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ON GENERALISED HILFER-TYPE FRACTIONAL
INTEGRODIFFERENTIAL EQUATIONS WITH TWO POINT
AND INTEGRAL BOUNDARY CONDITIONS
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Abstract

This paper is devoted to study the existence and uniqueness results of nonlinear generalized fractional
integrodifferential equation with two point and integral boundary condition by using fixed point theorems.
Further, an example is discussed to illustrate the theory.
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1. Introduction

In this paper we study the existence, uniqueness results of the class of boundary value
problems for the following nonlinear Fractional Integrodifferential Equations

uD Pty = Fl7,u(t) f h(z, Hu(s)ds|, T€J=[a,b] (1.1)
’ b
diu(a) + dy f W (s,u(s))ds + dsu(b) = da, (1.2)

a

where 0 <a < 1,0<B8< 1. D*P" is the h— Hilfer fractional derivative of order
aand type B, F : J X RXR — Ris continuous d; € R(i = 1,2,3,4), h'(1) € C'(J,R)
be an increasing function with 4'(7) # O for all 7 € J.

The basic theory of fractional calculus and fractional differential equations has
been given in excellent monographs by Kilbas et.al. [17], Podlubny [21] and Samko
etal. [22]. Integrodifferential equations arise in many engineering and scientific
disciplines, often as approximation to partial differential equations, which represent
much of the continuum phenomena. Many forms of these equations are possible see
[1] and the references therein.
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Integral boundary conditions are encountered in population dynamics, blood flow
models, chemical engineering, cellular systems, heat transmission, plasma physics,
thermoelasticity, etc. Byszewski initiated the nonlocal condition proving the existence
and uniqueness of mild and classical solutions of nonlocal Cauchy problems. As
remarked by Byszewski [5] and Deng [6], the nonlocal condition can be more useful
than the standard initial condition to describe some physical phenomena.

Many recent papers have dealt with the existence, uniqueness and other properties
of solutions of special forms of the equations (1.1) - (1.2), see [2-4, 8-12, 14—
16, 18, 19] and some of the references cited therein. Recently, in an interesting
paper [13], Kendre et.al. have investigated the existence, uniqueness and boundedness
of solutions of special form of (1.1) - (1.2). The aim of the present paper is to
prove the existence, uniqueness and boundedness of solution of nonlinear fractional
integrodifferential equations (1.1) - (1.2). The main tools employed in our analysis are
based on the theory of fractional calculus and fixed point theorems.

The important fact is that with the minimum assumptions on the function f, we
have obtained various properties of solutions of the equations (1.1) - (1.2).

2. Preliminaries

We set notations and certain fundamental facts in this part, which will be used in
the proofs of the following results.
Let C(J,R) and L(J,R) are the Banach space of continuous functions and Lebesgue
integrable functions from J into R respectively with the norms,

b
| ulleo = sup{lu(r)| : 7 € J}, and || u||L= flu(T)ldT-

a

DeriNiTiON 2.1. [1] Let @ > 0, and g € L'(J, R) The following expression
a;h 1 ’ a—1
I""g(r) = — f K (1)(h(7) — h(1)* g(0) dt,
(@)

is called left sided h-RL fractional integral of order .

Derinttion 2.2. [13] The hA—Hilfer fractional derivative of order « and parameter 3 is
defined by
1 d

n
H{l,ﬁ;h — Iﬁ(n—a);h (1-B)(n—a);h ,
8™ i 8

wheren—1<a<n, 0<B<1,7>a.

Lemma 2.3. ([1],[13]) Let a,x and 6 > 0. then

Lo I shg(n) = [75hg(n),
) Ia;h(h(T) _ h(a))6—1 — &(k(‘r) - h(a))a/+6_1
: T(a +0) '
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Lemma 2.4. [13] Let g € L(a,b), @ € (n— 1,n], (n € N), B € [0, 1], then

w0 (@) = h@) ™ gyearn
(I"H™ " g)(1) = g(7) 24 T —h+ 1) g, 1 g(a)

(=] 1 e
where, g, = (h’(‘r) g) ().
LemMma 2.5. Let u € C(J,R). Then the unique solution of the h-Hilfer type boundary
value problem (BVP) (1.1) - (1.2) is given by

u(r) = %(y) (h(®) - h@)y""

b K

b
xld4—d2 f h’(s)I";hF(s, u(s), f hs. t)u(t)dt)ds—d31";hF(b, u(b), f h(b, t)u(t)dt)

a

+IW’F(T, u(t), f h(r, s)u(s)ds), (2.1)

£ 0. 2.2)

where, A = [d2 + yds ] (h(b) — h(a))”

(h(b) = h(a))| T(y+1)

Proor. Let u be the solution of the first equation of h-Hilfer type BVP (1.1) - (1.2).
Applying I%"on the first equation of h-Hilfer type BVP (1.1) - (1.2) with Lemma 2.4
and setting I'"*"u(a) = Cy We obtain

I'(y)

where Cy is an arbitrary constant. From the condition
b

diu(a) + d» fh’(s)u(s) ds + dzu(b) = dy

a

u(@) = S0 (o) - h@) + Ia;hF(T, (o), f h(r, $)u(s) ds) (2.3)

we have
b

dy = du(a) + d, fh’(s)u(s) ds + dsu(b)
ba

= d10 + dz fh'(s)

a

%(h(s) — h(a))’™" + 1 F(T, u(7), f h(t, $)u(s)d s)‘

b
s b6y = @y + (b, [ o swucs)ds)
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b

- S0, f 1 ()(h(s) — h(@)Y"~" ds + ds(h(b) — h(@)" ]
)

a

S

b
+dy f h’(s)I‘“hF(s, u(s), f h(s, t)u(t)dt)

b
+d31‘“hF(b, u(b), f h(b. t)u(t)dt)

_ _ —1
_ Co[ Itf_; (h(b) yh(a))y tds (h(b) Fi;(a))y }
b K

b
+ds f h’(s)I";hF(s, u(s), f hs, t)u(t)dt)ds+d31‘“hF(b, u(b), f h(b, t)u(t)dt)

a

:CO d2+

yds ] (h(b) — h(a))”
(h(b) —h(a)| T(y+1)
b s

b
+ds f h’(s)I‘””F(s, u(s), f hs., t)u(t)dt)ds+d3l‘“hF(b, u(b). f h(b, t)u(t)dt)

a

b s

dy = %[d4—d2 f h’(s)[";hF(s, u(s), f hs, t)u(t)dt)ds

a

—d31‘“”F(b, u(b), fb h(b, t)u(t)dt)].

Therefore u(t) = %/ (h(t) — h(a))"™"

X

b s b
ds = da [ I F(s,u(s), [ (s, ou(tyde)ds = ds1F(b,u(b), [ hib, t)u(t)dt)]

+INF (1, u(t), fT h(t, s)u(s) ds)

This completes the proof. Here we can suffice to refer to Banach’s fixed point theorem
[23] and Krasnoselskii’s fixed point theorem [24]. O

3. Existence and Uniqueness results

In this part, we demonstrate the results of the Existence and Uniqueness of the
h-Hilfer type BVP (1.1) - (1.2) by employing Banach’s fixed point theorem and
Krasnoselskii’s fixed point theorems. To obtain our main results, the following
conditions must be satisfied.



On generalised Hilfer-Type fractional integrodifferential equations 15

(Hp) The function F is continuous and there exists A > 0 such that

|F(T,u1(T),f/’l(T, Sui(s)ds) — F(t, MQ(T),fh(T, S (s)ds)|

<Al (1) —u(0) |1 + I fh(T, S)MIdS_fh(T9 S)uz(s)ds ||

a

<A ur(r) — ua(0)+ || f(h(r, $)) [u1(s) —ux(s)] ds II]

< Ahu (1) = ux(7) || + fl(h(T, I ur(s) = uz(s) |l dS}

T

<4 IIu1—uzII+thI|u1—uzI| ds

a

<A uy —uo || +he || uy — up ||fd5‘
SAlluy —up || +he(r —a) [ uy —uz ]
<A+ h(-a)] lluy —u ||

where h, = suplh(t, s)|, T € [a,blanda < T < band uj,u; € R
For convenience purpose,we are setting two constants:

h(®) — h@)™ ~_ds ") — h@)*  h(b) -~ h@)”

=y Ty v AT T+ D rog+n |0 b=
3.1
T <1 3.2)

THeorEM 3.1. Assume that (Hy)holds.Then the h-Hilfer type BVP (1.1) - (1.2) has
atleast one solution on J, provided that (| < 1 Where T’} was defined by (3.1).

Proor. In view of Lemma (2.5), we define operator 7 : C(J,R) — C(J,R) by

b s

(mu)(7) = ALFy (h(7) — h(a))"™" x [d4 -d fh'(s)l”;hF(s, u(s), fh(s, Hu(t)dt)ds

a

— 3 I F (1, u(t), f h(r, t)u(t)dt)(b)]+l”;hF(T, u(7), f h(z, Hu(r) dt)
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Y2 where

Consider the closed ball by Bs = {ueC(J,R) :|| u ||< 6} with § > 1
Y1

_ (h((b) — M@)*™  d3 h((b) — h(@)*  h((b) — h(a))"
Y2=N|d»
AlyTy +2 Al'y  Ty+1 Iy+1
(h(b) = h(@))"!
+d, —Al“y

and N = max,.;|F(t,0,0)| Now we define the operator 1y, such that 7y + 1, = 7
on B; as

1G0T = I‘I;hF(T, u(r), [ h(z, () dt)

1
mo(u)(r) = AD (h(t) = h(a))"™"

b s T
x|dy—ds [ h'(s)lmhF(s, u(s), [ h(s, t)u(t)dt)ds —dﬂmhF(T, u(v), [ h(z, t)u(t)dt)(b)}

By using (H;) we obtain

‘F(T, (o), f h(r, $)u(s) ds)

<

F(T, (o), f h(z. s)u(s) ds) _ F(1.0,0) + (7.0, 0)‘

< /l:‘F(T, u(T), j‘h(‘z’, s)u(s)) ds] - F(1,0,0) ] + |F(t,0,0)

< /l-lu(‘r)l + ‘fh(‘r, sS)u(s)) ds] +N

< Aljuco) + f thu(s)Ids] N

a

< Alj@)+hy 1 ul f ds] +N

<Al ull +hp(t —a)l + N
<All+hb-a)]||ull +N
<Allull 1+ hy(b-a))+N.
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For any u, u* € Bs we have,

I ILyu) + (Tau) ||
1 -1
< i‘;? ATO) (h(T) — h(a))”
b K T
x [d4 +ds f W (5)I F(s, u(s), f h(s, t)u(t)dt) ds + daI*" F(T, (o), f h(r, t)u(t)dt)(b)”

+IQ;h|F(T, W), fb I, t)u(t)dt)'.

< sup : (h(7) = h(a))’™!

res AI'(y)
b

1 N
X [d4 +d; f h’(S)@ R (O((h(1) = (@)™

F(s, u(s), f hs, t)u(t)dt)‘ di ds

a

1 T
+d3 @ I (@)((h(r) = h(@))*™")

F(‘r, u(‘r),fh(‘l', I)M(l)dl)(b)H

a

" % f I ()((h(s) — h(@)*™)

F(T, (o), f h(r, D) dt)'.

1 -1
< sup ATy (h(r) — h(a))”

b
1 (h(s) - h(@)®
x[d4+d2fh’(s)r(a)( () _ @ Al 4+ halr = a)) + N

a

N ( ds (h(D) — h(a))* ((h(D) - h(a))“)

)(/llu(T)I(l + h(t—a)) + N)] + (

I'a)a I'a)a
X DI + el - @) + N)]
(h(b) - h@)!
AI'(y)
) { )~ h@)! () = W@ ()~ W) }
h + ds
Al'(y) I'la +2) ATl'(y)
h(b) —h &
Ul (1 + iy —a) + Ny + SL RO o1 (s b= @)+ M)

T(a+ 1)
(h(b) — h(a))*™Y v d (h(b)—h(a))"]

S N ull U hyb =)+ N) |dy=op oomr = o+ ds s e om s

(h(b) — h(@))’™"  (W(b) — h(a))*
+ds Al'(y + T(a+1) A ull (1 +hy(b—a)+N))
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<A ull (1+hyb—a)) + [dz (h(b) = h(@)™" 2. (®) = h@)* () - h(a))a}

AT)@+2)  CAT@+1) | T@+1)
(h(b) — h(@)™ & (h(b) — h(a@))*
AT(@+2) AT (a + 1)(A(b) — h(a))®
(h(b) — h(@))""!

AL(y)

+N [dz T(a + 1)]

+d4

< (A8(1 + hy(b — a)) + [d2 (hb) — ma)™ |, B — @) | (b) - h(“»a}

AT()C(@+2) AT + 1) [(a+1)
(h(b) — h(@))*™ ds (h(b) — h(@))*
AT(y) (@ +2) AT (a + 1)(h(b) — h(a))
(h(b) — h(a))"!

AL(y)

+N[d2

[a+ 1)]

+d4

0T + T, < 6. This shows that ITyu + IT,u € Bs.

Next, due to continuity of F, we conclude that I1; is continuous too. Also II; is uni-
formly bounded on Bs as

I T ll< SR A6(1 + hy(b — a)).

In addition we prove the compactness of I1; as follows. Let 71,7, € J such that
T < T2

|y u)(72) — (yu)(Ty)]

1
“T f )| () = )™ = hr) = b)) ds

F(s, u(s), f hs, t)u(t))dt

¥ f h’(s)(h(n)—h(s))”‘l] ds
1 At = A h(E) = (@)
~ I'la) a a

L —Wh(r2) = h(T)*
a

F(s, u(s), f hs, t)u(t)) dt

(A5(1 + hy(b — a) + N)

(A5(1 + hy(b — a) + N)

+ M(M(l + hy(b — a) + N)

< (A6(1 + hy(b — @)) + N)
INa+1)

The last inequality with 7, —7; — 0 gives |(IT u)(2) - ILju)(r))]] = Oas 7, = 7, u €
Bs. Then I1; is relatively compact in Bs. An application of the Arzel-Ascoli theorem,

[1A(r2) = h(@)* — k(1) = h(@))“[].
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I1,is compact on Bs.
Now we show that I, is a contraction. Let u, u* € B then, by (H)) for 7 € J we have
For any u, u* € Bs we have,

|(m2u)(7) = (7r2)(u™)(7)|

1
< sup — (h(1) — h(a))”"!
‘reg) ATy
b

x [d4 +ds f W (s)I7"

a

N

F(s, u(s), f hs. t)u(t)dt))—F(s, w(s), f hs. t)u*(t)dt) ds

N ds

F(T, (o), f h(r, t)u(t)dt)(b)—F(‘r, (D), f h(r., t)u*(t)dt)

+ "

F(T, W), f h(r, t)u(t)dt)—F(T, (D), f h(r, t)u*(t)dt)”

(h(b) — h(a))** e d ((h(b) — h(a))*
AL (PT(a+2) AT+ 1)

<Allu—-u ||(1+hb(b_a))[d2

Thus, I, is a contraction in Bs.Thus, all the conditions in Krasnoselskii’s fixed point
theorem are satisfied. So the h-Hilfer type boundary value problem (1.1)-(1.2) has
atleast one solution in on J, provided that | < 1.

O

THEOREM 3.2. Assume that (Hy) holds. Then the h-Hilfer type BVP (1.1)-(1.2) has
unique solution on J, provided that (| < 1 Where Y| was defined by (3.1).

Proor. We shall show that IT has a unique fixed point by using Banach theorem in
([24]). By Theorem 3.1 we have || Iu ||<|| [Tju || + || TLu || < 6.

Thus I1(Bs) € Bs. Now we show that IT has a contraction. For u,u* € Bsand t € J
we have

Il (Mee) = (™) ||
< ML) = L) |+ 1| Tlaw) = Thou®) |l
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(h(t) — h(a))""
< sup ————
TeJ Ary
b s

x{[d4+d2 f h’(s)l(’;th(s, u(s), f hs, t)u(t)dt)—F(s, W (s), f hs, t)u*(t)dt)lds

a

+d31mh|F(T, W), f I, t)u(t)dt)—F(T, (), f h(r, t)u*(t)dt)l]

+ I";h|F(T, u(r), fh(T’ Hu(r) dt) - F(T, u (1), jh(Ta Hu’ (1) dt)|}

. (h((b) = ()™ d3 h((b) = h(a))*  h((b) — h(a))*
hu=w [ (1 + k(b = @) [dz ATOT@+2) ATy T@+D)  T@+l)

<T T lu—u'l,

which implies that || TTu — ITu* [|< Ty || u — u* || by (3.2) we realize that I1 is a
contraction. Then by Krasnoselskii theorem, the /4 Hilfer type BVP (1.1) - (1.2) has a
unique solution on J.

O

3.1. Sepecial Cases According to our previous results,in this subsetion we present
several special cases.

Case (1): If (1) = 7, then the h-Hilfertype BVP (1.1) - (1.2) is reduced to the
following Hilfer type problem

b
H u(r) = F(T, u(t), f h(t, $)u(s) a’s),T € J:=[a,b] (3.3)
’ b
diu(a) + d» f u(s)ds + dsu(b) = di. (3.4)

a

where D% is the Hilfer fractional derivaitve of order @, F : JXR — R is continuous
function, d; € R(i = 1,2, 3,4). The solution of the Hilfer type BVP (3.3) - (3.4) is given
by
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1
(u)(7) = ATy T—ay!
b K

b
di— d> f I"F(s, u(s), f h(s, t)u(t)dt)ds—dgl‘“hF(b, u(b), f h(b, t)u(t)dt)

a

X

+I"F(T, (o), f h(r, t)u(t)dt).

where A = |d, +

yds | (b—a)
b-a)|Tly+1)
Then the following corollary is extracted from Theorem 3.2.

CoroLLARY 3.3. Assume that (Hy) is satisfied. Then the BVP (3.3)-(3.4) has a unique
solution on J,provided that T’I < 1 where
(b—a)™™ N dy (b-a) N (b—a)”
ATl (@ +2) Al(y)Ta@+1) T@+1)|
Case 2: If i(1) = logT, then the h-Hilfer type BVP (1.1) - (1.2) is reduced to the
following Hilfer Hadamard type problem

YT =41+ hb(b —a)] [dz

b
L DOBIOED) ) = F(T, (o), f h(r, $)u(s) ds), re ] =[ab] (3.5)
’ b
diu(a) + ds f u(s)ds + dsu(b) = d (3.6)

a

where ; D¥P1°¢® ig the Hilfer Hadamard fractional derivaitve of order @, F : J X R X
R — R is continuous function, d; € R (i = 1,2,3,4). The solution of the Hilfer type
BVP (3.5)-(3.6) is given by

log(2)""!
u(t) = —AFy

X

b s b
dy = dy [ 1287 F(s, u(s), [ hs. ouCoyde)ds = ds 1% F(b,utb, [ t)u(t)dt)]

a

+ ]“;IOg‘TF(T, u(7), fTh(T, Du(r) dt)-

log(2y”

vd; 0
I'y+1) ’

log(2)
Then the following corollary is deduced from the Theorem 3.2.

where A = ldz +
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CoROLLARY 3.4. Assume that (Hy) is satisfied. Then the BVP (3.5)-(3.6) has a unique
solution on J,provided that T’{* < 1 where
log(&)«+ ds log(2) log(2)
+ + .
AT (@+2) AT()I(e+1) T(a+1)

Case 3: If (1) = 7°,p > 0 then the h-Hilfer type BVP (1.1) - (1.2) is reduced to
the following Hilfer-Katugumpolel type problem

T = A1 + hy(b — a)] [dz

HD“’B’Tpu(T) = F(T, u(T), f”l(T, Hu(r) dt),T eJ :=]a,b] 3.7
’ b
diu(a) + dp fu(s) ds + dzu(b) = d4, (3.9)

a

where y D™ is the Hilfer -Katugumpolel fractional derivaitve of order a,p > 0,
F : JXR xR — Ris continuous function, d; € R (i = 1,2, 3,4). The solution of the
Hilfer Katugumpolel type BVP (3.7)-(3.8) is given by

(™ —a?) — 1
AT'(y)
b s

b
xld4—d2 f 1“"F(s, u(s), f h(s, z)u(z)dz)ds—dglw’F(b, u(b), f h(b, t)u(t)dt)}

a

u(t) =

+I“’T”F(T, (o), f h(r, Hu(t) dt).

d2+

where A =

yds | (B —a’)! 4
b —a)| T(y+1) '
CoRroLLARY 3.5. Assume that (H,) is satisfied. Then the BVP (3.7)-(3.8) has a unique
solution on J, provided that T’l‘** < 1 where
(b = a’)*™ N dy (b’ —a’)" N (b = a))
AT()(@+2) Al(ty) T'(a@+1) Ia+1 |

ExawmpLE 3.1. Consider the following problem

T = Al + hy(b — a)] [dz

LT (TY k@l 11 f ! -
uD u(T)—(9)1+|u(T)|+ 575 ) GTrdsTes =labl GI)
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Rlw

1 5 (3
Eu(1)+ u(t)dr + u(2) 1 (3.10)

M—

where a = %,/3= %,h(T)= VT +1,j= [1,2] d, = %,dz = %,d3 = §,d4 =1

From these settings ,we compute constants as u = %, = 0.89 # 0. For uj,u; € R*,
we have
T T
Flt, u, fh('r, s)ds|— F|t,us, fh(‘r, s)ds
a a
.
T U Uy 1 1 U Uy
(- vl bl vl o
OMNl+u; 1+uwl 6(0+7)3 1 +u; 1+u

<(3)|u —uy]
=\9 1 uz

<1|—|
_6u1u2

Hence (Hy) holds with 1 = é > 0. Also, the condition (3.2) is fulfilled, i. e.
T; = 0.19125 < 1 Therefore, by applying Banach’s fixed point theorem, we conclude
that the problem (3.9)-(3.10) has a unique solution u.
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