(Y, Z) = −(ε+λ)g(Y, Z) + εη(Y )η(Z). Hence we have:

Theorem 4.2.1: Let (g, ξ, λ) be a Ricci soliton on an invariant submanifold M of an

indefinite Kenmotsu manifold M̃ with respect to quarter symmetric metric connection ¯̃∇.
Then M is η-Einstein with respect to induced Riemannian connection.

Again if M is an anti-invariant submanifold of M̃ with respect to quarter symmetric
metric connection, then from (2.2.4) we have, ∇̄Xξ = ε[X − η(X)ξ] and hence

(£̄ξg)(Y, Z) = 2ε[g(Y,Z)− η(Y )η(Z)]. (4.2.2)

Hence using (4.2.2) in (2.2.1) we obtain, S̄(Y,Z) = −(ε + λ)g(Y,Z) + εη(Y )η(Z) and
hence we can state:

Theorem 4.2.2: Let (g, ξ, λ) be a Ricci soliton on an anti-invariant submanifold of an

indefinite Kenmotsu manifold M̃ with respect to quarter symmetric metric connection ¯̃∇.
Then M is η-Einstein with respect to induced Riemannian connection.
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