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Abstract

In this paper we obtain precisely when zero belongs to maximal nu-
merical range of composition operators on ¢2. By using this result we
characterize the norm attainability of derivations on B(¢?).
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1 Introduction

Let ¢% be the Hilbert space of all square summable sequences of complex numbers under
standard inner product on it and be a function on N into itself. We denote by n, charac-

teristic function of n. Let A, = ¢~!(n) and let /Tn denote the number of elements in A4,,.
Now we state the following result, which characterize the functions ¢ on N into itself which
induce composition operators on £2.

Theorem 1.1. [10] A necessary and sufficient condition that a function ¢ on N into
itself induces a composition operator on % is the set {A, : n € N} is bounded.

A composition operator on % has two representations, which are the following:

(F)Xg-1(j)>  where f =" f(j)x; € €.
j=1 j=1

i

The adjoint of Cy is represented by C3(f) = >_ f(7)xs(j)
j=1

Theorem 1.2. Let Cy be a composition operator on 02 then
(2) range of Cy is always closed.
(77) norm of Cy is given by

|Cy | = VN, where N = max{A, :n € N}.
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Recall that numerical range of an operator A € B(H) is the set

W(A) ={< Az, >: 2z € H,|z|| = 1}.
Definition 1. The mazximal numerical range of an operator A € B(H) is defined by

W,o(A) = {\ € C: there exists a sequence {xy}of unit vectors in H such that ||Ax,| — [|A]],
and < Axp,xy, >— A}

Theorem 1.3. [9] The set Wy(A) is non-empty, closed, convex and contained in closure
of numerical range of A.

Definition 2. Let a = (a1, a2, ...,ay) and b = (b1, ba, ..., b,) be n—tuples of elements in an
algebra A. The elementary operator Eq on A into itself associated with a and b is defined

by Eqp(z) = a1xby + agwbs + ... + anxby,
The number n is called length of the elementary operator E, .

Definition 3. We say a = (a1,a2,...,a,) is commuting family if a;a; = aja; for each
1<14,5 <n. We denote by M,y eleementary multiplication operator, defined by

Myp =azxb,x € A
We define U,y as Ugyp = axb + bra for all x € A

Definition 4. Derivation is a linear map § on an algebra A into itself satisfying
d(ab) = d(a)b+ ad(b)
for a,b e A.

For a fixed a € A, inner derivation J, is defined by d,(x) = az — za.
For fixed a,b € A, generalized derivation 0, is defined by 6, (2) = az — xb for all z € A.
It is clear that J, and .4 are elementary operators of length 2.

In 1970, J.G. Stampfli found an elegant formula for the norm of inner derivation d4
on B(H). He also got an expression for the norm of generalized derivation. Now we state
some results of Stampfli on the norm of derivations and generalized derivations.

Theorem 1.4. [9] For A € B(H), ||6a]| = 2inf{||A — M| : A € C}.
Theorem 1.5. [9] For A € B(H), ||64,g| = inf{||[A— X| + ||B — M| : A € C}.

An alternative approach to computing ||04|| emanating from commutator theory, is
related to results of C.Apastol and L.Zsido [2]. They also proved analogue of the Theorem
1.4 for inner derivations of C*-algebra and W*- algebra.

The notion of maximal numerical was first introduced by J. G. Stamfli [9]. In 1970, J. G.
Stampfli characterize maximum norm of derivations and generalized derivation depending
on maximal numerical range as follows:
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Theorem 1.6. For A € B(H), the following are equivalent:
(i) 0 € Wy(A).
(i) |0l = 2[|A].
(iii) ||Al| < |A+ M|, e C
(iv) [|A? + [\ < [A+AI?, A e C.

Definition 5. The normalized numerical range of A € B(H) is defined by

W (A) = WO(H;H<A>>

The following result is analogue of Proposition 1.6 for generalized derivation.

Theorem 1.7. For A, B € B(H), the following are equivalent:
(1) 1o4,8] = |All + B
(it) Wy (A) N Wi (=B) # ¢.

Norm of Elementary Operators Let B(H) be C*- algebra of all bounded operators
on a Hilbert space H. For an elementary multiplication operator M4 g on B(H), ||Ma, gl =
|Al|.||B|| [6]. For the elementary operator Us p on B(H), defined as Us g(X) = AXB +
BXA, A,B € B(H), it is clear that ||[Ua g| < 2||A|||B]|- In this case it is natural to look
for lower estimate of the form c||Al|||B||. Martin Mathieu Conjectured [7], [8] that ¢ = 1.
In 2003, A. Blanco, M. Boumazgour and T.J. Ramsford [4] and Richard Timoney [11]
confirmed it independently by different methods.

2  Main Results

In this section we shall prove some results on maximal numerical range of composition
operator Cy on /2. By using these results we find a characterization of maximum norm
attainability of derivations and generalized derivations on B(¢?) induced by composition
operators on £2. We shall also prove some results on the norm of elementary operators on
B(¢?) induced by composition operators on /2.

Theorem 2.1. Let ¢(# I) be a one-one function on N into itself and Cy be the compo-
sition operator on (? induced by ¢. Then [0,1] C Wo(Cy) .

Proof. Suppose ¢ is one-one function on N into itself. Since ¢ # I,¢(n) = m for some
m # n.
Then

[Cs(xm) |l = [IXg—1(myll = L = [|Cyl and < Cy(Xom), Xm >=< Xn, Xm >= 0.

Therefore 0 € Wy(Cy). Now if ¢¥(1) = 1 for some least k € N, then let

1
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Clearly || f|| =1

ICsfII> = < Cyf, Cof >

1 1
=< C¢(E(X1 + Xo1) Tt X¢>k—1(1)))7 Cfﬁ(ﬁ(Xl + Xo(1) Tt X¢k—1(1))) >

:% < Xg=1(1) T X1+ oo Xpk—2(1)s Xo=2(1) T X1+ - + Xgh—2(1) >
=1 (because ¢~ 1(1) = ¢*1(1).
Now
<Cuf, f>=< L(X¢—1(1) + X1+ Xpk-2(1)), i(Xl +Xo1) + o+ XpE-101)) >
vk vk
=1 (because ¢~ 1(1) = ¢*71(1)).

Thus 1 € Wy(Cy). If ¢F(1) # 1 for any k € N, then let

k
1
fe == Xgr1)- Then|[f]| = 1 and |Cy(fo)l| = 1 = | Cy]l.
Vk =

k k

Now < Cy fi, fx >= k—;l — 1 as k — oo. Thus 1 € Wy(Cy) in this case also.
Since W,(Cy) is convex, by Theorem 1.3, we have [0,1] C Wy (Cy). O

Theorem 2.2. Let Cy be a composition operator on (2. Then 0 € Wy(Cy) if and only
if n & A, for some n € N such that [|Cyxn| = [|Col|-

Proof. Suppose that for some n € N, |Cy(xn)|| = ||Cyl| and n & Ay,
then < Cy(xn), Xn >= 0. Therefore 0 € Wy(Cy).
Conversely, let

1Csll = vp and A = {n € ¢(N) : |Cs(xa) | = |Co ]},
B ={n e o) :[[Cs(xn)ll < [ICsll}
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Suppose n € A, for each n € A. Now we show that 0 & Wy(Cy).
Let {f,} be a sequence of unit vectors in ¢ such that ||Cy(fn)|| = [|Csll as n — oo

ie | Y fa(@()xill = 1Csll as n — oo
j=1

= ) |fal@()]> = ICslI> = p as n — oo
j=1

= Y RGO+ S @) = pasn - o

jeo1(A) Jj€p~1(B)
(2.1) = > P+ D Al = pasn — oo
jEA jeB
Now -
£all? =D 1P =1= 1D+ D 1l
Jj=1 JEA jEA
Thus

D IRGIP=1=> 1)

jeA JgA
By equation (2.1) B
p(L =Y 1)) + D Al ()P = p

jEA jEB
(2.2) = —pD P+ Al () =0
jEA jEB

Since B C N — A, it is easy to see that

YD =Y 1P = (0= 1) | fali)?

JgA j¢A J¢A
sz ‘fn(])‘Q - (p - 1) Z |fn(])|2
igA jeB
sz | fn(5)]? = ij\fn(j)P (because 1 < A; < p—1 forj € B).
igA jeB

Therefore, by equation (2.2)

(2.3) Z|fn(j)|2—>0asn—>oo
J¢A
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and then

(2.4) Z|fn(j)|2—> lasn— oo
jeEA

Now

< Cyfny fn>= <an X]>Zfﬂ Xj

—<an X;+an s D FaliXs + D Falidxs >

jeEA JjEA jeEA jEA
:<an( XJaan Xj>+<an X]van Xj
jEA JEA J¢A j¢A
:Z | ()12 + Z Fa(d(G))fa(5)]  (because j € A; for each j € A.)
JEA JjgA

Now

DRI AOIEDRICENIFA)]

J¢A j¢A
S( Z | frn(0(4) % Z | fn(g ; (by Holder’s inequality)
jgA jgA
1
<pllfall (O 1))
JEA
=p( Z |fn(])|2)% — 0 as n — oo by equation (2.3)
JEA
But Y |f.(j)]? = 1 as n — co by equation (2.4).
JjEA
Therefore < Cy frn, fn >— 1 # 0. thus 0 ¢ Wy(Cyp). Hence the proof. O

From the proof of above Theorem, we have the following corollory.
Corollary 1. If 0 ¢ Wy(Cy), then Wy(Cy) = {1}

In view of Theorem 1.6 and Theorem 1.2. we have the following characterization of the
norm of a derivation induced by composition operators on £2.

Theorem 2.3. Let Cy be a composition operator on 2 and n ¢ A, for some n such
that |[Cy(xn)l| = IC5]l. Then
(Z') 0e Wo(C¢).
(i) 104 = 2| Cl-
(iii) |Col < |[Cy + M|, A € C.
(i) |Gyl + [\ < [|C + M[*, A € C.
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Theorem 2.4. Let Cy and Cy be two composition operators on 2, where ¢ and
Y (¢ # 1,9 # I) are one-one functions on N into itself. Then

10cy,cll = ll6c, | + lldc,II-

Proof. First note that normalized maximal numerical range Wi (Cy) = Wy(Cy) when ¢
is one-one i.e. ||Cy|| = 1. Since ¢ is one-one [0,1] C Wy(Cy) = Wn(Cy), by Theorem
2.1. Similarly [0,1] € Wx(Cy). For A € Wi (Cy), it is easy to see that —\ € Wy (—Cy).
Therefore [—1,0] € Wx(—Cy). Thus Wn(Cy) N Wn(—Cy) contains zero so non-empty.
Hence

16c,.04 | = 1dc, [l + [ldc, |

by Theorem 1.5. 0

Now we shall state a result of M. Barraa and M. Boumazgour [3] which is useful in our
context.

Theorem 2.5. [3] Let A,B € B(H). Then ||A+ B| = ||A| + ||B]| if and only if

|A||||B]| € W(A*B), where W (A) denotes numerical range of A.

Theorem 2.6. Let Cy and Cy, be two composition operators on 02 where both ¢ and
are one-one and onto functions on N. Then ||Cy + Cy|| = ||Cyll + ||Cy]|-

Proof. If ¢ = 1, then above equality is clearly satisfied. Assume ¢ # 1 Since ¢ and
1 are one-one and onto, Cy and Cy, are invertible composition operators on 72, Also C;

is an invertible composition operator on ¢? induced by ¢~!. Since composition of two
composition operators on #2 is again a composition operator on £, C’;’;Qp is a composition

operator on ¢? induced by ¢oi)~!, which is one-one and onto function on N. Since ¢ =
pop~! is one-one and ¢ # I, [0,1] C Wy(C¢) by theorem 2.1. But Wy(C¢) € W(C;)
by Theorem 1.3. Thus [|Cy||[|Cy|l = 1 € W(C¢) = W(C;Cly). Therefore [|Cy + Cy|| =
|Csll + [|Cy|| by Theorem 2.5. O

Theorem 2.7. Let Cy = (Cy,,Cy,) and Cy = (Cy,,Cy,) be 2-tuples of composition
operators in B(%), where ¢1, ¢2,1 and v are one-one and onto functions on N. Then

2
1Ec,.cull = D I1C 11 Cull

=1

Proof. We have Ec, ¢, (X) = Cy, XCy, + Cy, XCy,. Since ¢1, ¢2,%1 and 1z are one-one
and onto, [|Cy, || = [|Cg,|| = [|Cy, || = [|Cy,|| = 1. Clearly [|Ec, c, | < 2. We have to prove

2
that |Ec,.c, [l = ; 1Ce: I Co || = 2.

1=
Now Ec, c,(I) = Cy, Cy, + Cy,Cy,. Tt is easy to see that Cy, Cy; = Cp, oy, and Cy,Cy, =
Cgyops, Where ¢10t01 and ¢a01hy are one-one onto. Now [|Cy, Cyy, + Cp,Cu || = [|Cipron, +

Cosops |-
But by Theorem 2.6 HC¢10¢1 + C¢2O¢2H = ”C¢10¢1 ” + ||C¢20w2|| =2

Thus || Ec,.c, || = [[Ec,.c, ()| = 2. Hence the proof. O
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The next result was proved by Mathieu Martin [6] on prime C*-algebra. We give a
simple proof in case of elementary operators on B(¢?) induced by composition operators
on /2.

Theorem 2.8. Let Mc, ¢, be elementary multiplication operator on B(¢?) then ||MC¢,C¢ | =
IColllICyll for all Cy, Cy € B(E2).

Proof. We have Mc, ¢, (X) = C4XCy. Clearly ||Mc, c,ll < [|Csll[|Cyll-

Take X = f ® g, where f and g are unit vectors in £2.
Then
Mc,,c,(f ® g) = Co(f ® 9)Cy and Cy(f ® g)Cy(h) =< Cyh,g >,Cyf, h € (2.

Choose h = x, such that [|Cy (xa)|| = |Cyll, g = <X and f = x,, such that [|Cy(xm)|| =

ICy]l
1C]-
Now
Cw(Xn) Cw(Xn)
M, , Xm & Xn:<0 Xn), > C, Xm
C¢C¢( HcllJH )( ) ¢( ) HCdJH ¢( )
1
= 10 2 Coxm) = ICICol0m)
[Cyll
Thus
Cy(Xn
1Mg 0, (xm © Mmm —CullICxm)

=[|Csl[|Cy |-

Theorem 2.9. Let Ug, ¢, be an elementary operator on B(£?) defined by Uc, ¢, (X) =
CypXCy + Cy XCy then

1Uc,.coll Z [ICllICyll-
Proof.

1Ucy.cll = ”)S;ﬁlil{ll%XCzp + 0y X0yl - X € B(€?)}

= sup { sup [(CyXCy+CuXCyf)|: f € ¢ X € B(*)}
IXl=1 lIfll=1

Clearly |Uc,.c, || > [(CoX Cyp + CypXCyf)]| for unit vector f € £2,
Supoose h = x, such that [|Cy(xn)| = [ICyl, 9 = CIIwC('m) and f = xm such that
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1Co(xm)ll = 1C]l,
C ( m @ C|1|C<v H))Cw(Xn) =[1Cy[[Cs(xm)
Cy(xn) Cy (Xm)
Cw(Xm ® HC ” )C¢(Xn) < C¢(Xm)>c¢(Xn) > HC’L/)H

Now

1(Com & LY H))Cw +Coln ® I

:||C?/J”C¢(Xm) ”C || < C¢(Xm) C%Z)(Xn) > CT/J(Xm)

||C¢||C¢(Xm) HC H < C¢(Xm) Cdf(Xn) > Cw(Xm)

:||C¢H2 < C¢XmaC¢Xm > +< Cd)vaCQbXn > < C¢XmaC¢Xm >
+ < C¢(Xm)7cw(Xn) > < C¢(Xm)ac¢(Xm) >

1
+W\ < Cy(xm), Cyp(xn) > 2 < Cy(xm), Cyp(xn) >

:HC¢H2HC¢H2 + (Am N Bn) (Am N Bm)
+(Am N By) (A N By) +

”Cl 2@ B BB

here A, = ¢~ (m), By, = ¥~ (m).

Clearly (Am N Bn) (Am N Bin) + (Am 0 Bn) (Am N Ba) + ez (Am 0 Bn) (B 0 Bn) >

0.
Cy(Xn
Thus [Uc.c, (Xm © G252 0l > 1CIIICe
Therefore [|Uc,,c, || = [|Coll[|Cyll

Examples
2.1 Let ¢ be a function on N into itself defined by

3 —1,2
¢(”):{ nt3  mA12

Then HC¢(X3)H = ”C¢|| = \/5 but 3 ¢ As. Therefore 0 € Wo(cqg).
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2.2 2 Let ¢be a function on N into itself defined by ¢(n) = n + 1. Then ¢ is one-one
and ||Cyg|| = 1. In this case [0,1] € Wy(Cy).

2.3 Let ¢ be a function on N into itself defined by
1 n=1,2
¢(n):{n+3 n#1,2
Then [|Cy(x1)|| = |Csll = V2 but 1 € A;. Therefore 0 ¢ Wo(Clp).
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