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On the Diophantine Equation 3x + 117y = z2
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Abstract

In this paper we prove that the Diophantine equation 3x +
117y = z2 has exactly four non-negative integer solutions for
x, y and z . The solutions are (1, 0, 2), (3, 1, 12), (7, 1, 48) and
(7, 2, 126) respectively.
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1 Introduction

Diophantine equations of the form ax + by = cz have been studied by numerous
mathematicians for many years and by a variety of methods [1, 2, 3, 4, 5]. It was
proved by Cao [6] that this equation has at most one solution with z > 1. The
Diophantine equation 2x + 5y = z2 was studied by D. Acu [7] in 2007, who es-
tablished that this equation has exactly two solutions in non-negative integers i.e
(x, y, z) ∈ {(3, 0, 3), (2, 1, 3)}. In 2011, Suvarnamani, Singta and Chotchaisthit [8]
solved two Diophantine equations 4x +7y = z2 and 4x +11y = z2 and showed that
these two equations have no non-negative integer solutions where x, y and z are
non-negative integers. In 2013, B. Sroysang [9] showed that (1, 0, 2), (3, 0, 3) and
(4, 2, 5) are only three solutions (x, y, z) for the Diophantine equation 2x +3y = z2

where x, y and z are non-negative integers. In 2012, the same author [10, 11]
solved two Diophantine equations 3x + 5y = z2 and 3x + 17y = z2 and established
that they have unique solution (1, 0, 2) in non-negative integers (x, y, z). In 2013,
Rabago [12] solved two Diophantine equations 3x+19y = z2 and 3x+91y = z2 where
x, y and z are non-negative integers. He found two solutions for each of the equa-
tions i.e.{(1, 0, 2), (4, 1, 10)} and {(1, 0, 2), (2, 1, 10)} respectively. The Diophantine
equation 3x + 85y = z2 was studied by B. Sroysang in 2014 [13] who found that
(1, 0, 2) is a unique solution in non-negative integers x, y and z for this equation.
In this paper, we have attempted to solve the Diophantine equation 3x+117y = z2

and have found that (1, 0, 2), (3, 1, 12), (7, 1, 48) and (7, 2, 126) are exactly four
solutions for this equation in non-negative integers (x, y, z).
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2 Preliminaries

In 1844, Catalan [14] posed the following conjecture:

Proposition 1. (Catalan's Conjecture) (3, 2, 2, 3) is a unique solution (a, b, x, y)
for the Diophantine equation ax− by = 1 where a, b, x and y are integers such that
min{a, b, x, y} > 1.

We present two lemmas to prove the main result.

Lemma 1. [10] (1, 2) is a unique solution (x, z) for the Diophantine equation
3x + 1 = z2 where x and z are non-negative integers.

Proof. Suppose that there are non-negative integers x and z such that 3x+1 = z2. If
x = 0, then z2 = 2 which is impossible. Then x ≥ 1. Thus z2 = 3x+1 ≥ 31+1 = 4.
Then z ≥ 2. Now we consider on the equation z2 − 3x = 1. By Proposition 1, we
have x = 1. Thus z = 2. Hence (1, 2) is a unique solution (x, z) for the equation
3x + 1 = z2 where x and z are non-negative integers.

Lemma 2. The Diophantine equation 1 + 117y = z2 has no non-negative integers
solution.

Proof. Suppose that there are non-negative integers y and z such that 1+117y = z2.
If y = 0 then z2 = 2 which is impossible. Then y ≥ 1. Thus z2 = 1 + 117y ≥
1+ 1171 = 118. Then z ≥ 11. Now we consider on the equation z2− 117y = 1. By
Proposition 1, we have y = 1. Thus z2 = 118, which is not possible to get solution.
Hence the equation 1 + 117y = z2 has no non-negative integers solution.

3 Main Result

Theorem 1. The Diophantine equation 3x + 117y = z2 has exactly four solutions
in non-negative integers (x, y, z) ∈ {(1, 0, 2), (3, 1, 12), (7, 1, 48), (7, 2, 126)}.
Proof. Let x, y and z be non-negative integers such that 3x+117y = z2. By lemma
2, we have x ≥ 1. We have three cases for y:

Case (i) y = 0, From lemma (1), we have (x, y, z) = (1, 0, 2).

Case (ii) y is even. If y = 2l, l ∈ N, then we have

3x = z2 − 1172l

or, 3x = (z − 117l)(z + 117l)

where z − 117l = 3u and z + 117l = 3x−u, x > 2u. From here, we obtain

3x−u − 3u = z + 117l − z + 117l = 2 · 117l

or, 3u(3x−2u − 1) = 2 · 117l

For l = 1, we have 3u(3x−2u − 1) = 2 · 13 · 9 or, 3u(3x−2u − 1) = 32 · 26. This
implies that u = 2 and 3x−4 − 1 = 26 or 3x−4 = 27 or x = 7. This gives us
values x = 7, y = 2 and z = 126. Hence the solution is (x, y, z) = (7, 2, 126).
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Case(iii) y is odd. Let y = 2l+1 where l is a non-negative integer. We will divide this
case into two parts.

Part (i) 3x + 117y = z2 becomes 3x + 1172l+1 = z2 or 3x + 117 · 1172l = z2.
So 3x − 4 · 1172l = z2 − 121 · 1172l = (z − 11 · 117l)(z + 11 · 117l).{

z − 11 · 117l = 1..............(i)
z + 11 · 117l = 3x − 4 · 1172l................(ii)

Subtracting equation (i) from (ii), we get z + 11 · 117l − z + 11 · 117l =
3x − 4 · 1172l − 1 which implies 117l(22 + 4 · 117l) = 3x − 1. This implies
l = 0 and 3x = 27. This gives us values x = 3, y = 1 and z = 12. Hence the
solution is (x, y, z) = (3, 1, 12).

Part(ii) Again 3x+117y = z2 becomes 3x+1172l+1 = z2. So 3x+(2209−2092)·
1172l = z2 or 3x − 2092 · 1172l = z2 − 2209 · 1172l. Hence, 3x − 2092 · 1172l =
(z − 47 · 117l)(z + 47 · 117l).{

z − 47 · 117l = 1...............(iii)
z + 47 · 117l = 3x − 2092 · 1172l.............(iv)

Subtracting equation (iii) from (iv), we get z + 47 · 117l − z + 47 · 117l =
3x−2092 ·1172l−1 which implies 117l(94+2092 ·117l) = 3x−1. This implies
l = 0 and 3x = 2187. This gives values x = 7, y = 1 and z = 48. Hence, the
solution is (x, y, z) = (7, 1, 48).

Corollary 1. The Diophantine equation 3x + 117y = w4 has no non-negative in-
tegers solution where x, y and w are non-negative integers.

Proof. Suppose that x, y and w be non-negative integers such that 3x + 117y =
w4. Let z = w2. Then 3x + 117y = z2. By Theorem 1, we have (x, y, z) ∈
{(1, 0, 2), (3, 1, 12), (7, 1, 48), (7, 2, 126)}. Then w2 = z ∈ {2, 12, 48, 126}. Here z is
a square of some integer while 2, 12, 48, 126 are not square of any integer. Hence,
the Diophantine equation 3x+117y = w4 has no non-negative integers solution.

Corollary 2. (3, 1, 2), (7, 1, 8) and (7, 2, 21) are exactly three solutions in positive
integers (x, y, u) for the Diophantine equation 3x + 117y = 36u2 where x, y and u
are positive integers.

Proof. Let x, y and u be positive integers such that 3x +117y = 36u2. Let z = 6u.
Then 3x+117y = z2. By Theorem 1, we have (x, y, z) ∈ {(3, 1, 12), (7, 1, 48), (7, 2, 126)}.
Then, u ∈ {2, 8, 21}. Hence, (3, 1, 2), (7, 1, 8) and (7, 2, 21) are solutions in positive
integers (x, y, u) for the Diophantine equation 3x + 117y = 36u2 where x, y and u
are positive integers.

Corollary 3. (3, 1, 1) and (7, 1, 2) are exactly two positive integers solutions (x, y, v)
for the Diophantine equation 3x + 117y = 144v4 where x, y and v are positive in-
tegers.
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Proof. Let x, y and v be positive integers such that 3x+117y = 144v4. Let z = 12v2.
Then 3x+117y = z2. By Theorem 1, we have (x, y, z) ∈ {(3, 1, 12), (7, 1, 48)}. Then
v ∈ {1, 2}. Hence, (3, 1, 1) and (7, 1, 2) are exactly two positive integers solutions
(x, y, v) for the Diophantine equation 3x + 117y = 144v4 where x, y and v are
positive integers.

Corollary 4. (1, 0, 1) is a unique non-negative integers solution (x, y,m) for the
Diophantine equation 3x+117y = 4m4 where x, y and m are non-negative integers.

Proof. Let x, y and m be non-negative integers such that 3x + 117y = 4m4. Let
z = 2m2. Then 3x + 117y = z2. By Theorem 1, we have (x, y, z) = (1, 0, 2).
Then 2m2 = 2 or m = 1. Hence, (1, 0, 1) is a unique non-negative integer solution
(x, y,m) for the Diophantine equation 3x + 117y = 4m4 where x, y and m are
non-negative integers.

Corollary 5. (1, 0, 1), (3, 1, 6), (7, 1, 24) and (7, 2, 63) are exactly four non-negative
integers solutions (x, y,m) for the Diophantine equation 3x +117y = 4m2 where x,
y and m are non-negative integers.

Proof. Let x, y and m be positive integers such that 3x+117y = 4m2. Let z = 2m.
Then 3x+117y = z2. By Theorem 1, we have (x, y, z) ∈ {(1, 0, 2), (3, 1, 12), (7, 1, 48), (7, 2, 126)}.
Then m ∈ {1, 6, 24, 63} . Hence, (1, 0, 1), (3, 1, 6), (7, 1, 24) and (7, 2, 63) are ex-
actly four non-negative integers solutions (x, y,m) for the Diophantine equation
3x + 117y = 4m2.

Corollary 6. (3, 1, 2) and (7, 1, 4) are exactly two positive integers solutions (x, y, n)
for the Diophantine equation 3x+117y = 9n4 where x, y and n are positive integers.

Proof. Let x, y and n be positive integers such that 3x +117y = 9n4. Let z = 3n2.
Then 3x + 117y = z2. By Theorem 1, we have (x, y, z) ∈ {(3, 1, 12), (7, 1, 48)}.
Then n ∈ {2, 4} . Hence, (3, 1, 2) and (7, 1, 4) are exactly two positive integers
solutions (x, y, n) for the Diophantine equation 3x + 117y = 9n4.

Corollary 7. (7, 2, 3) is a unique positive integers solution (x, y, t) for the Dio-
phantine equation 3x + 117y = 196t4 where x, y and t are positive integers.

Proof. Let x, y and t be positive integers such that 3x+117y = 196t4. Let z = 14t2.
Then 3x + 117y = z2. By Theorem 1, we have (x, y, z) = (7, 2, 126). Then 14t2 =
126. So t = 3. Hence, (7, 2, 3) is a unique positive integers solution (x, y, t) for the
Diophantine equation 3x+117y = 196t4 where x, y and t are positive integers.

4 Conclusion

In this paper we have shown that the Diophantine equation 3x+117y = z2 has ex-
actly four non-negative integer solutions where x, y and z are non-negative integers.
The solutions are (1, 0, 2), (3, 1, 12), (7, 1, 48) and (7, 2, 126) respectively.
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