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FUNCTIONS USING GENERALIZED NORLUND-EULER
SUMMABILITY METHOD

JITENDRA KUMAR KUSHWAHA, LAXMI RATHOUR*, LAKSHMI NARAYAN
MISHRA, VISHNU NARAYAN MISHRA and RADHA VISHWAKARMA

Abstract

In this paper, we have established a very interesting result for the degree of approximation of conjugate
functions belonging to the W[L,, &(7)] class by generalized Norlund-Euler product summability method
of conjugate series of Fourier series. The results presented in this paper is the generalization of many
known and unknown results.
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1. Introduction

Summability theory plays a significant role to study area of Fourier Analysis, Wavelet
Analysis, Fixed point theory and many other fields. The well known theorem of
Weierstrass is the origin of theory of approximation. The degree of approximation of
functions belonging to various classes have been determined by various investigators
Mishra [9], Mishra and Mishra [10], Mishra et al. ([12], [13], [15], [16]), Deepmala
et al. [14], Mishra [17], Mishra et al.[19], Psarakis and Moustakides [22], Krasniqi
([23], [24]) and many others (See also [1], [11], [18]). Recently Kushwaha et al
[4], Kushwaha and Kumar [5], Zafarov [6], Mishra et al. [15], Sahani and Mishra
[8] have determined the degree of approximation by product summability method of
Fourier series. Using product summability means Pradhan et al. [21] have determined
the degree of approximation of function belonging to weighted class. But no work
seems to have been done so far to find the degree of approximation of functions
of weighted class by (N, p,, ¢,)(E, s) product means of conjugate series of Fourier
series.Working in this direction, we have determined the degree of approximation
of conjugate of functions belonging to weighted class by (N, p,,g.)(E, s)-product
summability method of conjugate series of Fourier series which is the generalization
of several known and unknown results. Therefore, this result will be useful for
researchers in future.

*corresponding author : Laxmi Rathour
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2. Definition and Preliminaries

Let 3 u, be an infinite series with the sequence of partial sums {s,}. The Euler’s
means of the sequence {s,} is defined by

S 1 - n n—=v
R ; (V)s 5. @2.1)

If E — sasn — oo, then the series }} u, is summable to s with respect to (E, s)
summability and (E, s) means is regular (Hardy, [2]). Let {p,} and {g,} be sequence of
positive real numbers such that

P, =§pk and Qﬁqu

and let R, = pogu + p1gn-1 + ... + Pnqo # 0, p—1 = q-1 = R_; = 0. The sequence to
sequence transformation

== Z DPn—k4qk Sk (2.2)

"kO

defines the sequence {t,’qv } of the (N, DPn» gn) mean of the sequence {s,} generated by the
sequence of coefficients p, and g,. Similarly, we define the extended mean.

= Z Pidisk 2.3)
Ry k=0
where R, = pogo + P1g1 + -eeeveeene + Dndn # 0,p.1 =q1 =R, =0 1If tnﬁ — s

as n — oo, then the series Y, u, is (N, p,, g,) summable to s. The Riesz summability
method is said to be regular if

(i) &% — 0, for each integer k > 0 as n — co.
(i) | 2= Pkqrl < CIR,|, where C is any positive integer independent of n.

Now we define a new product summability method (N, Pn>qn)(E, s) of {s,} as
k
1 n
TVE = — {E}} = "y 24
nkZ;pqu Zpqu{(1+s)k2()s s} 2.4)

If tnNE — sasn — oo, then ) u, is summable to s by (N, Pn>qn)(E, s) method. Let f
be 2x periodic and integrable over (-, ) in Lebesgue sense, then its Fourier series be
given by

1 - , 1 -
fx) = an + ;(ancosnx + b,sinnx) = zao + ;An(x). (2.5)
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The conjugate series of Fourier Series (2.5) is given by
(o]
Z(ansinnx — b,cosnx) (2.6)
k=1

A function f € Lipa, if
fx+)-fx)=0(")forO<a<1,t>0.
A function f € Lip (a,r) fora < x < b if

b 1/r
{f |f(x+t)—f(x)|rdx} <MD, r>1,0<ax<1

where M is absolutely constant.
We have f € Lip (£(2), r), if

21 1/r
{f lf(x+1) —f(x)lrdx} =0E&®),r=1,t>0.
0

A function f € W(L', £(¢)), Khan [3] if
1/r

27
{f If(x+1) - f(X)Irsinﬁ’(x/Z)dX} =0(¢®).20,r=1,1>0,
0

where, £(¢) is increasing function of z.

If B = 0 then the generalized weighted Lipschitz W (L", £(¢)) (r > 1) class reduces to
Lip (&(1),r) class. If &(r) = t* then, Lip (£(), r) class coincides with the class Lip(«, r)
and if r — oo then Lip(a, r) converted to Lipa class.

The Lo,-norm of a function f : R — R is defined by

lflleo = esssup {|f(x)] : x € R}
The L"-norm of a function is defined by

27 %
||f||r=( fo If(x)lrdx) Q<r<oo

The degree of approximation of a function f : R — R by a trigonometric polynomial
t, of order n under sup norm ||.||. is defined by MacFadden [20]

lltn = flleo = Sup {ltn(x) = f(Ol}
and the degree of approximation E,(f) oxf a function f € L, is defined by
E,(f) = minlfr, ~ fIl.
We use following notations through out the paper:
Y@ = fx+1 - flx=1
foo = —21—” fo " wcont/2ds
— 1+ 1 (kK cos(v+ 1/2)t
M, () = R, kz:(; Diqk {(1 oy Z (v)Sk_VW} )

v=0
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3. Main Theorem

Let f be a 2m-periodic function which is integrable in Lebesgue sense in [0, 27].
If f e W(L",£&()) class, then the degree of approximation of conjugate of function is

given by
NE _ 7 +1 1
™ = fllr = {(n + 1 ( " 1)} (3.1

where T”NE is the (N, DPn»> qun)(E, s) transform of {s,,}, provided &(¢) satisfies the following
conditions:

{f(t) } be decreasing function (3.2)
(o T (]
{j; ( 0 ) sin® tdl} = o(m) (3.3)
T (ol %
{f( 50 )dt} = 0{(n+1)y (3.4)

(n+1)

where ¢ is an arbitrary number such that (8 —8)g—1> 0, r ' +¢ ' =1,1<r < oo,
and conditions (3.3) and (3.4) hold uniformly in x.

4. Lemma

To prove the theorem, we need the following lemma:

M, (1) = (1) for <t<nm

(n+1)

Proof. For = +1) <t < m,sin(t/2) > ﬁ (Jordan’s Lemma), so

L B 1 & 1 kS (k oy cos(v+1/2)t
M) = 27R, Z p"q"{a + sy Z (v)s sin(1/2)

1 k l(v+l/2)t
< _
= 21R, Z PRIy (1% s)k Zf (v) T
1 s + e[
T R, ZP ST
3 1 Z (1 + s + 2scost)l/?
"~ 2tR, Pidi (1 + s
1 - 252k
< 7r2(l+,&)2
= 2R, kzz(; Prqke
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Z Prdk

" k=0

2tR

Il
O
—_
~ | =
~———

5. Proof of main Theorem

The k™ partial sum of the conjugate series of the Fourier series (2.5) is given by

1 (T 1 (" 1/2
S0 = fo cor(t/2(tdt + 5 fo %w(z)m

_ 1/n+1 _ -
Sa(x) — (—1 f cot(t/20(1)dt — -t f cot(t/Z)w(t)dt)

2 271' 1/n+1
”"“ ™\ cos(n+1/2)t
1dt
271 (f /,H]) sin(t/2) v

— =1 Untl cos(n + 1/2)t 1 (™ cos(n+1/2)t
Su(X)= fn(m) = o (j(; e ﬁ/z) lﬂ(l‘)dﬁ“% jl./n+1 Wlﬂ(l‘)df

taking (N, Pn> qn)(E, s) transformation, we get

k

_NE = 1 n 1/n+1 ([) k Cos(y . ]/Z)t
H 2nR, ;pqufo (1 + s)k Z (v) (W - cott/Z) dt

1< T [ (k) o [cos(v+ 1/2)t
’ Ry, Vz:;)pk f/n+l (1+s)t {VZ: (V) (W)dt}
1 % 1/"“ Y(t) k 2s1n(v+ D)t/ 2sin(=v1)/2
~ 27R, kZopqu 0 (1 + s) o (v sin(t/2) ) d
+ f om0
1/(n+1)
(5.1)
vr — 1 Uy (& [k (v + )sin(t/2) |sin%}
-7 < 7R, fo I+ sF Z:(; (v) sin(/2) drp+h

l/n+l (t) k k kv
fo e sy Z:(;(V) v+Dbdi+ 1

R, o
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1/(n+1)
O+ l)f Ydt + I
0
I + I, .(say)

5.2)

1/(n+1)

Now, 1] < [ (0] O (n + 1) dr. Further f € W (L, (1)) implies ¢ € W (L, £(1)),

thus |11| < fol/(n+1) zz/;(;)(_:;‘nﬁt‘f(tisOi’(;;rl) dt.
Now, by Holder’s inequality, we have

1/(n+1) Y LN Vi 1/(n+1) NG 1/q

Ll < f stk )« fim f 00+ DI,
0 &) 0 J, tsinPt
1 e (enom + DY ]
= 0(—) limf (M) dt] by (3.3)
n+1/|es0J, tsinPt

1/(n+1) q ql/q
[lim f (ﬁ) dt]
-0 J, tsinft

1

1 t—q—ﬁq+l n+l Y
§(n+1) (—q—ﬁq+1)o

o0 {f(%) (n+ l)ﬁﬂ/r} since r ! +¢7' =1 (5.3)

+1
4]1/51

Now by Hoélder’s inequality and Lemma, we have
=0y (t)|sinPt

7T r 1/r 7
d
(fl‘/(nﬂ) &0 t) [fl‘/(nﬂ)

T q 1/q
ol + 1)5}{ fl (f_((gﬁ) dt} by(3.4)

EOM, (D)

I ;
11| t95inPt

IA

[(n+1)
Ur (g /m) )"
= 1)° f (5(—) —} by(3.2
{(n+ )}{ N b y(3.2)

Again by using second Mean Value theorem, we get

1 1n dy 1/q
5
ofos e .. )

0{(n+ 1)5“/’5(”1?)} since r '+ =1 (5.4)

Now, by using (5.3) and (5.4) in (5.2), we get

I = 7l = 0{(n + 1)“”’«5(#)}

n+1

|

This completes the proof of the theorem.
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6. Corollaries

Corollary 1. If we put 8 = 0, then the weighted class reduces to Lip(&(?), r).If f
is 27 periodic and belonging to class Lip(£(1), r) then the degree of approximation by
(N, pu, qn)(E, s) method of conjugate series of Fourier series (2.5) is given by

IVE — i = 0{<n + 1)”%(#)} 6.1)

n+1

W(L", &(1)) reduces to Lip(a,r), then the degree of approximation of 27-periodic
functionf belonging to Lip(a,r) by (N, p,,q,)(E, s) method of conjugate series of
Fourier series (2.5) is given by

—NE
- fl=0d —
7" = 7 {(n T

Corollary 3. If we put 8 = 0, £(f) = %, 0 < @ < 1 and r — oo. Then weighted class
W(L", &(7)) reduces to Lipa, then the degree of approximation of 27r-periodic function
by (N, pa, g»)(E, s) method of conjugate series of Fourier series (2.5) is given by

I7NE — il = 0{

Corollary 2. If we put § = 0 and &(¢) = t*, 0 < a < 1, then weighted class

},O<afsl,r21. (6.2)

N < > 1. .
(n+1)a},0<01_1,r_1 (6.3)

7. Conclusion

In the present work we have used generalized Norlund-Euler product summability
method.If we consider g, = 1, then it reduces to (N, Pn)(E, s) product summability
method. Similarly, if we consider s = 1 in above then it reduces to (N, p.(E, 1)
product summability means. In this way we can see that our result is superior to many
other results.
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