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PRIME k—-IDEALS AND WEAKLY NOETHERIAN
I'-SEMIRINGS
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Abstract

The purpose of this paper is to provide some notions like smallest k— ideal containing an ideal of a
I'- semiring R, connected ideals, S— inductors, P— primary ideals, weakly noetherian I'- semiring
and investigate the structure of a commutative I'- semiring with these concepts. Further, for weakly
Noetherian I'- semiring with strong identity, each connected prime ideal of R is equal to (0 : r), which is
a k—ideal.
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1. Introduction

N. Nobusawa [7] introduced the notion of I'- ring as generalization of ring in 1964.
M. K. Sen [9] introduced the notion of I'- semigroup in 1981 and in 1995, the concept
of I'— semiring was introduced by Rao [8] as a generalization of I'— ring, ternary
semirings, semigroups and semirings. After this T. K. Dutta and S. K. Sardar[1-3],
H. Hedayati and K. P. Shum[4], Sharma and Gupta[10-12] and many others obtained
interesting results on I'— semirings. Dutta and Sardar [3] studied ideals and prime
ideals in I'- semirings and various radicals namely, prime radicals, Jacobson radicals,
Levitzki radicals. D.R. La Torre [15] introduced the concept of k— ideals and s— ideals
in I'= Semiring. Then, Paul Lescot [6] studied various results on prime and primary
ideals in semirings.

The study of prime ideal and prime k—ideal has provided important information to
the investigation of the structure of commutative I'= Semirings. In this paper we
concentrate on a prime ideal and prime k—ideal in relation with connected ideals, zero
divisors and primary ideals of a I'— Semiring R.

The motivation for this paper is [6], in which Lescot has discussed the concepts of
zero divisor, minimal prime ideals, obvious version of primary decomposition and
many more. Here our aim is two-fold. First we point out that set of maximal k— ideals
is contained in the set of prime k— ideals and for any k— ideal /, a smallest k— ideal
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denoted by SI(I), containing / is defined and established some results with radical
of this smallest k— ideal. Further the concept of connected ideal, S — inductors, P—
primary ideal, radical k— ideal and weakly Noetherian I'— semiring is introduced and
for weakly Noetherian I'— semiring with strong identity, each connected prime ideal
of R is equal to (0 : ), which is a k—ideal.

2. Preliminaries
First we will recall some definitions that will be used in this paper.

Derinition 2.1. [8] Let R and I be two additive commutative semigroups. Then R is
called a I'- semiring if there exists a mapping R X I' X R — R denoted by xay for all
X,y € R and « € T satisfying the following conditions:

1) (x+yaz=xaz+yaz.
(1)  x(a + B)z = xaz + x6z.
(iii) xa(y +z) = xay + xaz.
(iv) (xay)Bz = xa(yBz) for all x,y,z€ Rand o, €T

Similarly one can define I is a R— semiring.

Example 1. Obviousely, every semiring R is a '— semiring. Let R be a semiring and I
be a commutative semigroup. Define a mapping R X I' X R — R denoted by xay = xy
for all x,y,€ Rand @ € T'. Then R is a I'— semiring.

Example 2. Let R = (Z*,+) be a semigroup of non negative integers and let
I' = (2Z*, +) be the semigroup of even non negative integers. Then R is a '— semiring.
Example 3. Let M be a I'- ring and let R be the set of ideals of M. Define addition
in the natural way and if A,B € R, y € I, let AyB denote the ideal generated by
{xyylx,y € M}. Then R is a I'— semiring

Derinttion 2.2. [10] A T'- semiring R is said to have a zero element if Oax = 0 = xa0
andx+0=x=0+xforallxe Randa €T.

Derinition 2.3. [12] A T'- semiring R is said to have a identity element 1 if for all
X € R there exists @ € I' such that lax = x = xe1.

Derinition 2.4. [12] A T'- semiring R is said to have a strong identity element 1; if for
allx e R, l,ax = x = xal,, foralla € T.

DeriniTioN 2.5. [8] A I'— semiring R is said to be commutative if xay = yax for all
x,y€Randforalla eT.

Example 3. Let R be the set of all even positive integers and I' be the set of
all positive integers divisible by 3. Then with usual addition and multiplication of
integers, R is commutative I'— semiring.

DeriniTION 2.6. [8] A R— semiring I is said to be commutative if ax = Bxa for all
x€Randforall @, €T.
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DerintTion 2.7. [11] A non-zero element x in a ['— semiring R is a left zero divisor if
and only if there exists a non-zero element y € R and « € I satisfying xay = 0. Clearly,

if ZD(R) is the set of all zero divisors of R then ZD(R)U {0} = () (0:r),r €R.
reR\(0)
Similarly we can define right zero divisor.

DerintTion 2.8. [13] For an ideal 7 of a commutative I'— semiring R, the prime radical
of I given by r(I) and is defined as r(I) = {x € R|(xa)""'x € I for some positive integer
n and for all @ € T'}.

DeriniTION 2.9. [1] An ideal P of a ' semiring R is said to be a prime ideal if for any
two ideals A and B of R, AI'B C P implies that either A € P or B C P.

DerFniTion 2.10. [12] Anideal P of aI'— semiring R is said be a primary ideal if P # R
and xay € P, for all @ € T and x,y € R, then either x € P or (y8)" 'y € Pforallg €T
and some positive integer n.

OR

DeriniTiON 2.11. [14] An ideal P of a I'— semiring R is said be a primary ideal if for
any two ideals A and B of R, AI'B C P implies that either A € P or B C r(P).

Obviously every prime is primary.

RemARKk 2.12. Throughout this paper, R will denote a commutative I'— semiring with
zero element 0" and identity element 1’ unless otherwise stated.

3. Maximal k- ideal, Prime k-ideal and prime ideals in a I'— Semiring

Let Prm(R) and Prm(R)) denotes the set of all prime and prime k—ideals of a I'—-
semiring R respectively and Max(Ry) denotes the set of all maximal k—ideal in R,
which are proper. Min (Prm(R)) and Min (Prm(R;)) will denote the sets of minimal
elements for inclusion of Prm(R) and Prm(R)) respectively. So by some classical
arguments (Prm(R),2) and (Prm(Ry),2) are inductive. Therefore, Zorns lemma
implies that each prime (prime k—ideal) contains a minimal prime ideal (minimal
prime k—ideal). We will use these notations through out this paper.

DerintTion 3.1. Let R be a ' semiring and / be an ideal of R then [ is a k— ideal of R
such that whenever x + y = zwithx € R,ye landz € I then x € I.

DeriniTion 3.2. [12] For each ideal 1 of R, there is a smallest k— ideal, S /(/) containing
I and is given by SI(I) = {x € R | there exists y,z € I such that x + y = z}.

TueOREM 3.3. [1] An ideal P of a commutative I'—=semiring R is prime if and only if
al'b C P implies that either a € P or b € P.

THEOREM 3.4. Let R be a commutative I'— semiring with strong identity. Then
Max(Ry) € Prm(Ry).
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Proor. Let T € Max(Ry) andleta ¢ T and b ¢ T suchthatal’'b C T. Then aab € T,
foralla e . Now T C SI(T+Rl'a) C Rand T C SI(T+RI'b) C R, so by maximality of
T wehave R = SI(T +RT'a) = SI(T +RI'D), Therefore one may find x,y € T+RI'b such
that 1, + x =y (as 1y, € R). Letx =t+myband y =t + nBb, where t,t' € T,m,n € R
and y,B € T, then as x = t + myb therefore aax = aat + aamyb = aat + myaab € T
(as aab € T). Similarly, aay € T. But a + aax = aal; + aax = aa(l; + x) = aay,
therefore a € SI(T), but SI(T) = T, so a € T, which is a contradiction. Therefore T is
prime. O

THEOREM 3.5. Let R be a I'— semiring and K, L be the ideals of R. Then r(SI(KNL)) =
r(SIK)NSIL)) = r(SIK)) N r(SIL))

Proor. It is simple and straightforward. O

Derinition 3.6. Let R be a I'- semiring. Then for » € R, the annihilator of r is defined
by(O:r)={xeR|rax=0forall @ €T}

THEOREM 3.7. Let R be a I'— semiring. If r € R then (0 : r) is a k—ideal of R.

Proor. Lett, e (O:r)andx+¢t =+t thenrax=rax+0=rax+rat’ =ra(x+1) =
rat’ = 0. Thus x € (0 : r). Hence (0 : r) is a k—ideal of R. m|

For any subset X of R, we define (0 : X) = (0 : x), then clearly (0 : X) is a
xeX
k— ideal of R. Again for r € R\ {0}, let R, = R/(0 : r) and let 6, : R — R/ denote

canonical projection.

DermniTioN 3.8. An ideal P of R is connected to r € R \ {0}, if 6,(P) = Q for some
minimal prime ideal Q of R!. The set of connected ideals of R is denoted by Ctd(R).

The following theorem is proved in [4].

THEOREM 3.9. ([4], theorem 3.3) If I is an ideal of a T'— semiring R then R/I =
{x + I|x € R} is a I'—semiring with the mapping = : R/I X T X R/l — R/I, defined
by (x+Da(y+1)=xay+1,forall x,y e Rand a €T.

THEOREM 3.10. Let R be a I'— semiring and Prm(R) denotes the set of all prime ideals
of R then Ctd(R) C Prm(R) and Min(Prm(R)) C Ctd(R).

Proor. Let P € Ctd(R) then there exists » € R\ {0} such that 6,(P) = P/(0 : r) is
minimal prime ideal of R/. Let al'b C P. This implies that aab € P for all @ € T.
Therefore, (aab + (0 : r)) € P/(0 : r)so(a+ (0 : r)ab+ O :r) € P/(0: r). But
P/(0 : r) is a prime ideal, so either (a + (0 : r)) € P/(0: r)or (b+ (0 : 7)) € P/(0 : 7).
This implies that either a € P or b € P. Thus, P is a prime. Hence, Ctd(R) € Prm(R).
Furthermore, let P € Min(Prm(R)) then for 1 € R, 6,(P) = P/(0 : 1) = P/{0} = P.
Hence P € Ctd(R). O
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Dermnttion 3.11. For any ideal S of a I'- semiring R and a € R, let I,(S) = {b €
R | al'b C S}. It is clear that 7,(S) is an ideal of R and a k—ideal if S is itself a k—ideal
of R. Furthermore, I,({0}) = (0 : a). The ideals of the form 7,(S)(a ¢ §) is called
S —inductors.

THeorREM 3.12. Let R be a commutative I'— semiring and S be any ideal of R such that
b ¢ S and let I,(S) be maximal element among S — inductors then I,(S) is a prime
ideal of R.

Proor. It is clear that 1 ¢ I,(S) (as b ¢ S), hence I,(S) # R. Let us assume that
xI'y € I,(S),x,y € Rand x ¢ I,(S). Then xI'b € S implies that xab ¢ S for some
a € I'. Now we claim that I,(S) C I,,,(S). For this, let m € I,(S). This implies
that bI'm C S. Therefore, xa(bI'm) C S. So, m € I,,(S) and I,(S) C Ip(S).

But the maximality of [,(S) among S —inductors yields I,(S) = IL.»(S). Now
yI(xab) = (xI'y)ab € S. Thus, y € L»(S) = I,(S). Hence, I(S) is prime. O

THEOREM 3.13. Let R be a I'— semiring with strong identity and I" be a commutative
R— semiring. Let P € Min(Prm(R)) U Min(Prm(Ry)), then x € P\ {0} implies that x is
a zero divisor in R.

Proor. Let P € Min(Prm(R)) then x € P such that x # 0 and assume that x is not a
zero-divisor. Then forall » € R\{0},n € Nand a,y € T, ry(xa)" 'x # 0. In particular,
forall r € R\ P, for all n € N we have ry(xa)"'x # 0. Let P be the set of all ideals /
of Rsuch thatforalln € N,re R\ Pand o,y €T, ry(xa)" 'x ¢ I.

Now it is clear that {0} € ¥, so ¥ # ¢ and ¥ is inductive w.r.t. C. Hence ¥ contains
a maximal element, say /. Now I # Rand as 1 = lyxo ¢ I, let al’'b C I such that
a¢landb ¢ I. Then ayb € I for all y € I'. Therefore, I + R['a and I + R['b are
ideals of R strictly containing I. So I + R['a ¢ W and I + RT'b ¢ ¥. Then for any
a € T'wecan find c,d € R\ P,i,j €I, uv eR,B,8 € 'and m,n € N with
ca(xa)™'x = i + uBia and da(xa)"'x = j+vByb. Now cI'd C R\ P. Therefore,
cyd € R\ P for any y € I and (cyd)a(xa)"" 'x = (ca(xa)™ 'x)y(da(xa)'x) =
iy(j + vBab) + (uBa)yj + (uB1v)B2(ayb) € I, which is a contradiction . Thus, [ is
prime. But by definition for all r € R\ P,r = rax® ¢ I. Hence, R\P C R\ITand I C P.
But the minimality of P implies that I = P. Thus, la(xa)'"'x = x € P = I. But this
contradicts the definition of 1. Hence, x is a zero divisor.

Further, if P € Min(Prm(Ry)), then same argument can be applied by making a slight
change in definition of ¥ by defining ¥ as a set of k—ideals I of R satisfying for all
ne€N,r€ R\ Pand o,y €T, ry(xa)"'x ¢ I, we find a maximal element say I of P,
so that I # R. Now assume that al'b C I witha ¢ I and b ¢ I, we have SI(I+RlCa) ¢ ¥
and SI(I + R['b) ¢ Y. So for any @ € T', we can find c,d € R\ P,m,n € N such
that cy(xa)"'x +y = y’ for some y,y’ € I + Rl'a and dy’(xa)"'x + z = 7’ for some
2,7 €I +RThandy €T. Lety = i+ sBaand z = j+t8bfori,j e LB,B €T.
Then yab = iab + sB(aab) € I. Similarly y'aa € I. Now as cy(xa)" 'xab + yab =
(cy(xa)™'x + y)ab = y'ab. Thus, cy(xa)"'xab € I, since I is k—ideal. Again,
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cy(xa)" 'xaz = cy(xa)" ' xa(j + t8b) = cy(xa)" 'xaj + 18 (cy(xa)" 'xab) €
I, similarly, cy(xa)" 'xaz’ € I, since (cyd)y'[(xa)™"'x] + [cy(xa)" 'x]laz =
[ey(xa)" 'x]la(dy (xa)" 'x + z) = cy(xa)" 'xaz’, Thus, cyd(y'(xa)™""'x) € I. But
cyd € R\ P, which contradicts the definition of /. Hence, each element of P is a zero
divisor in R. O

4. Primary Ideals and Weakly Noetherian I'—Semirings

In this section, we define P— primary ideal and proved that finite intersection of
P— primary ideals is again a P— primary ideal. Further we proved that radical of k—
ideal is equal to the finite intersection of prime k— ideals. Finally, we prove that for
weakly Noetherian I'— semiring with strong identity, each connected prime ideal of R
is equal to (O : r), which is a k—ideal.

THEOREM 4.1. Let R be a commutative I'— semiring and P be primary ideal of R then
r(P) is prime.

Proor. As P # R, therefore 1 ¢ P, thus 1 ¢ r(P). Let us assume that al'b C r(P)
then aab € r(P) for any a,b € R and for any choice of @« € I'. Then for some
n > 1, (aab)a)" ' (aab) = ((aa)"'a)a((ba)"'b) € P. But P is primary, therefore
either ((aa)"'a) € P or there exists m > 1 with ((ba)"'b)a)™ ' ((ba)"~'b) € P or
(ba)"™'b € P. Therefore either a € r(P) or b € r(P). So r(P) is prime. O

DeriniTiON 4.2. The primary ideal J of a I'— semiring R is P— primary if P = r(J),
where P is a prime ideal of R.

THEOREM 4.3. Let R be a I'— semiring. Let for a prime ideal P, Jy,Js,...,J, are
n

P—primary ideals of R. Then ( J; is P—primary.
i=1

Proor. Let us assume that ul'v C (n] Ji=Jand u ¢ J. So there exist k € {1,2...,n}
such that u ¢ J;. Butasul'v C J , ;;: have ul'v C J;. So there exists my; > 1, such that
(va)™ v € Ji, for all @ € T, since F] J; € Ji and J; is primary. Thus, v € r(J;) = P.
But all ][’ s are P— primary, so for el;clh i, v € r(J;). Therefore, for each J; there exist
m; > 1, such that (va)™'v € J;, for all @ € . Let m = max{m;}, for 1 < i < n, then

- n n n
(va)"'v € (N J;. Thus () J; is primary. Incidentally we proved that P C r(() J;). But
. i1 i=1

i=1 i=

r(N J;) € r(Jy) = P. So r(( J;) = P. Hence, () J; is P— primary. m]
i=1 i=1 i=1

DeriniTion 4.4. A T'— semiring R is said to be weakly noetherian if every ascending

chain of ideals of R is ultimately stationary.

THEOREM 4.5. Let K denotes a radical k—ideal of a commutative I'— semiring R, then
K is equal to the finite intersection of prime k— ideals.
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Proor. Let T be a maximal among all radical k—ideals which is not equal to any finite
intersection of prime k—ideals. So, in particular 7 # R and not a prime. Therefore
wecanfinda ¢ T and b ¢ T suchthatal'b C T. Let M = r(SI(T + R['a)) and N =
r(SI(T + RI'b)). Then M and N are k— ideals of Rand T ¢ M and T C N. Therefore,
TcMnNN.Letxe MNN, therefore x € M and x € N. Sowe can findy,y" € T +Rla
and z,7’ € T+RIb such that (xa)" 'x+y = y" and (xa)"'x+z = 7. Lety = t+cfBa and
z=1t+dBb,wherec,d € R, 1, € T and 3,8 € . Then ba(xa)" ' x+bay = bay’. But
bay = ba(t+cBa) = bat+bacBa = bat+cBaab € T. So bay € T. Similarly, bay’ C T.
Therefore, ba(xa)"'x € SIT) = T. But then ((xa)"" 'x)az = (xa)"" 'xa(t' +
dg'b) = (xa)™" 'xat’ + df (xa)" ' xa((xa)" ' xab), therefore (xa)"" 'xaz € T.
Similarly, (xa)"*""'xaz’ € T. Therefore, it follows that (xa)"*>"~'x + (xa)"*" ' xaz =
(x@)"™" ' xaz’. So (xa)™* 'x e SUT) =T. Sox e (T) =Tand T = M N N.
Thus, we get a contradiction. Hence, T is equal to the intersection of finite prime
k—ideals. O

CoRrOLLARY 4.6. Let R be a weakly Noetherian I'— semiring and K is it’s k— ideal, then
n
there exist prime k— ideals Q1, O3, ..., Q, of R such that r(K) = () Q;
i=1

Proor. As r(K) is a k—ideal and radical, so result follows by theorem 4.5. O

THeOREM 4.7. Let R be a weakly Noetherian I'— semiring then any minimal prime ideal
of R is finite.

Proor. Let P be any minimal prime ideal of R, then by applying corollary 4.6 to
K = {0}, we can find finite family of prime k—ideals, say Qj, O, ..., @, such that
r0}) =01 N QN ...NQ,. Let no Q; is contained in P. Then for each i € {1, 2, ..., n},
we may find ¢; € Q; such that ¢; ¢ P foralli. SoqiI'¢goI"..T'g, C O1NQr,N..NQ, C P
with ¢; ¢ P. But this is a contradiction to the definition of P. So Q; C P for some i.
Therefore Q; = P. Hence, min(Prm(R)) € {Q1, O», ..., OQ,}. So it is finite. O

The following remark is followed by [6]

RemMark 4.8. Let R be a I'— semiring. It is obvious that R is weakly noetherian if and
only if each k-ideal I is finitely generated as a k-ideal, that is, there is a finite family
(r1,ry...1y) of elements of R such that I = SI(< ry,ry...r, >), for that it is enough
that each k-ideal be finitly generated as an ideal.

Finally, we have

THEOREM 4.9. Let R be a weakly noetherian T'— semiring with strong identity 1, then
each connected prime ideal of R is equal to (0 : r), for some r € R\ {0}. In particular,
it is a k-ideal.
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Proor. Let P be a prime ideal of R, which is connected to x € R \ {0}, then 6,(P) = O,
where O € Min(Prm(R’)). Let us define M(P) = {z € R| there exists @ € I' such

that (0 : zax) € P}. Fory € M(P), let Np(y) = U (0 : sy(xay)), for some
SER\P

a,y € I'. Now as for all s,5" € R\ P, we have sBs" € R\ P, for some 8 € T and
(0 : syxay) U (0 : s’y(xay)) C (0 : (s8s) y(xay)). Now as Np(y) is equal to the union
of family of k-ideals, therefore it is a k-ideal itself. Now lety € M(P), so (0 : xay) C P
for any @ € I'. Then for s € R\ P and z € (0 : sy(xay)), for any @, € I', we have
(sBz)y(xay) = (sy(xay))Bz = 0, for all 8 € I'. This implies that s8z € (0 : xay) C P,
sBz € Pand z € P (as s ¢ P). Thus, we have shown that Np(y) € P. As R is weakly
noetherian, therefore set {Np(y) | y € M(P)} has a maximal element(the existence of
such an element follows from the weak noetherianity hypothesis). Let J = Np(y’) be
the maximal element of this set. But from above J C P, hence J # R. Letal'b C J
and a ¢ J, then forall s € R\ P,a ¢ (0 : sy(xay)), for all a,B8,y € I', we have
sy(xay'Ba) = (syxay)Ba # 0. Therefore, (0 : xa(y’Ba)) € P or y'Ba € M(P).
But Np(y') € Np(y'Ba), for any choice of 8 € I'. Hence, Np(y') = Np(y'Ba) (as
Np(y') is maximal). Now as al'b C J = Np(y’), so there exists s € R\ P such
that (sy(xay’))B(aa’b) = 0, for all a, @', B,y € I'. But then sy(xay'Ba)a’b = 0, where
b € (0: (sy)xa(y'Ba)) € Np(y'Ba) = Np(y') = J. Therefore al'b € J implies that either
ae€ Jorb e J. Thus, ] is prime. Again,as J C P and (0 : x) C (0 : xay) C Np(y') = J,
0.(J) is a prime ideal of R’ and 6,(J) C 6,(P) = Q. So minimality of Q gives that
0.(J) = Q. Now if u € P, then 0,(u) € 6,(P) = Q = 6,(J). Therefore, 0,(u) = 0,(j) for
some j € J, then we have 7, € (0 : x),sothatu+¢t = j+ ¢, henceu+1t e J
oru € SI(J) = J (as J is a k-ideal). Thus P € Jand P = J = Np(y’). In
particular, P is a k-ideal. Now as R is weakly noetherian , therefore there exists a
finite family (p; ... p,) of elements of P such that P = SI(< p;...p, >). Now for
each p; € P = Np(y'), there is an s; € R\ P such that p; € (0 : s;y(xay’)), for all
a,B eT. Let sg € siI'soI"... s, and r = spy(xay’) then each p; € (0 : r), where
P =SI< py...p, >) € SIO : r)) = (0 : r). Moreover, so € R\ P, therefore
©:r)=(0: soy(xay)0 C Np(y’') = P. Hence, P = (0 : r) O

CoRroLLARY 4.10. Let R be a weakly noetherian I'— semiring with strong identity, then
Min(Prm(R)) = Min(Prm(Ry)).

Proor. Let P € Min(Prm(R)). Since by theorem 3.10, P is connected and by theorem
4.9, P isa k—ideal. So,P € Min(Prm(Ry)). Conversely, if P € Min(Prm(Ry)), then P
is prime, hence by Zorn’s Lemma it contains some minimal prime ideal, say Py. Now
Py is a k-ideal hence (as Py C P), P = Py € Min(Prm(R)). O
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