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Abstract
In this paper we consider a semi-symmetric metric connection in a (¢)-Kenmotsu manifold and
study locally ¢-symmetric, locally C-Bochner ¢-symmetric and £-C-Bochner flat (g)-Kenmotsu

manifold with respect to a semi-symmetric metric connection.
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1 Introduction

In 1971, Kenmotsu studied a class of contact Riemannian manifolds satisfying some special conditions
[14]. We call it Kenmotsu manifold. Let V be a linear connection in an n-dimensional dierentiable
manifold M. The torsion tensor T and the curvature tensor R of V respectively are given by

(1.1 T(X,Y) = VyY - VyX — [X, Y],
(1.2) R(X,Y)Z = VxVyZ - VyVx - VixyZ.

The connection V is said to be symmetric if its torsion tensor 7" vanishes, otherwise it is non-
symmetric. A linear connection V is said to be semi-symmetric connection if its torsion tensor T
is of the form

(1.3) T(X,Y) =n¥)X - nX)Y,

Semi-symmetric connections play an important role in the study of Riemannian manifolds.
There are various physical problems involving the semi-symmetric metric connection.
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In this paper, we study curvature properties in an (g)-Kenmotsu manifold with respect to a
semi-symmetric metric connection. The paper is organized as follows: In Section 2, we give
a brief introduction of an (&)-Kenmotsu manifold and define semi-symmetric metric connection.
In Section 3, we study the locally ¢-symmetric (g)-Kenmotsu manifold with respect to a semi-
symmetric metric connection. In Section 4, we study the locally C-Bochner ¢-symmetric (g)-
Kenmotsu manifold with respect to a semi-symmetric metric connection and Section 5 is devoted
&-C-Bochner flat (g)-Kenmotsu manifold with respect to the semi-symmetric metric connection.

2 Preliminaries

An n-dimensional smooth manifold (M, g) is (¢)-almost contact metric manifold if

2.1) $’X = -X+nX)E,

2.2) neE = 1,

(2.3) g&8d = &

(2.4) nX) = e3(X.¢),

2.5) g(@X,0Y) = g(X.Y)—en(Xm(Y),

for all vector fields X, Y on M, where ¢ is 1 or -1 according to which is either £ is space like or
time like vector field and rank that ¢ is (n-1). If

(2.6) dn(X,Y) = g(X, ¢Y),

for every X, Y € TM, then we say that M(¢, &, 1, g, €) is an almost contact metric manifold. Also,
we have

2.7 nogp=0, ¢&=0.
If an (g)-contact metric manifold satisfies
(2.8) (Vx@)Y = —g(X, pY)§ — en(Y)$X,

where V denotes the Riemannian connection of g, then M is called an (&)-Kenmotsu manifold [9].
An (g)-almost contact metric manifold is an (&)-Kenmotsu if and only if

2.9) Vié = eX —nX)o).

Moreover, the curvature tensor R and the Ricci tensor S in an (g)-Kenmotsu manifold M with
respect to the Levi-Civita connection satisfy [9]

(2.10) (VxmY = g(X,Y) —en(X)n(Y),
2.11) RX.Y)§ = nX)Y -nd)X,
(2.12) RE.X)Y = n¥)X -eg(X,Y)E,

RX.Y)pZ = ¢RX,Y)Z +e{g(Y,2)pX - g(X, 2)pY

(2.13) + 8X,92)Y - g(Y, 92)X},
(2.14) nRX,Y)Z) = elgX,2m(Y) - g(¥, Z)n(X)],
(2.15) SX,86 = —-(n-DnX),

(2.16) S(@X,0Y) = SX,Y)+en - DnXmn).

A (&)-Kenmotsu manifold M is said to be locally C-Bochner ¢-symmetric if

$*(VwB)(X,Y)Z) = 0,
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for all vector fields X, ¥, Z and W orthogonal to &, where the C-Bochner curvature tensor B is given
by
1
(2.17) BX.Y)Z = RX.V)Z + —=[S(X.2)Y = S(V.2)X + g(X.Z)QY
n

—8(Y,2)0X + S(¢X, 2)pY — S (@Y, Z)pX + g(¢X, Z)QpY
—8(@Y, Z)QpX + 28 (¢ X, Y)PZ + 28(¢pX, Y)Q¢Z
=S(X, Z)n(Y)¢ + S (Y, 2n(X)é — n(Xon(2)QY + n(Y)n(2)0X]

-1
PR 98X, 200V — @Y. 206X + 286X, V9]

p—4
—m[g(X, 2)Y - g(Y, 2)X]
+%[g(X, 2n(Y)§ - g(Y, 2Hn(X)é + n(Xon(2)Y — n(Y)n(2)X].

For (g)-Kenmotsu manifold the relation between the semi-symmetric metric connection V and the
Levi-Civita connection V is given by

(2.18) VxY = VxY + (V)X — g(X, Y)E.
By the virtue of equations (2.1), (2.3), (2.9) and (2.10), equation (2.18) reduces to

(2.19) RX,Y)Z = RXX,V)Z + 2 + &)[g(X, 2)Y — g(Y, Z)X]
+(1 + &)[g(Y, 2)n(X) — g(X, Z)n(Y))¢
+(1 + D) n(Y)X — n(X)Y],

where R is the Riemannian curvature of the connection V. From (2.19) it follows that

(2.20) SX.2) = S(Y.Z) + [(e + 2)(e = n) + 2]g(Y, Z)
+(1 +&)(n - 2e)n(Y)n(2),

where § and S are the Ricci tensors of connection V and V, respectively.
Contracting the above equation, we get

2.21) F=r+n((e+2)(e—-—n)+2)+e&(l +¢e)(n-2e),

where 7 and r are the scalar curvature of the connection V and V, respectively.

3 Locally g-symmetric (¢)-Kenmotsu manifold with respect to a
semi-symmetric metric connection

A locally ¢-symmetric (g)-Kenmotsu manifold with respect to a semi-symmetric metric connection
is given by
(€RY #(VwR(X.1)Z) =0,

for any vector fields X, Y, Z and W orthogonal to &.
Using (2.18), we get

3.2) (VwR)Y(X,Y)Z = (VwR)(X,Y)Z

~NXORW, Y)Z + g(W, X)R(,Y)Z
~N(RX, W)Z + g(W, )R(X, )Z.
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Now differentiating (2.19), with respect to W and using (2.8), we obtain

(3.3) (VwRYX,NZ = (VwRYX, Z + (1 + &)[g(Y, Z)g(W, X)é
—2eg(Y, Zm(W)n(X)é — g(X, 2)g(W, Y)é + 2eg(X, Zn(W)n(Y)é
=2en(Wn(Y)n(2)X — eg(X, Zn(Y)W + eg(Y, Zn(X)W + g(W, Zn(Y)X
+e(W, Y)n(Z2)X + 2en(Wn(Xm(2)Y — g(W, Zn(X)Y — g(W, X)n(Z2)Y].

Using (2.1) and (3.3) in (3.2) and applying ¢, we get
G4 #(VwR)(X, Y)Z) = ¢*(YwR)(X, Y)Z)
+(1 + &)lelg(Y, 2n(X) - g(X, Zn(V)1g* W
+Hg(W, Z)n(Y) + (W, Y)n(Z) = 2en(W)n(Yn(Z)1¢°X

~[g(W, Z)n(X) + g(W, X)n(Z) — 2en(W)n(X)n(Z)1¢* Y}
+1(X)¢*(R(W, Y)Z) — n(Y)$*(R(X, W)Z)

2+¢
+ = [e(W. X)¢7Y - (W, V)¢ X].
If X, Y, Z and W orthogonal to &, (3.4) then becomes
(3.5) @ (YwR(X, Y)Z) = ¢*(VwR)(X, Y)Z).
By the above discussions we can state the following theorem

Theorem 3.1. A (&)-Kenmotsu manifold is locally ¢-symmetric with respect to a semi-symmetric
metric connection V if and only if it is so with respect to Levi-Civita connection V.

4 Locally C-Bochner ¢-symmetric (¢)-Kenmotsu manifold with respect
to a semi-symmetric metric connection

A (g)-Kenmotsu manifold M is said to be locally C-Bochner ¢-symmetric with respect to a semi-
symmetric metric connection if

.1 o (VwB)(X,Y)Z) = 0,

for any vector fields X, ¥, Z and W orthogonal to &, where B is the C-Bochner curvature tensor with
respect to semi-symmetric metric connection given by

4.2) BXX,Y)Z = RXX,V)Z + %[S (X,2)Y - S(Y,2)X + g(X,Z)QY

—g(Y,Z)0X + §(¢X, Z)¢Y — S (oY, 2)pX + g(¢X, Z) QY
—8(0Y, 2)0¢X + 25 (¢X, V)PZ + 28(¢X, Y)0pZ
=8 (X, ZmWé + 8 (Y, Zn(X)é — n(X)n(Z)QY + n(Y)n(Z)0X]
-1
P (g 0X, 2)0Y ~ 98X, 206X + 284X, Y)$7]
p—4
— 38X DY — (X, 2)X]

+=L[g(X. Dn)E - gL DNXE + MDY = n(VN@)X),



GANITA, Vol.72(1), 2022, pp.111-119

115

Using (2.18), we obtain

4.3)

(VwB)X,Y)Z = (VwB)(X,Y)Z
-nX)BW,V)Z + g(W,X)B(¢,Y)Z
-n(Y)BX, W)Z + g(W, Y)B(X, &)Z.

Now differentiating (4.2) with respect to W, we get

4.4)

~ ~ 1 ~
(VwB)Y(X,Y)Z = (VwR)(X, Y)Z - m[(VwS)(X, 2y

~(VwS)(Y, 2)X + (VwS)(@X, Z)pY — (VwS)(@Y, Z)pX

+2(VwS) (X, V)PZ — (VwS)(X, Z)n(Y)é - §(X, Z)g(W, Y)é
+288 (X, Zn(Wn(Y)é — &S (X, Zn(Y)W + (Vw8 )Y, Z)n(X)é

+8 (Y, 2)g(W, X)¢ — 2eS (Y, Zn(Wn(X)é + e§ (Y, Z)n(X)W
—g(W, Xn(Z)QY + 2en(Wn(Xm(2)QY - g(W, Zn(X)QY

+g(W, Y)n(Z)OX — 2en(Wn(Ym(Z)0X + g(W, Zn(Y)0X].
+% [2(X, Z)2(W, V)¢ — 268(X, Zn(W)n(Y)é + £g(X, Zyn(Y)W
~8(Y,Z2)g(W, X)¢ + 2e8(Y, Z)n(Wn(X)é — eg(Y, Z)n(X)W

+e(W, X)n(2)Y — 2en(W)n(X)n(2)Y + g(W, Z)n(X)Y

—gW, Y)n(2)X + 2en(Wn(Y)m(Z)X — g(W, Z)n(Y)X].
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Using (3.3) and (2.20) in (4.4), we can write

(4.5) (VwB)X,V)Z = (VwR)(X, V)Z + (1 + &)[g(Y, Z)g(W, X)é
—2eg(Y, Zm(W)n(X)é — g(X, 2)g(W, Y)é + 2eg(X, Z)n(W)n(Y)é
=2en(Wn(Ym(2)X — eg(X, Zn(Y)W + eg(Y, Zn(X)W
+e(W, Zm(Y)X + g(W, Y)n(Z)X + 2en(Wn(Xn(2)Y
—sW, Zn(X)Y — g(W, X)n(2)Y]

+

[(VwS)(X,2)Y — (VwS)(Y, 2)X
n+3

+H(VwS)(@X, Z)pY — (VwS )@Y, 2)pX + 2(VwS ) (X, Y)¢Z

—(VwS)(X, 2n(Y)é + (VwS)(X, 2)n(X)¢]

+(1 + &)(n - 2&)[n(X)[g(W, Z) — en(W)n(Z)1Y

+n(2D)[g(W, X) — en(W)n(X)1Y

-nN[gW, Z) — en(W)n(Z)1X + n(2)[g(W, Y) — en(W)n(¥)]X
+n(@X)8(W, Z) — en(Wn(2)1¢Y + n(2)[g(W, $X) — en(W)n(¢X)1Y
-n(@Y)[g(W, Z) — en(W)n(2)1pX + n(Z)[g(W, ¢Y) — en(W)n(¢Y)1X
+2[n(pX)[gW, Y) — en(Wn(V)1¢Z + n(Y)[g(W, ¢X) — en(W)n(¢pX)1Z]
-n(X)[gW, Z) — en(Wn(2)In(Y)§ + n(Z)[g(W, X) — en(W)n(X)In(Y)&
+n(V)gW, Z) — en(Wn(Z)In(X)§ + n(2D)[gW, Y) — en(W)n(Y)In(X)é
—[S(X,Z) + [( + 2)(e — n) + 2]g(X, 2)1g(W, Y)é

=(1 +&)(n - 2eMX)n(Z)g(W, Y)é

+2&[S (X, Z) + [(& + 2)(& — n) + 2]g(X, Z)In(W)n(Y)é

+2e(1 + &)(n — 2en(X)n(Z)n(W)n(Y)é

—-[S(X,2) + [(e + 2)(e — n) + 2]g(X, Z) + (1 + &)(n = 2em(Xn(Z)In(Y)W
+[S(Y,Z) + [(e + 2)(e —n) + 2]g(Y, Z) + (1 + &)(n — 2e)n(Y)n(2)]g(W, X)é
=2&[S(Y, Z) + [(e + 2)(e — n) + 2]g(Y, Z)In(W)n(X)¢

—2&(1 + &)(n — 2e)n(Y)n(Ln(W)n(X)é

—e[S(Y,2) + [(e + 2)(e —n) + 21g(Y, Z) + (1 + &)(n — 2e)n(Y )n(2D)In(X)W
—g(W, X)n(Z)QY + 2en(W)n(X)n(Z)QY — g(W, Z)n(X)QY

+8(W. Y)(Z)QX = 2en(Wn(Y)n(Z)OX + g(W. Z)n(¥)0X]

+ % [g(X, 2)g(W, Y)é — 2eg(X, Zn(W)n(Y)é + eg(X, Z)n(Y)W

-8(Y,2)g(W, X)¢ + 2eg(Y, Z)n(Wn(X)é — eg(Y, Z)n(X)W
+e(W, X)m(2)Y = 2en(Wn(X)m(2)Y + g(W, Z)n(X)Y
—g(W, Y)n(Z)X + 2en(Wn(Y)m(Z2)X — g(W, Z)n(Y)X].

Next using (4.5) in (4.3) and on applying ¢* and taking X, ¥, Z and W orthogonal to &, we get
(4.6) ¢*(VwB)(X.Y)Z) = ¢*(VwR(X, V)2).
Thus we can state the following:

Theorem 4.1. If M is ¢-symmetric with respect to a semi-symmetric metric connection then a
(e)-Kenmotsu manifold is locally C-Bochner ¢-symmetric with respect to a semi-symmetric metric

connection NV if and only if it is locally ¢-symmetric with respect to Levi-Civita connection V.
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5 ¢&-C-Bochner flat (¢)-Kenmotsu manifold with respect to the
semi-symmetric metric connection

A (&)-Kenmotsu manifold M with respect to the semi-symmetric metric connection is said to be
&-C-Bochner flat if

5. B(X,Y)¢ =0,

for all vector fields X, Y on M. If (5.1) holds for X, Y orthogonal to &, then a manifold is a horizontal
&-projectively flat manifold.
Using (2.19) in (4.2), we get

(5.2) B(X,Y)Z =R(X,")Z + (2 + &)[g(X, 2)Y — g(¥, Z)X]
+(1 + &)[g(Y. 2n(X) — g(X, Z)n(Y)I§ + (1 + em(Z)[n(Y)X — n(X)Y]
+$[§ X, 2)Y - S(Y,2)X + g(X,Z)QY

—g(Y,Z)OX + 8 (¢X, Z)¢Y — S (9Y, Z)pX + g(¢X,Z)Q¢pY
—8(Y, 2)0¢X + 28 (X, V)PZ + 28(pX, Y)0pZ
=SX, 2mY)é + 8 (Y, Zn(X)é — n(X)n(Z)QY + n(Y)n(Z)0X]

p+n—1
T3 8@X.2)Y — (@Y. 2)¢X + 28(9X. Y)¢Z]

p—4
38X D)Y — g(Y.2)X]

. f 3 [g(X, 2n(Y)¢ — g(Y, Dn(X)é + n(Xn(Z)Y — n(Y)n(2)X].

Putting Z = ¢ and using (2.1), (2.10) in (5.2), we get

+

~ 2
(5.3) BX, V)¢ = [% — Elln(X)Y - n(V)X]

+

{[(n—-1-(e+2)(e—n)+ 2)l - (I +¢&)n-28n(N)X
n+3 €

“n-1-(e+2)(e—n)+ 2)é - (L +&)(n - 28)nX)Y

1 ~ 1 ~ ~ ~
2~ 1n@QY — [ — (X = S (X, HHn(¥)& + S (X, HHn(X)g)
~ L2 oy - nxt+ Lo neoy - nnx)
e(n+3) n+3 '
If we consider X, Y orthogonal to &, then (5.3) reduces to
(5.4) PX,Y)é=0
Hence (¢)-Kenmotsu manifold is horizontal £-C-Bochner flat with respect to the semi-symmetric
metric connection.
Again using (2.20) in (5.2), we have
(5.5) BX,Y)Z=BX,Y)Z+ (2 + &)[g(X,2)Y — g(¥, Z)X]
+(1 + &)Y, Dn(X) — g(X, DHn(Y)I¢
+( +enD)n(Y)X - n(X)Y]

+ e+ 2 —m + 2[gX. DY — g(V. D)X + g(¢X. )¢ Y

—8(@Y, Z)pX + 28(pX, Y)PZ — g(X, Z)n(Y)é + g(Y, Z)n(X)¢]
+(1 + &)(n = 28)[n(X)M(2)Y — n(Y)n(Z)X]1}.
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Putting Z = £ in (5.5) and using (2.1), it follows that

- 2
(5.6) BX.Y)§ = BX, Y)§ + (= = &)n(X)Y = n(¥)X]

1 (e+2)e—n)+2
n+3

+ (1 +8)(n-29)]nX)Y - n(Y)X].

If we consider X, Y orthogonal to &, then (5.6) reduces to
(5.7) B(X,Y)é = B(X, Y)é.
Hence we state the following theorem:

Theorem 5.1. A (g)-Kenmotsu manifold is horizontal &-C-Bochner flat with respect to the semi-
symmetric metric connection if and only if the manifold is &-C-Bochner flat with respect to the
Levi-Civita connection.

Acknowledgement: Authors are very grateful to the reviewer for suggesting some improvements
to increase its readability.
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