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Abstract

In this paper, a D-gap function in fuzzy map settings is constructed
by using a generalized version of the regularized generalized gap function
(RGF). We devoted and focused to study the theory of one of the main
tools in optimization, that is, gap function and also the error bound for
random generalized variational inequality (RGVIP) is calculated in fuzzy
map settings.
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1 Introduction

Zadeh [11], in 1965, gave a very beautiful concept known to be fuzzy theory. There are
many applications of fuzzy theory in pure as well as applied mathematics. The fuzzy
logic concept is very useful in control engineering, artificial intelligence, decision theory,
optimization problems, and others. Initiated by Chang and Zha [12], many authors have
studied the concept of variational inequality problem (VIP) in fuzzy maps settings. In
the theory of optimization, a gap function is a very useful tool which can change VIPs
into identical equivalent optimization problems. In the past few years, so many authors
studied and constructed different varieties of gap functions for different types of variational
inequality problems [1, 2, 3, 4, 5, 6, 7, 8, 9, 14, 15, 16, 17, 18, 19, 20, 21, 22].
Fukushima [1] constructed a regularized gap function (RGF) for classical VIPs in 1992,
which is further extended and studied by Wu et al [10] in 1993, in a slightly different way.
In fuzzy maps environment, the tool, the gap function is first studied with error bound for
RGVIP by Khan et al [13].
We wrote RGVIP, in this paper throughout, for random generalized VIP.
In this paper, Let M be a real Hilbert space such that (s.t.) the notation ‖.‖ denoted the
norm on M and 〈., .〉 denoted the inner product on M . Let T be a σ-algebra of subsets
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of any set δ s.t., (δ, T ) be a measurable space. Also consider 2M , B(M) and CB(M)
as the collection of non-empty subsets of M , the collection of Borel σ-fields in M and
the collection of all non-empty closed and bounded subsets of M , respectively. Let the
collection of all fuzzy sets over M be denoted by F . A map S : M −→ F (M) is known as
fuzzy map on M . Also S(q) or Sq is fuzzy set if map S is a fuzzy map on M and Sq(r) is
a characteristic function or a membership function of y in Sq. Suppose a set V ∈ F (M)
and α ∈ [0, 1] s.t., the set (V )α = {q ∈M : V (q) ≥ α} is known as α-set of M .

2 Preliminaries:

This section provides definitions, formulations and lemmas for our main results.

Definition 2.1. A fuzzy map S : δ −→ F (M) is known to be measurable if ∀ α ∈
(0, 1], (S(.))α : δ −→ F (M) is a measurable set-valued or multi-valued map.

Definition 2.2. A fuzzy map S : δ ×M −→ F (M) is known to be random fuzzy set-
valued or multi-valued map if ∀ q ∈M , fuzzy map S(., q) : δ −→ F (M) is measurable.

From above definitions, we can easily conclude that, random fuzzy maps contain set-
valued or multi-valued maps, fuzzy maps and random set-valued or multi-valued maps as
particular cases.

Suppose a random fuzzy map S∗ : δ ×M −→ F (M) satisfying the property,
(C1): ∃ a map e : M −→ [0, 1] s.t., (S∗j,q)e(q) ∈ CB(M),∀ (j, q) ∈ δ ×M .
From the definition of random fuzzy map S∗, define random set-valued or multi-valued
map S, S : δ ×M −→ CB(M), (j, q) ∈ (S∗j,q)e(q), ∀ (j, q) ∈ δ ×M . S is known to be
random set-valued or multi-valued map induced by S∗.
Now for given map e : M −→ [0, 1], a random fuzzy map S∗ : δ ×M −→ F (M) satisfying
the property (C1), and random operator m : δ ×M −→M with Img(m)∩domain(∂ψ) 6=φ,
consider RGVIP,
to find measurable maps q, v : δ −→M s.t., ∀ j ∈ δ, r(j) ∈M ,

(2.1) S∗j,q(v(j)) ≥ e(q(j)), 〈v(j), r(j)−m(j, q(j))〉+ ψ(r(j))− ψ(m(j, q(j)) ≥ 0,

where ψ : M −→ R∪{+∞} be a proper, convex and lower semi-continuos function with its
effective domain is being closed and ∂ψ is sub-differential of function ψ. The sub-differential
of ψ at point q ∈M that is ∂ψ, is given as, ∂ψ(q) = {v ∈M : ψ(r) ≥ ψ(q)+〈v, r−q〉,∀ r ∈
M} and point v ∈ ∂ψ is known as sub-gradient of ψ at q.

Definition 2.3. A random set-valued or multi-valued map S : δ ×M −→ M is known
as strongly m-monotone if ∃ a measurable map a : δ −→ (0,+∞) s.t., ∀ j ∈ δ, qi(j) ∈ M ,
and ∀ vi(j) ∈ S(j, qi(j)), (i = 1, 2.),

〈v1(j)− v2(j),m(j, q1(j))−m(j, q2(j))〉 ≥ a(j)‖q1(j)− q2(j)‖2.

Definition 2.4. A random operator m : δ ×M −→M is known as Lipschitz continuos
if ∃ k : δ −→ (0,+∞), a measurable function s.t., ∀ q1(j), q2(j) ∈M, ∀ j ∈ δ

‖m(j, q1(j))−m(j, q2(j))‖ ≤ k(j)‖q1(j)− q2(j)‖.
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Definition 2.5. Any function g : M −→ R is called gap function for a VIP if, g(u) ≥
0, ∀ u ∈M and g(w) = 0, if and only if, w ∈M is the solution of that VIP.

Khan et al [13] gave the the following generalized RGF gε : δ ×M −→ M associated
with RGVIP (2.1). For a measurable map ε : δ −→ (0,+∞),

gε(j)(q(j)) = maxr(j)∈MΨε(j)(q(j), r(j)),

(2.2) gε(j)(q(j)) = maxr(j)∈M{〈v(j),m(j, q(j))− r(j)〉+ ψ(m(j, q(j)))− ψ(r(j))

− ε(j)G(m(j, q(j), r(j))}.

This can also be written as,

gε(j)(q(j)) = {〈v(j),m(j, q(j))− πε(j)(q(j))〉+ ψ(m(j, q(j)))− ψ(πε(j)(q(j)))

− ε(j)G(m(j, q(j), πε(j)(q(j))).

Where the unique minimiser of −Ψε(j)(q(j), .) on M is denoted by πε(j)(q(j)) ∀ j ∈ δ and

the function G : M2 = M ×M −→ R satisfying (P1-5) properties as:
(P1-2) G is continuously differentiable and non-negative on M2,
(P3) G(q(j), .) is strongly convex uniformly in first slot that is in q(j) ∀ j ∈ δ which means
∀ j ∈ δ, q(j) ∈M,∃ a measurable function θ : δ −→ (0,+∞) s.t.,

G(q(j), r1(j))−G(q(j), r2(j))− θ(j)‖r1(j)− r2(j)‖2

≥ 〈∇2G(q(j), r2(j)), r1(j)− r2(j)〉

where ∇2G(q(j), r(j)) denotes the partial derivative with respect to r(j);
(P4) G(q(j), r(j)) = 0 if and only if q(j)− r(j) = 0, ∀ j ∈ δ,
(P5) ∇2G(q(j), .) is uniformly Lipschitz continuous, that is, ∀ j ∈ δ, q(j) ∈M,∃ a measur-
able function µ : δ −→ (0,+∞) s.t.,

‖∇2G(q(j), r1(j)−∇2G(q(j), r2(j)‖ ≤ µ(j)‖r1(j)− r2(j)‖, r1(j), r2(j) ∈M.

Lemma 2.6. [13] Let us consider the function G satisfies the properties (P1-4) then
∇2G(q(j), r(j)) = 0 if and only if q(j)− r(j) = 0, ∀ j ∈ δ.

Lemma 2.7. [13] Let us consider the function G satisfies the property (P3) then ∀ j ∈
δ, r1(j), r2(j) ∈M ,

〈∇2G(q(j), r1(j))−∇2G(q(j), r2(j)), r1(j)− r2(j)〉 − 2θ(j)‖r1(j)− r2(j)‖2 ≥ 0.

Lemma 2.8. [13] Let us consider the function G satisfies the properties (P1-5) then,
G(q(j), r(j)) ≤ (µ(j)− θ(j))‖q(j)− r(j)‖2,∀j ∈ δ, q(j), r(j) ∈M .

Lemma 2.9. [13] Let us consider the function G satisfies the properties (P1-4) then a
measurable map q : δ −→ M solves RGVIP (2.1) if and only if, m(j, q(j)) = πε(j)(q(j)),
∀ j ∈ δ.
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3 Main Result (D-Gap Function and Error Bound):

Let the two measurable functions ε1, ε2 : δ −→ (0,+∞) s.t., ε1(j) > ε2(j) > 0, ∀ j ∈ δ,
then the D-gap function [5, 6] is a difference of two generalized RGF, that is, gε1(j)(q(j))−
gε2(j)(q(j)). Therefore the D-gap function for RGVIP (2.1) with the help of (2.2) is given
by,

(3.1) Dε1(j),ε2(j)(q(j)) = maxr(j)∈M{〈v(j),m(j, q(j))− r(j)〉+ ψ(m(j, q(j))− ψ(r(j))

+ ε2(j)G(m(j, q(j)), r(j))− ε1(j)G(m(j, q(j), r(j)))}.

Which can also be written as,

Dε1(j),ε2(j)(q(j)) = 〈v(j), πε2(j)(q(j))− πε1(j)(q(j))〉+ ψ(πε2(j)(q(j))− ψ(πε1(j)(q(j))

+ ε2(j)G(m(j, q(j)), πε2(j)(q(j)))− ε1(j)G(m(j, q(j), πε1(j)(q(j))).

Theorem 3.1. Let the function G satisfies the properties (P1-4) then ∀ q(j) ∈M, j ∈ δ,

1. Dε1(j),ε2(j)(q(j)) ≥ 2ε1(j)(θ(j)− µ(j))‖m(j, q(j))− πε1(j)(q(j))‖2,

2. Dε1(j),ε2(j)(q(j)) ≤ ε2(j)(µ(j)− θ(j))‖m(j, q(j))− πε1(j)(q(j))‖2,

3. Dε1(j),ε2(j)(q(j)) ≤ 2ε2(j)µ(j)‖m(j, q(j))− πε2(j)(q(j))‖2
+ ε2(j)µ(j)‖m(j, q(j))− πε1(j)(q(j))‖‖m(j, q(j))− πε2(j)(q(j))‖.

Proof. Let ∀ q(j) ∈M, j ∈ δ, we know that the unique minimiser of −Ψε1(j)(q(j), .) on M
is denoted by πε1(j)(q(j)) and also −Ψε1(j)(q(j), .) is convex, then
∀ r(j) ∈M, j ∈ δ, we have

0 ∈ Ψε1(j)(q(j), r(j)) = v(j) + ∂ψ(πε1(j)(q(j))) + ε1(j)∇2G(m(j, q(j), πε1(j)(q(j))),

equivalently,

−v(j)− ε1(j)∇2G(m(j, q(j), πε1(j)(q(j))) ∈ ∂ψ(πε1(j)(q(j))).

By definition of sub-gradient, we have,

ψ(r(j)) ≥ ψ(πε1(j)(q(j)))− 〈v(j) + ε1(j)∇2G(m(j, q(j), πε1(j)(q(j))), r(j)− πε1(j)(q(j))〉,

that is,

〈v(j), r(j)− πε1(j)(q(j))〉+ ψ(r(j))− ψ(πε1(j)(q(j)))

≥ ε1(j)〈−∇2G(m(j, q(j)), πε1(j)(q(j))), r(j)− πε1(j)(q(j))〉,

now put r(j) = πε2(j)(q(j)), so the above inequality can be written in term ofDε1(j),ε2(j)(q(j))
as,

Dε1(j),ε2(j)(q(j)) ≥ ε1(j)〈−∇2G(m(j, q(j)), πε1(j)q(j)), πε2(j)(q(j))− πε1(j)(q(j))〉
+ ε2(j)G(m(j, q(j)), πε2(j)(q(j)))− ε1(j)G(m(j, q(j)), πε1(j)(q(j))),
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by using (P3) of G, we have,

Dε1(j),ε2(j)(q(j))

≥ (ε1(j) + ε2(j))G(m(j, q(j)), πε2(j)(q(j)))− 2ε1(j)G(m(j, q(j), πε2(j)(q(j))),

using lemma 2.8, so that first result follows.
On other hand, in similar way, we have

−v(j)− ε2(j)∇2G(m(j, q(j), πε2(j)(q(j))) ∈ ∂ψ(πε2(j)(q(j))).

by definition of sub-gradient,

ψ(r(j)) ≥ ψ(πε2(j)(q(j)))− 〈v(j) + ε2(j)∇2G(m(j, q(j)), πε2(j)(q(j))), r(j)− πε2(j)(q(j))〉,

now put r(j) = πε1(j)(q(j)), the above inequality can be written as,

〈v(j), πε2(j)(q(j))− πε1(j)(q(j))〉+ ψ(πε2(j)(q(j)))− ψ(πε1(j)(q(j)))

≤ ε2(j)〈∇2G(m(j, q(j)), ψ(πε2(j)(q(j)))), ψ(πε1(j)(q(j)))− ψ(πε2(j)(q(j)))〉,

so the above inequality can be written in term of Dε1(j),ε2(j)(q(j)) as

(3.2) Dε1(j),ε2(j)(q(j))

≤ ε2(j)〈∇2G(m(j, q(j)), ψ(πε2(j)(q(j)))), ψ(πε1(j)(q(j)))− ψ(πε2(j)(q(j)))〉
+ ε2(j)G(m(j, q(j)), πε2(j)(q(j)))− ε1(j)G(m(j, q(j)), πε1(j)(q(j))).

Using (P3)

Dε1(j),ε2(j)(q(j)) ≤ ε2(j)G(m(j, q(j)), πε1(j)(q(j)))− ε2(j)G(m(j, q(j)), πε2(j)(q(j)))

− θ(j)ε2(j)||πε1(j)(q(j))− πε2(j)(q(j))||
2 + ε2(j)G(m(j, q(j)), πε2(j)(q(j)))

− ε1(j)G(m(j, q(j)), πε1(j)(q(j))),

the second result follows by using lemma 2.8.
Now again using inequality 3.2, we have,

Dε1(j),ε2(j)(q(j))

≤ ε2(j)‖∇2G(m(j, q(j)), ψ(πε2(j)(q(j))))‖‖ψ(πε1(j)(q(j)))− ψ(πε2(j)(q(j)))‖
+ ε2(j)G(m(j, q(j)), πε2(j)(q(j))).

By (P5) of G, we have ‖∇2G(q(j), q(j))−∇2G(q(j), r(j))‖ ≤ µ(j)‖q(j)− r(j)‖ or
‖∇2G(q(j), r(j))‖ ≤ µ(j)‖q(j) − r(j)‖ (by lemma 2.6), also by lemma 2.8 and triangle
inequality, so that the third result follows.

Also we can easily verify that Dε1(j),ε2(j)(q(j)) = 0 if and only if q(j) is the solution of
RGVIP (2.1) by using above theorem 3.1 and lemma 2.9.
Now we will evaluate error bound.
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Theorem 3.2. Let q0(j) ∈M be the solution of RGVIP (2.1), ∀ j ∈ δ, also
m : δ × M −→ M be Lipschitz continous function and a random set-valued or multi-
valued map S be strongly m-monotone with measurable function k : δ −→ (0,+∞) and
a : δ −→ (0,+∞) respectively. If G satisfies the properties (P1-5) then,

‖q(j)− q0(j)‖ ≤

√
Dε1(j),ε2(j)(q(j))

a(j) + (ε1(j)− ε2(j))(θ(j)− µ(j))k2(j)
.

Proof. The D-gap function (3.1) can be written as,

Dε1(j),ε2(j)(q(j)) ≥ 〈v(j),m(j, q(j))−m(j, q0(j)) + ψ(m(j, q(j)))− ψ(m(j, q0(j)))

+ ε2(j)G(m(j, q(j)),m(j, q0(j)))− ε1(j)G(m(j, q(j)),m(j, q0(j))),

which is written as,

Dε1(j),ε2(j)(q(j)) ≥ 〈v0(j),m(j, q(j))−m(j, q0(j)) + ψ(m(j, q(j)))− ψ(m(j, q0(j)))〉
+ 〈v(j)− v0(j),m(j, q(j))−m(j, q0(j))〉 − (ε1(j)− ε2(j)G(m(j, q(j)),m(j, q0(j))).

Since the solution of RGVIP (2.1) is q0(j) ∈M then

Dε1(j),ε2(j)(q(j)) ≥ 〈v(j)− v0(j),m(j, q(j))−m(j, q0(j))〉
− (ε1(j)− ε2(j))G(m(j, q(j)),m(j, q0(j))).

By Lipschitz continuity of m, lemma 2.8 and using strongly m-monotonicity, then

Dε1(j),ε2(j)(q(j)) ≥ a(j)‖q(j)− q0(j)‖2 − (ε1(j)− ε2(j))(θ(j)− µ(j))k2(j)‖q(j)− q0(j)‖2,

so that result follows,

‖q(j)− q0(j)‖ ≤

√
Dε1(j),ε2(j)(q(j))

a(j) + (ε1(j)− ε2(j))(θ(j)− µ(j))k2(j)
.

4 Conclusion:

Our focus in this paper is to study the D-gap function for RGVIP in fuzzy maps setting
and then we also derived a result for error bound by the D-gap function because it is one
of the very important and useful applications of D-gap function. If we put ε2 = 0 in the
D-gap function (3.1) then we get the generalized version of RGF (2.2) for RGVIP (2.1)
which is studied by Khan et al [13].
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