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ON A SUBCLASS OF MEROMORPHIC STARLIKE
FUNCTIONS WITH POSITIVE COEFFICIENTS

SAYALI S. JOSHI and SANTOSH B. JOSHI

Abstract

In the present paper we introduce a subclass of meromorphic univalent functions with positive coeffi-
cients. Further, we investigate properties like coefficient inequalities, radius of convexity and the closure 
theorem.
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1. Introduction

Let
∑

denote the class of functions of the form

f (z) =
1
z

+

∞∑
n=1

anzn (1.1)

which are analytic in U∗ = {z : 0 < |z| < 1} having simple pole at z=0 and residue 1
there. Also, let

∑
s denote the class of functions of the form

f (z) =
1
z

+

∞∑
n=1

|an|zn

which are analytic and univalent in U∗.
A function f ∈

∑
s satisfying the condition

Re
(
z f ′(z)
f (z)

)
< −α , |z| < 1 , (1.2)

is said to be meromorphically starlike of order α (0 ≤ α < 1). Also a function f ∈
∑

s
satisfying the condition

Re
(
1 +

z f ′′(z)
f ′(z)

)
< −α , |z| < 1 , (1.3)
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is said to be meromorphically convex of order α (0 ≤ α < 1) . Let these classes be
denoted respectively by

∑∗
s(α) and

∑k
s(α).

The classes
∑∗

s(α) and similar other classes of meromorphically univalent func-
tions have been extensively studied by Pommerenke [6], Aouf and Joshi [2], Clunie
[3], Miller [4] and Aouf [1].

Let
∑

p denote the class of functions of the form

f (z) =
1
z

+

∞∑
n=1

an zn , an ≥ 0 (1.4)

that are analytic and univalent in U∗.

Definition 1.1. . A function f (z) ∈
∑

is said to be in the class
∑∗(α, β, A, B) if it

satisfies the condition∣∣∣∣∣∣ z2 f ′(z) + 1[
Bz2 f ′(z)

]
+ [B + (A − B)(1 − α)]

∣∣∣∣∣∣ < β , z ∈ U∗

where 0 ≤ α < 1, 0 < β ≤ 1, −1 ≤ A < B ≤ 1 and 0 < B ≤ 1.

Also, we denote
∑∗

p(α, β, A, B) =
∑

p ∩
∑∗(α, β, A, B). Such type of classes

were introduced and studied by Mogra et al. [5], Uralegaddi [8], Joshi [7], Uralegaddi
and Ganigi [9].

2. Main Results

The following theorem gives a sufficient condition for a function to be in∑∗(α, β, A, B).

Theorem 2.1. Let the function f(z) defined by (1.1) and regular in U∗ and if

∞∑
n=1

n(1 − Bβ)|an| ≤ β(A − B)(1 − α) (2.1)

Then f (z) ∈
∑∗(α, β, A, B).

Proof. Let, (2.1) holds true. Consider the expression

H( f , f ′) =
∣∣∣z2 f ′(z) + 1

∣∣∣ − β ∣∣∣∣[Bz2 f ′(z)
]

+ [B + (A − B)(1 − α)]
∣∣∣∣

Substituting f and f ′ by their expansion, we have for 0 < |z| = r < 1.

H( f , f ′) =

∣∣∣∣∣∣∣
∞∑

n=1

n an zn+1

∣∣∣∣∣∣∣ − β
∣∣∣∣∣∣∣B

∞∑
n=1

n an zn+1 + [(A − B)(1 − α)]

∣∣∣∣∣∣∣
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or

r H( f , f ′) ≤

∞∑
n=1

n an rn+2 − β [(A − B)(1 − α)] −
∞∑

n=1

n Bβ an rn+2

=

∞∑
n=1

n (1 − Bβ) an rn+2 − β(A − B)(1 − α) (2.2)

As above inequality holds for all r (0 < r < 1), letting r → 1 we get

H( f , f ′) ≤

∞∑
n=1

n (1 − Bβ) − β(A − B)(1 − α),

Hence by (2.1) we get∣∣∣z2 f ′(z) + 1
∣∣∣ < β ∣∣∣∣[Bz2 f ′(z)

]
+ [B + (A − B)(1 − α)]

∣∣∣∣ .
which implies that f ∈

∑∗(α, β, A, B). Hence Theorem 2.1 is established �

Theorem 2.2. Let the function f(z) be given by (1.4) is analytic and univalent in U∗.
Then f ∈

∑∗
p(α, β, A, B) if and only if (2.1) is satisfied.

Proof. In view of Theorem 2.1, it is sufficient to show that the "only if" part. Assume
that f (z) given by (1.4) is in

∑∗
p(α, β, A, B). Then∣∣∣∣∣∣ z2 f ′(z) + 1

B z2 f ′(z) + [B + (A − B)(1 − α)]

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∞∑
n=1

n an zn+1

[(A − B)(1 − α)] +

∞∑
n=1

n B an zn+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
< β

for all z ∈ U∗. Using the fact that Re(z) ≤ |z| for all z; it follows that

Re



∞∑
n=1

n an zn+1

[(A − B)(1 − α)] +

∞∑
n=1

n B an zn+1


< β (z ∈ U∗) (2.3)

Upon clearing denominator in (2.3) and letting z→ 1, through positive values, we get
∞∑

n=1

n(1 − Bβ)|an| ≤ β(A − B)(1 − α)

Hence the result follows.
�
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Theorem 2.3. Let f (z) defined by (1.4) is in the class
∑∗

p(α, β, A, B) then for
0 < |z| = r < 1.

1
r
−
β(A − B)(1 − α)r

(1 − Bβ)
≤ f (z) ≤

1
r

+
β(A − B)(1 − α)r

(1 − Bβ)
(2.4)

Equality holds for the function

f (z) =
1
z

+
β(A − B)(1 − α)

(1 − Bβ)
z. (2.5)

Proof. Suppose f (z) given by (1.4) is in
∑∗

p(α, β, A, B). In view of Theorem 2.2, we
have

∞∑
n=1

an ≤
β(A − B)(1 − α)

(1 − Bβ)

Then, for 0 < |z| = r < 1.

| f (z)| =

∣∣∣∣∣∣∣1z +

∞∑
n=1

an zn

∣∣∣∣∣∣∣
≤

∣∣∣∣∣1z
∣∣∣∣∣ +

∞∑
n=1

an |z|n

≤
1
r

+ r
∞∑

n=1

an

≤
1
r

+
β(A − B)(1 − α)r

(1 − Bβ)
(2.6)

which gives right hand side of inequality (2.4). Also,

| f (z)| ≥
∣∣∣∣∣1z

∣∣∣∣∣ − ∞∑
n=1

an |z|n

≥
1
r
− r

∞∑
n=1

an

≥
1
r
−
β(A − B)(1 − α)r

(1 − Bβ)
(2.7)

which gives left hand side of inequality (2.4). It can be easily seen that the function
f (z) given by (2.5) is extremal. �

Theorem 2.4. Let f (z) is in the class
∑∗

p(α, β, A, B), then f (z) is meromorphically
convex of order δ(0 < |z| = r < 1) in |z| = r = r(α, β, A, B) where

r(α, β, A, B) = inf
n

{
(1 − δ)(1 − Bβ)

β(A − B)(1 − α)(n + 2 − δ)

} 1
(n+1)

, n = 1, 2, · · · .
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Proof. Let f (z) ∈
∑∗

p(α, β, A, B) then by Theorem 2.2, we have
∞∑

n=1

n(1 − Bβ)
β(A − B)(1 − α)

an ≤ 1 (2.8)

It is sufficient to show that∣∣∣∣∣2 +
z f ′′(z)
f ′(z)

∣∣∣∣∣ ≤ (1 − δ) for |z| = r(α, β, A, B) ,

that is to show that ∣∣∣∣∣ f ′(z) + [z f ′(z)]′

f ′(z)

∣∣∣∣∣ ≤ (1 − δ) .

Substituting the series of expansion of f ′(z) and [z f ′(z)]′ in left hand side of expression
we get ∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∞∑
n=1

n(n + 1) an zn−1

−
1
z2 +

∞∑
n=1

n an zn−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
≤

∞∑
n=1

n(n + 1) an |z|n+1

1 −
∞∑

n=1

n an |z|n+1

This will be bounded above by (1 − δ) if
∞∑

n=1

n(n + 2 − δ)
1 − δ

) an |z|n+1 ≤ 1 (2.9)

In view of (2.8), it follows that (2.9) is true if
n(n + 2 − δ)

1 − δ
|z|n+1 ≤

n(1 − Bβ)
β(A − B)(1 − α)

, n = 1, 2, · · · ,

or

|z| ≤
{

(1 − δ)(1 − Bβ)
β(A − B)(1 − α)(n + 2 − δ)

} 1
(n+1)

, n = 1, 2, · · · . (2.10)

Setting |z| = r = r(α, β, A, B), in (2.10), result follows. Sharpness can be verified
easily. �

3. Convex linear combination
In this section we will provide that the class

∑∗
p(α, β, A, B) is closed under convex

linear combination.

Theorem 3.1. Let f0(z) =
1
z

and

fn(z) =
1
z

+
β(A − B)(1 − α)

n(1 − Bβ)
zn , n = 1, 2, · · · .

Then f (z) in
∑∗

p(α, β, A, B) if and only if it can be expressed in the form

f (z) =

∞∑
n=0

λn fn(z) , where λn ≥ 0 and
∞∑

n=0

λn = 1.
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Proof. Let f (z) =

∞∑
n=0

λn fn(z) with λn ≥ 0 and
∞∑

n=0

λn = 1. Then

f (z) =

∞∑
n=0

λn fn(z)

= λ0 f0(z) +

∞∑
n=1

λn fn(z)

=

1 − ∞∑
n=1

λn

 1
z

+

∞∑
n=1

λn

[
1
z

+
β(A − B)(1 − α)

n(1 − Bβ)
zn

]

=
1
z

+

∞∑
n=1

λn
β(A − B)(1 − α)

n(1 − Bβ)
zn

Since
∞∑

n=1

n(1 − Bβ)
β(A − B)(1 − α)

λn
β(A − B)(1 − α)

n(1 − Bβ)
=

∞∑
n=1

λn = 1 − λ0 ≤ 1 .

Hence by Theorem 2.1, f ∈
∑∗

p(α, β, A, B).
Conversely suppose that f (z) in

∑∗
p(α, β, A, B), since

an ≤
β(A − B)(1 − α)

n(1 − Bβ)
, n = 1, 2, · · · .

Setting

λn =
n(1 − Bβ)

β(A − B)(1 − α)
an , n = 1, 2, · · · .

and λ0 = 1 −
∞∑

n=1

λn, it follows that

f (z) =

∞∑
n=0

λn fn(z).

This completes the proof of Theorem 3.1. �

Theorem 3.2. The class
∑∗

p(α, β, A, B) is closed under convex linear combination.

Proof. Proof of Theorem 3.2 is straightforward, hence omitted. �
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