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GENERALIZED p-FUSION FRAME IN SEPARABLE
BANACH SPACE
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Abstract

Concepts of g-fusion frame and g f-Riesz basis in a Hilbert to a Banach space is being presented. Some
properties of g-fusion frame and gf-Riesz basis in Banach space have been developed. We discuss
perturbation results of g-fusion frame in a Banach space. Finally, we construct g-p-fusion frames in
Cartesian product of Banach spaces and tensor product of Banach spaces.
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1. Introduction and Preliminaries

In recent times, several generalization of frame for separable Hilbert space have been
introduced. Some of them are K-frame [5], g-frame [12], fusion frame [3] and so
on. The combination of g-frame and fusion frame is known as generalized fusion
frame or g-fusion frame. Sadri et al. [10] presented g-fusion frame to generalize the
theory of fusion frame and g-frame. These frames were further studied by P. Ghosh
and T. K. Samanta in [7-9].

A. Aldroubi et al. [1] introduced p-frame in a Banach space and discussed some of
its properties. Chistensen and stoeva [4] also developed p-frame in separable Banach
space. M. R. Abdollahpour et al. [2] introduced the p g-frames in Banach spaces. The
generalization of the g-frame and g-Riesz Basis in a complex Hilbert space to a
complex Banach space was also studied by Xiang-Chun Xio et al. [11].

In this paper, we generalize the notion of g-fusion frame in a Hilbert space to a
Banach space and establish some of its properties. Generalized Riesz basis in Banach
space is also discussed. The relation between g-p-fusion frame and g-g f-Riesz basis
is obtained. We describe some perturbation results of g-p-fusion frame in Banach
space. At the end, we present g-p-fusion frame in tensor product of Banach spaces.

Throughout this paper, X is considered to be a separable Banach space over the
field K(R or C) and X", its dual space. I, J denotes the subset of natural numbers
N.{X;};e; is a sequence of Banach spaces and {V;};c; is a collection of closed
subspaces of X.8B (X, X;) are the collection of all bounded linear operators from
X to X; and in particular, 8(X) denotes the space of all bounded linear operators
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on X.Itis assumed that p € (1, o0) and when p and g are used in a same assertion,
they satisfy the relation 1 /p + 1 /g = 1.
Now, we recall some necessary definitions and theorems.

TaeorREM 1.1. [6]If U : X — Y is a bounded operator from a Banach space X into
a Banach space Y then its adjoint U* : Y* — X is surjective if and only if U has
a bounded inverse on Ry( range of U ).

DerniTioN 1.2, [4] Let 1 < p < o0. A countable family {g;};c; € X™ is said to be
a p-frame for X if there exist constants 0 < A < B < oo such that

I/p
Allfllx < (Z Igi(f)l”) <BIflly ¥feX
icl
Dernition 1.3, [11] A sequence {A; € B(X, X;) : i € I} is called a generalized p-

frame or g-p-frame for X with respect to { X; };; if there exist two positive constants
A and B such that

1/p
Allfly < (Z IIAi(f)II”J <BIlflly YfeX

iel
A and B are called the lower and upper frame bounds, respectively.

Derinition 1.4. [11] Define the linear space

I"({Xi}ier) = {{fi}iel cfi € X, Z Ifill” < 00}-

iel

Then it is a complex Banach space with respect to the norm is defined by

1/p
I fibier|l = (Z ||fl-||1’]

iel
Lemma 1.5. [I1]Let p > 1, g > 1 besuchthat 1/ p + 1/q = 1. Then the adjoint
space of 17 ({X;}icy) is lq({Xi* }l,e]), where X is the adjoint space of X; for i € I

Deriniion 1.6. [2, 11] Let {A; € B(X, X;) : i € 1} be a generalized p-frame or
g-p-frame for X. Then the operator defined by

U:X > 1" {Xikier), Uf ={ANi(fH}iesr YfEX
is called the analysis operator and the operator given by

T: 09 ((X }e,) - X

T ({gi}iel) = Z A,'*gi A {gi}iel el ({X,* },'61)
iel

is called synthesis operator.
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Dermntrion 1.7. [10] Let {v; };c; be a collection of positive weights and { H; };c; be
a collections of Hilbert spaces and {V;};c; be a family of closed subspaces of a
Hilbert space H. Then the family A = {(V;, A;, vi)}ie; is called a generalized
fusion frame or a g-fusion frame for H respect to { H;};c; if there exist constants
0 < A £ B < oo such that

, 2
AP < Y 2 AP H|T < BIFI? V£ e H, (1.1)
iel
where P, is the orthogonal projection of H onto V;.The constants A and B are
called the lower and upper bounds of g-fusion frame, respectively. If A satisfies the
right inequality of (1.1), it is called a g-fusion Bessel sequence with bound B in H.

2. g-p-fusion frame and it’s properties

In this section, we develop the generalized fusion frame and generalized Riesz
basis for Banach space.

Derinition 2.1. Let p > 1 and {v;};c; be a collection of positive weights i.e.,
vi > 0.Let A; € B(X, X;) and { Py, } be non-trivial linear projections of X onto
Vi such that Py, (X) = V;, for each i € I.Then the family A = {( Vi, A;, vi) }ies
is called a generalized p-fusion frame or a g-p-fusion frame for X with respect to
{X;};e; if thereexist 0 < A < B < oo such that

1/p
Allfll < (Z vl ||A,»Pv,.(f>))”] <BIflIVfeX @.1)
iel
The constants A and B are called the lower and upper bounds of g-p-fusion frame,
respectively. If A = B then A is called tight g-p-fusion frame and if A = B = 1
then we say A is a Parseval g-p-fusion frame. If A satisfies only the right inequality
of (2.1), it is called a g-p-fusion Bessel sequence with bound B in X.

Suppose that A = {( Vi, A;, vi) };e; 1s atight g-p-fusion frame for X with bound
A.Then for all f € X, we have

1/p
(Zvi”llAin,-(f)Il”) =AlfI

iel

L/p
:{Zvﬁ ||A‘1Aiji(f)||p] =171

iel

This verify that { ( Vi, ATV A, v ) } , is a Parseval g-p-fusion frame for X.

ie
THEOREM 2.2. Let A be a g-p-fusion frame for X with respect to {X;};c; having
bounds A, B.Suppose U € B(X) be an invertible operator on X.Then I' =
{(UVi, AiPy, U, v;)},, is ag-p-fusion frame for X, provided Py, UPyy, = Py, U,
forie L
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Proor. For each f € X, we have

1/p 1/p
(S tnrcurmo] = (S Inrco ol

iel iel
<B|IUSfIl € B|IU|IfIl [since A is a g-p-fusion frame ].
On the other hand
L/p L/p
(S tamvrmnr] =[S Iaeoar]
iel iel
> ANUFI = A|U~"||"" I£1l [since U is invertible 1.
Hence, I is a g-p-fusion frame for X with bounds B ||U|| and A || U-! ||71. O

THEOREM 2.3. Let A be a g-p-fusion frame for X with respect to {X;};c; having
bounds A, B and U : X — X be a bounded linear operator such that for each
i €1, Py,UPyy, = Py, U.Then the family T = {(UV;, AiPy, U, v;)};c, isa
g-p-fusion frame for X if and only if U is bounded below.

Proor. Let I' be a g-p-fusion frame for X with bounds C and D.Then

L/p
ClfIl < (Z v? ||A,~PV[UPUV[(f)||”) <DIfIIYfeX

iel

1/p
= Clfll < [Z v? HA,»PV,.U(f)H"] <D fl (2.2)
iel
Since A is a g-p-fusion frame with bounds A and B, in (2.1), replacing f by U f,
we get

1/p
ANUfIl < (Z v/ 1|Al~Pv,U<f>H”] <B|UfIVfeX (23
iel
Now, from (2.2) and (2.3), for each f € X, we can write
C
Clfll<BIUSII=IUfI = B I

This shows that U is bounded below.

Conversely, suppose that there exists M > 0 such that || U f|| = M || f||. Now,
for each f € X, we have

1/p 1/p
Sl Ay, UPm(f)H”) = [Z v APy uHll”

iel iel
2ANUfIzAMIfI.

According to the proof of the Theorem 2.2, the upper frame condition is also satis-
fied. This completes the proof. |
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We now give a characterization of a g-p-fusion Bessel sequence in X.
THEOREM 2.4. The family A is a g-p-fusion Bessel sequence in X with respect to
{ X; }ic; having bound B if and only if the operator given by
T ({Xi* }iel) - X T ({8ilies) = Z viPy A gi
iel
is a well-defined, bounded linear operator with || T || < B.
Proor. First we suppose that A is a g-p-fusion Bessel sequence in X with respect

to {X;};c; having bound B.Then for any {g;};c; € ¢ ({Xl.* }iel) and any subset
J c I, we have

D viPuA gl = sup viPyv A gi(f)
icl FeX =1 |57y
= sup ZgiViAiPV,(f) < sup Z”gi” vi || APy, ()]
feX Nfll=1|5eT feX Ifll=1 ey
1/q 1/p
< sup (}:HgAWJ (EZVf”A4Pw(fHVJ
feXAlfli=1 \ie7 iel

IA

1/q

B (Z llg; ||q] [ since A is a g-p-fusion Bessel sequence ].

iel

This shows that the series . v; Py, A g; is unconditionally convergent in X *. From
iel

the above calculation also it follows that

%EN&qu

Z v,-PV,.Ai*g,- <
iel iel
1/q
:HTGMMWSB(ZH&W) = B|[{ghiell,
iel

Thus T isbounded and ||T|| < B.

Conversely, suppose that T is well-defined and bounded linear operator. For fixed

f € X, consider the mapping Fy : /9 ({Xl.* }iel) — C defined by

Fr({gi%ier) = T (18ikier) (f) = D vigiAiPy,(f).

iel
Then F; is a bounded linear functional on /¢ ({Xl* }ie / ) so

{(vihi Py, ()} € 1" ({ Xidier)



178 P. Ghosh and T. K. Samanta

and

1Fy (edie) | < T [ gihier ], 1F1-

Now, by the Hahn-Banach Theorem, there exists {g;},c; € ¢ ({Xl.* }i€1> with
[[{8i}ies |, < 1 such that

”{ViAiPV,-(f)}Hp = ZvigiAiPV,-(f)‘-
iel
Thus
L/p

(Zv;’ ||Al-Pvi(f)||”) = [{vinspvnl],

iel

< sup [ vigiAin,-(f)‘ = e < uTNIL

||{8i}ig1||q51 iel

This completes the proof. |

DeriniTiON 2.5. Let A be a g-p-fusion frame for X with respect to { X; };<;. Then the
operator given by

U:X = 1" ({Xi)ic1), Uf ={viNiPy,(f)}e; VfeX

is called the analysis operator and the operator 7' : [4 ( { X }iel) - X7,

1
T ({gities) = Z viPv, A gi Y {gitics €17 ({Xi*}iel)
iel
is called synthesis operator.

Lemma 2.6. Let A be a g-p-fusion frame for X with respect to {X;};c;. Then the
analysis operator U has closed range.

Proor. Since A be a g-p-fusion frame for X, by the definition of analysis operator
U, the inequality (2.1), can be written as A || f|| < U fIl £ B || fll. Now, it is easy
to verify that U is one-to-one, X = Ry and hence U has closed range. O

Lemma 2.7. Let A be a g-p-fusion frame for X with respect to { X, };ic;. If for each
i € I, X; is reflexive then X is reflexive.

Proor. The proof is follows from the lemma 2.6. O

THEOREM 2.8. Let A be a g-p-fusion Bessel sequence in X with respectto { X; };c . Then

@H U*=T.

(id) If A has the lower g-p-fusion frame condition and for each i € I, X; is reflexive
then T* = U.



g-p-fusion frame in separable Banach space 179

Proor. (i) Forany f € X and {g;};c; € I4 ({Xl.* }iel), we have

(U filgilier) = <{ViAin,~(f)},-ep {gi}iel> = Z (ViNi Py, (f), &)»

iel
ST ey = (13 wiPuni ) = 3 (it Py (D).
iel iel
This shows that U™ = T.
(if) The proof is directly follows from the lemma 2.6. O

The following Theorem gives a characterization of a g-p-fusion frame for X.

THEOREM 2.9. The family A is a g-p-fusion frame for X with respect to {X;};c; if
and only if the synthesis operator T is a surjective and bounded linear operator.

Proor. First we consider that A is a g-p-fusion frame for X.Then by Theorem 2.4,
T is well-defined and bounded linear operator. Since U is one-to-one and U* = T,
by Theorem 1.1 T is onto.

Conversely, suppose that 7' is bounded and onto. Then by Theorem 2.4, A is a
g-p-fusion Bessel sequence in X. Also, by Theorem 1.1, U has a bounded inverse
and this gives the lower g-p-fusion frame condition. This completes the proof. O

We now develop the concept of generalized Riesz basis into the Banach space X.

DermntTion 2.10. Let 1 < g < oo.The family A is called a g-gf-Riesz basis for X
with respect to { X; };c; if

(@ A isgf-complete,i.e., {f : A;Py,(f) =0,iel}={0}

(if) There exist constants 0 < A < B < oo such that for any subset J c [ and

giEXi*,iEJ,
1/q 1/q
A[anin") < || > viPvA g sB(aninq] :
iel ieJ ieJ

Next theorem establish a relationship between g-gf-Riesz basis and the synthesis
operator 7.

THEOREM 2.11. The family A is a g-gf-Riesz basis for X with respect to {X;};c;
having bounds A and B if and only if the synthesis operator T is a bounded linear
and invertible such that

Allgll = IITgll < Bllgll 2.4

forany g = {gi}ic; €17 ({Xt* }iel)'
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Proor. Suppose A is a g¢-gf-Riesz basis for X with respect to {X;};c; having
bounds A and B.Then from the definition of g-gf-Riesz basis, it is easy to verify
that 3. v; Py, A g; converges unconditionally for all {g;};c; € /¢ ({X* }ie 1),

icl !
1/q 1/q
A(aniHQ) < | D viPv Al g sB[Zuginq)
iel iel

i€l

and this implies that T is bounded, one-to-one and A || g| < ||T gll < Bllgll.

Conversely, suppose that the operator T is a bounded linear and invertible operator
from [4 ({Xl* } ) onto X* and satisfying (2.4). Then by Theorem 2.9, A is a g-

p-fusion framele(;r X with respect to {X;};c; having bounds A and B.Now, for

fel{f: NPy (f)=0,i¢€ I}, wehave

1/p
Al < [ Do v AP H]"] =0 = f=0.
iel
Therefore, we obtain that { f : A; Py, (f) = 0,i € I} = {0}.Hence, A isa g-gf-
Riesz basis for X with respect to { X; };c; having bounds A and B. O

THEOREM 2.12. Let A be a q-gf-Riesz basis for X with respect to {X;};c; having
bounds A and B.Then A is also a g-p-fusion frame for X with respect to { X;};¢;
having same bounds.

Proor. By Theorem 2.11, T is a bounded linear invertible operator with ||T|| < B
and ” T-! H < A~ '.Itis easy to verify that H(T* )~ ! H_l > A.Then by Theorem
2.9, A is a g-p-fusion frame for X with respect to { X;};,c; having bounds A and
B. O

THEOREM 2.13. Let {X;};c; be a sequence of reflexive Banach spaces and A be a

g-p-fusion frame for X with respect to { X; };c;- Then the following are equivalent

(@) A isa g-gf-Riesz basis for X with respect to { X; };c.

) Af forany g = Agiher € 1 ({X7 ), ). T viPvAigi = 0 then g; =
0Viel -

(i) RCU) =17 ({Xi}ics)

Proor. From the definition of g-g f-Riesz basis, it is easy to verify (i) = (ii).
(ii) = (i) Suppose that (ii) holds.Since A be a g-p-fusion frame for X with
respect to { X;};c;, by Theorem 2.9, the operator T is bounded linear and surjec-

tive. Also by condition (ii), it is easy to verify that T is injective. Hence, by Theorem
2.11, A is a g-gf-Riesz basis for X with respectto { X; };<;.

(i) = (iii) and (iii) = (i) are directly follows from the Theorem 3.16 of [2]. O
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3. Perturbation of g-p-fusion frame

In this section, the stability of g-p-fusion frame in X is presented.

THeEOREM 3.1. Let A be a g-p-fusion frame for X with respect to {X;};c; having
bounds A and B. Suppose that T; € B (X, X;), i € I such that

L/p 1/p
[ZWPH(A”’% - TiPy) <f>H”] < [Z T e
iel iel
1/p
+/12[Z VP ||rl~Pw,(f)||”] +ullfll Vf e X (3.1)
iel

where A1, 1, € (=1,1) and — (1 + 1) B < u < (1 = A4)A. Then T =
{(W;, Ty, vi) }icq is a g-p-fusion frame for X with respect to { X; }ic ;-

Proor. For each f € X, by Minkowski inequality, we have

B

iel

l/p L/p
l"iPW,.(f)””) . [Z APy~ TPy (f)ll”) R

iel

L/p
S inranr]

iel

1/p L/p
<(1+ Al)[Zv,.”|)A,-PV,.(f)||”] + Az[Zv,.” ||r,-Pw,.<f>||"] +ull £

iel iel

Therefore, since A is a g-p-fusion frame, we have

I/p
[Zv,-"llww,-<f>||”]

i€11+/1 ” )
1 p ) p
STT4 [Z, APy, ()] ) il
L+ 4 Iz B+ 4)+u
S[(l—h)“(l—@)}”f”‘[ 5 |
On the other hand,
1/p 1/p
(Z v’ ||A,-Pv,-(f)||p] —(Z VP ||l“,-PWl.(f)||p]
iel iel

L/p
s[zvi” II(A,-PV,.—riPW,)mII"] :

iel
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Now using (3.1), we obtain

L/p
(1+ @)[Z v/ !IFwaf<f>||p]

iel

l/p
2(1—ﬂl)(Zvi”llAin[(f)II"] — ull £l
iel
>[(1 =21)A —pu]llfll [since A is a g-p-fusion frame ]
L/p
p ) p A(l —/11)—/1
ﬁ(;vi T Pw, ()] ] > [—1 s ]Ilfll.

Hence, I' is a g-p-fusion frame for X with respect to { X; };<; having bounds

A(l = A41) —p and (1+/11 B+ H
1 -4 (1-2) ]|

1 + A
This completes the proof. O

THEOREM 3.2. Let A be a g-p-fusion frame for X with respect to {X;}ic; having
bounds A and B. Suppose that T'; € B (X, X;), i € I such that

L/p
(Z v |[(Ai Py, = Ti Pw,) (f)llp] <RIfI Y feX
iel
where 0 < R < A.Then T = {(W;, T, vi)}ie; is a g-p-fusion frame for X with
respect to { X; };<; having bounds (A — R) and (B + R).

Proor. By Minkowski inequality, for f € X, we get

1/p L/p
[Sortrrwn) <[t -raol] -

iel iel
1/p
(S wiaracr)
iel
< (B + R)|fl [since A is g-p-fusion frame ].
On the other hand,
L/p L/p
[Z v! HDHm(f)H”] > (Z v? ||A,»Pv,.<f>|i"] -
iel iel
I/p
N (Z vip ”(AiPVi - 1—‘iPW,-) (f)”pJ
iel
2 (A-RISI

Hence, I is a g-p-fusion frame for X with bounds (A — R) and (B + R).
This completes the proof. |
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We end this section by constructing g-p-fusion frames in Cartesian product of
Banach spaces and tensor product of Banach spaces.

Let (X, ||‘llx) and (Y, ||-|ly) be two Banach spaces. Then the Cartesian product
of X and Y is denoted by X @ Y and defined to be an Banach space with respect to
the norm

Ifegll” =175+ lgly, (3.2

forall f € X and g € Y.Now, if U € B(X, X;) and V € B(Y, Y;), then for all
f € X and g € Y, we define

UesVeB(XaYrXeY)by(UsV)(feg)=Ufo Vg,

PV,'QBWl‘(f@g) = PV,‘feaPng?

where {Y;};c; is a another sequence of Banach spaces and { W; },.; is the collection
of closed subspaces of Y and Py, are the linear projections of ¥ onto W; such that
Pm(X) = W, fori e I

TueEOREM 3.3. Let A be a g-p-fusion frame for X with respect to {X;};c; having
bounds A, B and T' = {(W;, T, vi) };e; be a g-p-fusion frame for Y with respect
to {Y;}ie; having bounds C, D, where I'; € B(Y,Y;) for each i € I Then
ATl ={(Vi® W, A\; & T, vi)}ie; is a g-p-fusion frame for X & Y with respect
to {X; ® Y;}ic; having bounds min (A?, C?) and max (B?, D?).

Proor. Since A and I' are g-p-fusion frames for X and Y, respectively,

APNFIE < Y v APy (PHOIly < BPIFIE Ve X 3.3)
iel
CPlgly < > v [TiPw ()l) < D7 ligly Vg € ¥. (3.4)

iel
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Adding (3.3) and (3.4) and then using (3.2), we get
APNFIE + Cllglly < D vl A POy + D vl TiPw (o lly
iel iel
< B”IIfIf + DP ligly .
= min(A?, CO{IFIE + gy} < D v? (|aPv.(Hly + 1T Pw (1))
iel

< max (B, DP) {ILf1§ + llgll}-
= min(A?, CP) If @ gll” < Y v/ [|AiPv,(f) @ T; Py, (2)]|"

iel

< max(B”, DP) || f & gl”.
= min (A7, C*) [ f @ gll” < ) v/ (A @ To) (Pv @ Pw) (f @ 0)]|"

iel

<max(B?,DP)|fegll’ YfegeXaY
= min(A?, CP)|If @ gll” < > v/ [(Ai@T) Prew (fo )

iel
<max(B?,DP)|fegll’ YfegeXaY
Thus, A @ I is a g-p-fusion frame for X @ Y with respect to { X; @ Y;};c; having
bounds min(A?, C?) and max ( B?, D?). This completes the proof. O

The tensor product of X and Y is denoted by X ® Y and it is defined to be an
normed space with respect to the norm

Ifeell”=1flglgly, (3.5
forall f € X and g € Y.Then it is easy to verify that X ® Y is complete with
respect to the above norm. Therefore, X ® Y is a Banach space.

Let U, U’ € B(X,X;) and V, V' € B(Y,Y;),fori € I and j € J.Then for
UgV,U' ®V' € B(X®Y.X;®Y,), we define
@ (UeV)(feog)=Ufe®Vg forall feX, geV.
@ (UeV)(U' oV)=UU @ VV".
(iii) Pyvow;(f ® g) = Py, f ® Py, g forall f €X, g €Y.

Let {v;}ics, {Wj}jej be two families of positive weightsi.e., v; > 0 Vi €
I, wi > 0V j e Jad A; ®T; € B(X ® Y, X; ® Y;) for each
i € I and j € J.Then according to the definition (2.1), the family A ® I' =
{(Vi @ Wi, Ai ® T'j, v wj)}ij is said to be a g-p-fusion frame for X ® Y with re-
spect to {X,» ®Y j} _ if there exist constants A, B > 0 such that

i,J

I/p

P

Allf &gl s[va’w;’ [(A @) Priow,(f @ 9 ] <BIf @ ¢l
i J

forall f ® g € X ® Y. The constants A and B are called the frame bounds.
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THEOREM 3.4. The family A ® I is a g-p-fusion frame for X ® Y with respect to
{X[ ®Y; }i j if and only if A is a g-p-fusion frames for X with respect to {X;},c;
and T is a g-p-fusion frames for Y with respect to { Y; } e

Proor. First we suppose that A ® I' is a g-p-fusion frame for H ® K with respect
to {H,- ® K f}i R Then there exist constants A, B > 0 such that for all f ® g €

H®K - {9@’)0},wehave

1/p
Allf @ gl s(z vl (A e Ty) Prow, (f @ g>||P] <BIf @gl

i J

1/p
zAHf@gns[va’wj?HA,-Pv,.(f)@r,-PW,.<g>H"] <Blf®gl.
i J
1/p 1/p
= Allflixliglly < (Zvi’ HA,-PV,.<f>||§] (Z wj’llr,Pw,<g>||5]
iel jelJ
< BlIflylgly [by3.5)].

Since f ® g is non-zero vector, f and g are also non-zero vectors and therefore
> v’ HAiPV,(f)”; and 3 w]‘.” ||l"jPWj(g)“;,7 are non-zero. Then
iel jeJ

Allglly ) o)
o7 1l < | 2 vl 1A Py (D
% wl ||t Pw, () |y
jeJ J

Bllglly

(£, w7 Irspw, ol

A

1/p
= Al flly < [Z vl HAijj<f>||§§] < B |flly Vfe€X

jed
where
A
AL = min gy
gey » 1/p
(Z W/['J “Fjpwi(g)”Y)
jeJ
and
B
B - max Igly
geY P /P
(Z Wj? ”r/PWj(g)“Y)
jeJ
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This shows that A is a g-p-fusion frame for X with respect to { X; };;. Similarly, it
can be shown that T" is g-p-fusion frame for Y with respect to { Y; }jEJ.

Conversely, suppose that A and I" are g-p-fusion frames for X and Y. Then there
exist positive constants A, B and C, D such that

1/p
Allflly < (Zv{’ APy (O] <BIflx YfeX  (36)
iel
I/p
Clighy <| D wlItiPw,()|l) |  <Dligly Yge¥. 37
jed

Multiplying (3.6) and (3.7), and using (3.5), we get
/p
PP P
AClf @ gl <| Y viwh||A Py (e T Pw ()|"| <BDIf el
b J
Therefore, foreach f ® g € H ® K, we get
L/p

P
acifegl<| Y viwt|[(aer;) Prew,(Fo0)|"|  <BDIfegI.
b J
Hence, A ® I' is a g-p-fusion frame for X ® Y with respect to {X,- ®Y j}[j with

bounds A C and B D. This completes the proof. O
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