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ON A SUBCLASS OF MEROMORPHIC STARLIKE
FUNCTIONS WITH POSITIVE COEFFICIENTS

SAYALI S. JOSHI and SANTOSH B. JOSHI

Abstract

In the present paper we introduce a subclass of meromorphic univalent functions with positive coeffi-
cients. Further, we investigate properties like coefficient inequalities, radius of convexity and the closure
theorem.
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1. Introduction

Let ) denote the class of functions of the form

(o)

+ Zanz" (1.1)

n=1

fl@)=

N =

which are analytic in U* = {z: 0 < |z| < 1} having simple pole at z=0 and residue 1
there. Also, let )}, denote the class of functions of the form

£ = % . Zl anl?”

which are analytic and univalent in U*.
A function f € ), satisfying the condition

zf'(2)
Re( I

is said to be meromorphically starlike of order @ (0 < @ < 1). Also a function f € )
satisfying the condition

zf"(2)
1@
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Re(1+ )<—a/, lzZl <1, (1.3)
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is said to be meromorphically convex of order @ (0 < @ < 1) . Let these classes be
denoted respectively by > (@) and Z]; ().

The classes Y;(@) and similar other classes of meromorphically univalent func-
tions have been extensively studied by Pommerenke [6], Aouf and Joshi [2], Clunie
[3], Miller [4] and Aouf [1].

Let ), denote the class of functions of the form

(o]

+Zanz", a4, >0 (1.4)

n=1

f@)=

IS

that are analytic and univalent in U*.

DeriniTioN 1.1. . A function f(z) € Y is said to be in the class " («,8, A, B) if it
satisfies the condition

2 () +1 -
[BZ2f"(z)] + [B + (A — B)(1 — )]

where 0 <a<1,0<B=<1,-1<A<B<land0O<B<1.

B, zeU*

Also, we denote Z;(a,B,A, B) =3,Nn >*(a,B,A, B). Such type of classes
were introduced and studied by Mogra et al. [5], Uralegaddi [8], Joshi [7], Uralegaddi
and Ganigi [9].

2. Main Results

The following theorem gives a sufficient condition for a function to be in

>*(a,B,A, B).
THEOREM 2.1.  Let the function f(z) defined by (1.1) and regular in U* and if

(o)

> n(1 - B)la,l < BA - BY(1 - ) @.1)

n=1

Then f(2) € >."(a,B, A, B).
Proor. Let, (2.1) holds true. Consider the expression
Hf 1) = |2/ @ + 1| = B||B27 @] + [B+ (A - BY1 - )]

Substituting f and f” by their expansion, we have for 0 < |z| = r < 1.

(o)

Z na, Zn+1

n=1

(o)

BZ na, 7'+ [(A - B)(1 - @)]

n=1

H(f’f,)z _ﬁ
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or

o]

na, "> -B[A-B)(l -a)] - Z n BB a, r'"*?

n=1 n=1

rH(f, f)

Me

n (1= BB)a, "2 - B(A - B)(1 — a) (2.2)

Nk

As above inequality holds for all » (0 < r < 1), letting r — 1 we get

(o)

H(f,f) < > n(1- BB -BA-BY1-a),

n=1

Hence by (2.1) we get
[21@+ 1| <B|[B2f @] + 1B+ @~ BY1 -]
which implies that f € },*(a, 8, A, B). Hence Theorem 2.1 is established m]

THEOREM 2.2.  Let the function f{z) be given by (1.4) is analytic and univalent in U*.
Then f € Z;(a,ﬁ,A, B) if and only if (2.1) is satisfied.

Proor. In view of Theorem 2.1, it is sufficient to show that the "only if" part. Assume
that f(z) given by (1.4) is in Z;(Q,B,A, B). Then

Z2f@+1
Bz f'(z) +[B+ (A - B)(1 - a)]
Zn an Zn+1
_ n=1 — <ﬁ
[(A - B)(1 —a)] + Z nBa, 7"
n=1

for all z € U*. Using the fact that Re(z) < |z| for all z; it follows that

(e8]

Z na, Zn+l

n=1

Re _ <B (ze U 2.3)
[(A = B)1 —a)] + Z nBa, "
n=1

Upon clearing denominator in (2.3) and letting z — 1, through positive values, we get

(o)

D n(1 = BB)a,| < BA - BY(1 - @)

n=1

Hence the result follows.
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THEOREM 2.3.  Let f(2) defined by (1.4) is in the class Z;(Q,B,A,B) then for
O<lzl=r<1.

1 BA-B{1-aor

_—Sf(z)sl+w

2 2.4)
r (1-Bp) r (1-Bp)
Equality holds for the function
_1 BA-B)(I-a)
@)=+ —a-mp ° (2.5)

Proor. Suppose f(z) given by (1.4) is in 3 (@, B, A, B). In view of Theorem 2.2, we
have
Z BA - B)1 -a)
ay < —————
(1-BB)

n=1

Then, for0 < |zl = r < 1.

lf (I

IA
ol
+
gk

S
S
=
S

IN

< +— (2.6)

(1-8Bp)
which gives right hand side of inequality (2.4). Also,

1

r n

1 pA-B(U-ayr
p

(e8]

1
> == a1zl
ral > | Xl
S
z - 2 a
I _pAa-B(-ar o
r (1-Bp) ’
which gives left hand side of inequality (2.4). It can be easily seen that the function
f(2) given by (2.5) is extremal. O

THEOREM 2.4.  Let f(z) is in the class Z;(a/, B,A, B), then f(z) is meromorphically
convex of order 5(0 < |zl = r < 1) in|z| = r = r(a, B, A, B) where

r(a,B,A,B)zinf{ (-9 - Bf) }” , o n=1,2, -

n |BA-B)(1-a)n+2-9)
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Proor. Let f(2) € Z;(a, B, A, B) then by Theorem 2.2, we have

o n(l —Bp)

2 A —B - <1 (2.8)

It is sufficient to show that

LN 1) okl = o).
that is to show that PO+ @
2)+zf'(z
—_— 1-9).
o 1=079

Substituting the series of expansion of f’(z) and [zf”(z)]’ in left hand side of expression
we get

Zn(n+ Da, 2! Zn(n+ 1) a, 2"
n=1 _ < n=1 _
1 n—1 n+1
—Z—2+Z;nanz 1—Z_Ilnanlz|+
This will be bounded above by (1 —¢) if
= +2-6
S 220 o et < 29
o 1-6
In view of (2.8), it follows that (2.9) is true if
nt2-9) =8B
1-6 BA-B)(1 -a)
or 1
1-6)(1-8B D
Il < (1 -0 - BF) =12 2.10)
BA-B)(1 —-a)(n+2-0)

Setting |z| = r = r(a,B,A, B), in (2.10), result follows. Sharpness can be verified
easily. O
3. Convex linear combination

In this section we will provide that the class Z’;(a, B, A, B) is closed under convex
linear combination.
1
THeOREM 3.1. Let fy(z) = — and
z
1 BA-B)(I-ao,
n2)=—+t——7 7,
S z n(1 — BB)
Then f(2) in Z;(Q,B,A, B) if and only if it can be expressed in the form

n=1,2,

fl2) = Z Ay [u(@), where A, > 0 and Z A, = 1.
n=0 n=0
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Proor. Let f(z) = Z A, fo(2) with 4, > 0 and Z A, = 1. Then

n=0 n=0
f@ = Y 4 h
n=0
= A0 o@D+ ) A D)
n=1
N PO o U L o B O Gt I Bl
= [1 ;An]z+;an[z+ =55 z}

1 v, BA-Bl-a,
AP I e

Since

BA-B(1-a)™"  n(l-Bp)

Hence by Theorem 2.1, f € Z;(a,ﬁ,A, B).
Conversely suppose that f(z) in Z;(a, B, A, B), since

_BA-BY(1-a)

3 n(1 - BB) /lﬁ(A_B)(l_a)zz/ln:I—/loﬁl-
n=1

n=1

aVl —_ ] 1’ 2’ ‘
n(l — BB)
Setting
n(1 — BB)
n B an b = 1, 2’ .
BA - B)(1 - a)
and o =1- Z A, it follows that
n=1
@ =D 4 fl2).
n=0
This completes the proof of Theorem 3.1. |

Tuaeorem 3.2. The class Z;(a, B, A, B) is closed under convex linear combination.

Proor. Proof of Theorem 3.2 is straightforward, hence omitted. O
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