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DEGREE OF APPROXIMATION OF CONTINUOUS
FUNCTION IN THE HOLDER METRIC BY (C,1)F(a, q)
MEANS OF ITS FOURIER SERIES

H. L. RATHORE, U. K. SHRIVASTAVA and L. N. MISHRA

Abstract

A new estimate for the (C, 1)[F, d,] product summability with Holder metric recently has been determined
by Rathore, Shrivastava and Mishra [On approximation of continuous function in the Holder metric by
(C, D[F,d,] means of its Fourier series. Jnanabha, 51(2),(2021)161-167], which is the family of F(a, q)
mean includes of [F,d,] mean. Further we extend the under weaker condition of Holder metric using
Cesaro mean and F'(a, g) mean the associate with Fourier series. We obtained a theorem on approximation
of continuous function in the Holder metric by (C, 1)F(a, g) means of its Fourier series.

2010 Mathematics subject classification: 42B05, 42B08..
Keywords and phrases: Holder metric, Fourier series, Banach spaces, Degree of approximation,
(C, 1)F(a, g) method..

1. Introduction

Chandra [P. Chandra, “On the generalized Fej’er mean in the metric of Holder
Metric,” Mathematics nachrichten, vol.109, no.1(1982), 39-45] was first to extend the
result of Prossdorf [S. Prossdorf “Zur konvergenz der Fourierreihen Holder Stetiger
Funktionen” Mathematische Nachrichten, vol. 69, No. 1, (1975), 7-14]. In 1983
Mohapatra and Chandra [R. N. Mohapatra and P. Chandra, “Degree of approximation
of function in the Holder metric” Acta Math. Hung; 41(1983), 67-76] result to find
the degree of approximation in the Holder metric using matrix transform. Later
on Das, Ghosh and Ray obtained a number of interesting result on the degree of
approximation of function by their Fourier series in the generalized Holder Metric. In
2001 Lal and Yadav was most interesting result on degree of approximation of function
belonging to the Lipschitz class by (C, 1)(E, 1) means of its Fourier series. In 2008
Singh and Mahajan was deduced many previous result to extend the error bound of
periodic signal in Holder Metric. Later on Shrivastava and Rathore to find the degree
of approximation of continuous function in the Holder Metric by F(a,q) mean. In
2009 Lal and Kushuwaha defined (C, 1)(E, g) summability of Fourier series. In 2021
Rathore, Shrivastava and Mishra defined (C, 1)[F, d,]. It is known that F(a, q) mean
includes like several mean (E, q), [F, d,] mean. So in the present paper we have defined
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(C,1)F(a, q) mean of Fourier series and generalizing the above two result obtain the
degree of approximation of continuous function in the Holder metric by (C, 1)F(a, q)
mean.

2. Definition and Notation

Let f be a periodic function with period- 27 and integrable in the Lebesgue sense
over [—m, m]. Let the Fourier series associated with f at x be

_a X :
f(x) = 5 + ; (a,cosnx + by,sinnx). (2.1)

Let C,, denote the Banach Spaces of all 2n— periodic continuous function under
“sup” norm for 0 < o < 1 and some positive constant K the function space H, is given
by the following

Hy ={f € Cor 1 |f(0) = fO)I < Klx = yI*}. (2.2)
The space H, is a Banach space (see Prossdorf [11]) with the norm ||.||, defined by
Iflle = llf1lc + sup A"[f(x, y)], (2.3)
xy

where

flle = sup |f (0l (2.4)
and

A fCu ) =[x =y f () = fFOL (x # ). (2.5)

We shall use the convention that A? f(x, y) = 0. The metric induced (2.3) on the H,,
is called the Holder metric. It can be seen that || ||z < Qm) B flly for0 < B <a < 1.
Thus {(Hq ||llo)} is a family of Banach Spaces which decreases as « increases.

We write

() ={f(x + D) + fx = 1) = 2f(x)}. (2.6)

The family F(a,q) of summability method was introduced by Meir [9]. The
summability matrix {C,;} belong to F(a, gq), if it satisfies the condition: # is a discrete
or continuous parameter: g = ¢(n) is a positive increasing function which tend to
infinity as n — oo ‘a’ is a positive constant: for every fixed d : % <0< %

lk — g

k — 1
koalrly ol dhyl )
q

a _
Cot = L2 exp(-ag) 1k - g1 {1 + 0|
nq
as n — oo uniformly in & for |k — ¢| < ¢° and

D (k+ 1)Cui = Olexp(—¢")), 2.8)

lk—gl>¢°

where u is some positive number independent of n.
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Let .
FO(f32) = ) CuSilf3 ). (2.9)
k=0

Denote the F(a,q) mean of the Fourier series (2.1) of f, where S;(f;x) is the
k™ partial sum of (2.1). The family F(a,q) contains the summability method of
generalised Borel, Euler, Taylor, S, and Valiron.

It is known (see Kuttner, Rajagopal and Rangachari [6]) that

Z Cor=1+0("?). (2.10)
k=0

The summability method of Euler, Taylor, S, and Borel satisfy (2.10) in the
stronger from

Zcpkz 1. (2.11)
k=0
The series ;7 u is said to be (C, 1) summable to S..
If
1 n
n+1kz:;Sk—>Sasn—>oo. (2.12)

The (C,1) transform of the F(a,q) transform is defined as the (C,1) F(a,q)
transform of the partial sum S, of the };7  ux

1 n
(CP = —= 3 F > Sasn - e, (2.13)
k=0

where F ,(,”’q) denotes the F(a, g) transform of S, then the series ), u is said to be
summable (C, 1)F(a, g) means or simply summable (C, 1)F(a,q) to S.
3. Some Theorem

In 1928 Alexits [1] proved the following theorem
Theorem A: If f € Cy; N Lipa, (0 < @ < 1) then

o — fll = O™ log n). (3.1)

The case « = 6 = 1 was proved by Bernstein [2]. Theorem A was extended
by several workers such as Holland, Sahney and Tzimbalario [5]. Replacing (C, 6)
mean by (E, g)(¢ > 0) Chandra [3] obtained the following result:
Theorem B: Let 0 <8 <a < 1andlet f € H,. Then

IES(f) = fllg = Ot~ log n}. (3.2)
where El(f, x) denotes(E, g) transform of S ,,(f; x).
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Shrivastava and Rathore [13] extended above result for F(a,g) means. They
proved the following theorem.
Theorem C: Let [¢g] denote the integral part of ¢ = ¢g(p) and m = [g] + 1. If
0<pB<a<landf € H,then

llt,(f; %) = fFOIl = 0P 12, (3.3)

Lal and Kushwaha [8] obtained the degree of approximation of function of Lipa
class by product summability mean of the form (C, 1)F(a, g). Their Theorem is as
follows:

Theorem D : If f : R — R is 2n-periodic Lebesgue integrable on [-n, 7] and be-
longing to the Lipschitz class then the degree of approximation of f by the (C, 1)(E, q)
product means of its Fourier series satisfies forn = 0, 1,2...

I(C, E)i(x) = f(x)llo = O[(n + 1)™*] for 0 < a < 1. (3.4)

4. Main Theorem

In this paper we extend the above result by proving following approximation result
for product summability mean (C, 1)F(a, g) means.
Theorem: Let n be the integral part of ¢ = g(n). f0 < <@ <1 and f € H, then

I(C, F)&? = f(0)llg = O((n + 1P~ log(n + 1)), 4.1)

where (C, F )i,a”) is the product summability mean (C, 1)F(a, g) mean of S, (f; x). We
will use following lemmas.

Lemma 4.1. Let ¢,(t) be defined in (2.6) then for f € H,, we have
o2 (1) — @y (D] < 4klx =y, (4.2)

and also
lox(1) = @y (D] < 4klt|*. (4.3)
It is easy to verify.
Lemma 4.2. If g = q(n), is an integer valued function of n, then for % <d< % we have

f " le@) Z ﬂiqa exp(—aq~'(k — ¢)*) sin(k + %)tdt

int/2
o sint/ —ql<’

™ o(t —qgt? 1
_ [ ),| exp(—L ) sin(g + = )rdt + O(g exp(—ag®®™)).  (4.4)
sin 5 da 2

Lemma 4.3. Let

2
1 " exp( f; )sin(q + %)t
M, (1) = :
® (n+ D Z sint/2

T

k=0

=0 1 0<t<
(n+1)for0 < <
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Proor. Using sinnt < nsintfor0 <7< -2

+1
Then
1 $ —g* (2g + )sint/2
Ma) < exp(ZIL 20+ Dsint/
(n+ Dm = 4a sint/2
=g+ 1)
k=0
=0(n+1)
Levma 4.4. Let
2
1 " exp(=L-) sin(g + 1)t
M (1) = P =
(n+ D — sint/2
Then
M) = 0y for -2~ <t <x
T n+1~ ~
Proor. Using s1n ( ) and |sin(q + )tl <lfor 5 <t<nm
= —qt* 1
M, _—)—
0=1 +1)ﬂk§ex 37
1
= 0(=
(t)

5. Proof of the main theorem:

Following Zygmund [15] we have

L™ 1
Sk(f;X)—f(X)=;j(; sn t/2<px(t)sm(k+ )tdt

We have

L (™ o) © . 1 _
F99 _ f(x) = — f ?”—5)2 Z Cuisin(k + S)udi + 0(g 12y,
T Jo sint/ “

The (C, 1)F(a, q) transform of S x(f; x) by (C, F)*? we have

@p g 1% f RO . 1
(C, )P — f(x) = o 1)”,; i /2;% sin(k + 2 )rdr

23

4.5)

(4.6)

5.1

5.2)

(5.3)
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writing 1,,(x) = (C, F)\ — Sf(0).
We have

L) = [(C, F)* = f(x)] <

1 n 7T Sox(t) e . 1
s D kzz(; fo sint/2 kzz(; Cucsin(k + 5)rdil.— (5:4)

We have

ex(1) — 9y(0) < . 1
L) =10 = = +1)7TZ s 3% Cusinte+ v

- Z fo e, 5y )]ansin(k+%)tdt

n+ 1 g sin ¢ 2
( ) / [k~ ql<q lk—gl>go

o(1)
(n+1)7r2f0 sint/2 Z Coi sin(k + )tdt

lk-ql<q®

_e(0) . 1
(n + 1)7r Zfo sin t/2 Z Coi sin(k + E)tdt

lk—ql>q°

= 1S 1]+ 182l + O(g7?). (5.5)

IA

(n + 1)7r

f " el Csin(k + %)tdt]

sint/2 i
0 lk=ql>¢°

BRI < Y L N 0]
_(n+1)ﬂk2=(;[f0 +fn§1']sint/2 Z Ci sin(k + )tdt

lk—ql>¢°

IS2] = 1S2.1 + S22 (5.6)

Now

1
NERTIS sin(k + E)tdt]

(n+1)7r [ f Tl Y G

lk—ql>q

Using sinnt < nsint, for0 << 2=

(n+1>n [ f el Y ¢

lk—ql>q°

sint/2dt]

- 2+ 0 [ ool by 210
<+1>;( L[ hetojant by @.10)

=0(mn+1) f " 11%dt by Lemma (4.1) & (4.3)
0
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=0(n+1), (5.7)

Now

1S22] =

1 - d , 1
o+ l)nz[ f . Sligfl(tt;|2 2. Cusin(k+ Pl
= = lk—ql>¢°

I'l 1
[ f oL s ¢, sink + 3]

sint/2 i
p] / |k—q|>¢°

1S22] = ( +1)ﬂ

;

Using

1 1
sin(¢/2) > t/m and | sin(k + —)t| <(k+ —)t for

" H)HZI le®I > Cutk+ )tdt]

lk=ql>q°

= =
1

IS22] <

- [ Iotoidrby 23)

n+l

1
(n+1)

1 f”
= || *dt
(n+1) .

=0+ 1) (5.8)

So
IS, = O(n + 1)~ (5.9)

Now

0]
(n+ D i Jo sint/2

Z C sin(k + )tdt

lk—ql<q®

1 ("
= 2 f ) :—jeXp(—aq‘l(k—q)z)

n+ D sint/2 i
i Jo / k—ql<q®

lk — g
qz

=183 +84+ 85| (5.10)

1S4 =

- 1
><{1+0(|k 9+

) + O( )} sin(k + %)tdl

We estimate S 4 as follows,

1 S ()
(n+l)ﬂzf Tt
|k — gl +

1
X Z ﬂ—exp( ag\(k - gH(——— p )in(k+§)tdt

lk—ql<q®

IS4] <
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‘(n+1)nz[f +fn]t

x Yy —exp( ag (k- gy =+ Z' )in(k+%)tdt

lk—ql<q®

_(n+1)nzf0 t
lk —ql +

x Y —exp( —ag™! (k= P — )(|k—q|+q+%>rdr

lk—gl<q’

SO (7 ()
T 1)7r Z f T
k- gl +

x ) ﬂ—exp( ag”! (k= @) — Lyar

lk—ql<q®

1 ¢ T 1 (7
= 0 “df) + O(— “lq
(n+1)n;[ m/?;fo i) + (\@f” =" dn)}

n+l

IS4 =0+ 1) -7 (5.11)
Similarly
IS5 = O(m+ 1) (5.12)
Now
_ " le@)l Va
9= w2y sinez 2 g OPCad” k=g sink + )
= lk=ql<q’
Applying Lemma 4.2
" le@)l —qt°
IS5 = ot 1)7'[ ZL sint/2 [ )sm(q + )tdt] + O(q exp(— aq25 1))
Now
IS3] = Zf (0 )sm(q + )tdt
: (n+ D &4 Jy siny2 |
(f f ) le()| M, (£)dt by Lemma (4.3) and (4.4)
IS3] = 1831 + 832l (5.13)
Then

ISs.1|=f le(OIM,,(1)dt
0
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=0(m+1) f " |1%ds by Lemma (4.3)
0

=0(n+ 1) .14

and

T

1S32] = f le(IM,(1)dt

n+l

d 1
= f O(;)Itl”dr by Lemma (4.4)

+1

=0n+1)" (5.15)

From (5.14) and (5.15) combining we have

IS3] = O(n+1)"". (5.16)

Now using

le(D] = lex(1) = (D)l
= O(lx = y").
We obtain
IS2] = O(n + 1)~

1 Sl Al20]
= (n+ D Z f Tt
lk —ql +

x > —exp( ag™' (k- ) (—="— ; L sinck + )z|dr

lk—ql<q’
_(n+1)7rzf t

k — 1
0 3 YV opag - gy B E =gl + g+ 3

(5.17)

and

1S 4l

lk—gl<q’
T . 1
(n+1)ﬂZf le@l Z Va exp(—aq” (k - q) )(I q|+ )
lk—gl<q’ q
- — Z[O(‘/‘_Ifn Igo(t)ldt)+0(_ " |90(t)ld)}
(n+ D yr 0 Vi My

= O(Ix = yI*) + O(lx — y[*) log(n + 1)

1S4l = O(lx — yI) log(n + 1). (5.18)
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Similarly
IS5I = O(lx = yI%) (5.19)

and applying Lemma 4.2 and ¢ = ¢g(n) is an integer valued of n we get

™ ()] —qt* . | 1
f e xp(ﬂ) sin(q + E)Idt].

3
1S3l = o sint/2

(n +1)71

Applying Lemma 4.3 and Lemma 4.4

13| = (f f Je®IM,(t)dt

_ O+ 1) f ()l + f O lpto)ds

= O(lx = y) + O(lx — yI") log(n + 1)
131 = O(lx — yI) log(n + 1). (5.20)

Now for k =2,3,4,5 and for 0 < 8 < @ < 1, We observe that
ISkl = ISk PSP (5.21)

By using (5.9) and (5.17) respectively in the first and the second factor on the right
of the above identify (5.21) for k = 2 we obtain that

1S2] = Oflx = yP(n + 1/~ (5.22)

Again using (5.16) and (5.20) in the first and second factor on the right of the
identify (5.21) for k = 3 we have

1S3] = O{lx — yP(n + 1)/ ¥ log(n + 1)}. (5.23)

By using (5.11) and (5.18) in the first and second factor on the right of the identify
(5.21) for k = 4 we have

1S4l = O{lx — yP(n + 1P log(n + 1)}. (5.24)

Also replacing Ss by estimates in the first factor from (5.12) and second factor from
(5.19) on the right of (5.21) for k = 5 we get

IS5l = Oflx = yP(n + 17}, (5.25)
Thus from (5.22), (5.23), (5.24) and (5.25) we get

SuP|A’Bln(X>Y)| = SUPUn(X) - In(y)|
X, X,y
x;t); x#}y

= O{(n+ 1)/ log(n + 1)} (5.26)
Now using the fact that f € H, => ¢,(t) = O(t%)
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Proceeding as above we obtain

Ill. = sup (CF)Y? = fxll

—M<X<T

= O{(n+ 1) "log(n + 1)} 5.27)

Combining the result of (5.26) and (5.27) and using (5.23) we get

ICPY = f(0lls = Of(n + 1~ log(n + 1))

This completes the proof of the main theorem.

6. Application

The following result can be easily derived from main theorem (4.1).

CoroLLAry 6.1. If f € Lipa, when 0 < a < 1 then forn > 1,

ICF)? — f(0)ll = O(n) logn

we put 3 = 0 then theorem B is particular case of main theorem (4.1).

Conclusion

We would like to mention that the space H, and its norm given by Chandra P was
generalized in 1982. Further our result is influencing more people and makes them to
more efficiently obtain result in generalizing Holder metric, Abel summation method
and our main result in above mentioned special cases as well.
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