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NON-INTERPOLATORY COMPLEX TRIGONOMETRIC
SPLINE ON THE UNIT CIRCLE
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Abstract

Considering a mesh of equally spaced points z;; j = 1,2, ..., n on the unit circle K, we have constructed
a non interpolatory complex trigonometric spline on each arc in which the points z; divides the unit circle
K. Further, a quantitative estimate corresponding to a function, analytic on K has also been obtained.
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1. Introduction

Let K denote the unit circle |z| = 1 of the complex plane and A = {z,2,...,2,} be a
mesh of n distinct points of K arranged in cyclic counter-clockwise order. A complex
valued function Sa(z) defined on K is called a spline function of degree m — 1, if it
satisfies the conditions

1. Sa(z) € C"%(K),

2. Sa(z) agrees in values with a polynomial of degree at most m — 1, on each arc in
which the points z; divide the circle K.

If S1(2), S2(2), . . ., Su(z) denote the polynomial components of Sx(z) on the arcs K; =
{e :argz; < 0 < argzjei, j = 1,2,...,n} respectively, where z,;1 = zj, then the
condition (1) or more explicitly Sa(e”) € C"~2(K), is equivalent to the conditions

$Gi) =80 (@jen), v=0,1,2,...,m=2, j=1,2,....n (1.1)
where S,+1(z) = S1(2).
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In 1971, the problem of complex spline interpolation was initiated by Schoenberg
[13] and Ahlberg, Nilson and Walsh in a sequence of papers [1-3]. The solutions
were completely different. A related problem on the trigonometric spline interpolation
was beautifully studied by Schoenberg [12], connecting the study to the differential
operators A,, = D(D?* + 1%)...(D* + m?), (D = d/dx). Micchelli [6] exploiting
Schoenberg’s idea and using the cardinal L-splines related to the differential operator
L= H?zo(D—y ;) with y; as real numbers, gave a complete and systematic treatment to
the interpolation problem. Schoenberg [14] revisited Micchelli’s theory and extended
it to the operator £ with imaginary y,’s. Sharma and Tzimbalario [7] and Tzimbalario
[20] further extended the study for cardinal splines related to the operators A,, and
L= l—I'}:o(D —i(j + O)n) for some 1 > 0 and ¢ real, respectively.

Kvasov [5], Subbotin [15] (with different conditions), Subbotin and Chernykh
[19] and Shevaldin [10] (in a more general statement) constructed local parabolic
splines for functions defined on the axis or on the segment of the axis that preserve
linear functions with an arbitrary distinct setting of nodes with good approximation
property and their own local preservation of the sign, monotonicity and convexity of
approximate functions [11]. Subbotin and Shevaldin [16] developed a general scheme
of constructing such structures. These splines and their generalizations are widely used
in computational mathematics. The works of Shevaldin [8, 9] also deserve a mention.

In another paper, authors [21] have introduced a non-interpolatory complex
parabolic spline on the unit circle and have studied the rate of convergence and the
error in approximation corresponding to a complex valued functions.

Following the ideas of Subbotin, Kostousov et.al. [4], taking W2 = {f : [ €
AC,|If" |l < 1}, considered the local trigonometric splines, corresponding to the
differential operators £, = D? + oI )a > 0,D = 9, is the first derivative , I is
the identity operator) for approximating the class of 1-periodic functions f € W2 with
IL2(D)lleo < 1.

In this paper, we consider a function f, which is analytic on K and associate with
it an operator Ly D(f) defined as

LD(f) = (D* + zD + B2 D) f

with 0 < 8 < oo. Then we construct a non interpolatory complex trigonometric spline,
say S;(z),j = 1,2,...,n, on each K;. Further, taking W = {f : [|[Lo.D(f)ll,, < 1}, we
have obtained a quantitative estimate of S ;(z) corresponding to this f € W.

2. Construction of complex trigonometric spline

Let K be a unit circle in the complex plane and z;,22,...,2, be points on K
arranged in counterclockwise order, separating K into arcs {K j}’}:I from z; to zj1,

where z; = exp (%) Obviously,

2ri
Zj+l1 = exXp 7 Zj.
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We are interested to construct a non-interpolatory trigonometric spline Sx(z) on K for
the subdivision A = {K;;j = 1,2,...,n}. Here, z; will be called main nodes and
Zjsl (j = 1(1)n) will be called additional nodes.

Let f: C— Candy; = f(z;).Write h = zn—” Associate operators € and A, on the space
of sequences {y;} defined as
BOj+1 = yj-1)
Qyjo1) = 55—

2 sin(iBh)z;
and,

A(yj—1) :=yje1 — 2yjcos(iBh) + y;_1.
Here, Q(y;-1) approximately gives derivative of f at z = z; because

f@jx) = flzj-1)
Zj+l — Zj-1

_ YY1

(eM)z; — (e7Myz;

_ Yjr1 —Yj-1

T Qi sinh)z;

fzj) =

When £ is very small then sinh ~ h

PPN L R
- @) Qih)z;
Further,

Q) =8 2 sin(iBh)z;

B iBh Yi+1 — Yj-1
~ \sin(iBh) 2ihz;

Y1 = Yj-1
2ihz;

as h is very small.
Note that when 4 is small then cos(ifh) ~ 1

A1) =y =2y i
=01 —y) = —yi-1)s

which is the second forward difference at y;_;. For z € Kj, the spline S;(z) is
represented in the form

Si(z) = C(()j) + C(lj) cos (Blog £) + C(zj) sin (,8 log E) + ng)¢ (L
Zj Zj Zj+1/2

) Q2.1
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Ficure 1: Uniform distribution of nodes on unit circle

where, ¢ is a solution of the differential equation z2D”" + zD’ + 8°D = 1.
Also,

(2.2)

0 , arngargszr%
)+_ ¢( - ) . argz>argz;,:

Zj+1/2

¢(
Zj+1/2

and, the complex constants cY ), C(lj), C;j ), ng ) can be determined by assuming that the
spline SA(z) is continuously differentiable and satisfies the differential equations:
Forargz < argz

j+%
BAY;-1)
2 ’ 2Q . _ J
Z Sj (2) + sz(z) +B°S;(z) = 2 Sin(Bh) Sin(ph/2)" (2.3a)
and, for argz > argz i+l
FAQ))
2/ ’ 2qQ . _ J
CS @+ F BRI = 5 g D) (2.30)

Take
Si(zj)) =y;j +bAYj-1), Sj(zj+1) = yj+1 + bAY)),
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for continuity of Sx(z) on K,
where

1
b= .
8 cos2(iBh/4) cos(iBh/2)
Using above in (2.1) we get,
Sj(zj) =yj + bA(y;-1)
A Cl+Clcos0+CYsin0+C x0=y;+bA®y,-1)
= C+Cl =y; + bAG;-1). (2.4)

Now, take S;(z ) =Q(y;-1) and S}(z 1) = Q(y;) (for differentiability of Sx(z)).
If we take ¢(z) = B—lz[l —cos(B8log z)], which is one of the solution of z2D" +zD’ +°I =
1, then the spline (2.1) must be C! on the arc K ; and hence,

lim §_,(2) = lim §z) ¥j=1.2,....n.
i—Zj =)

Now, using S;(Zj) = Q(yj-1) in (2.1), we obtain

C(j) C(j) C(j)
- 'Bsin(,Blog £)+ 2 ﬁcos(ﬁlog £)+ 3 ¢’( ) = Q(yj-1)
Z Zj Z Zj Zj+1/2 Zj+1/2) =z
C(j) C(j)
= G P o+ 2ﬂcos0+0=§z(yj_1)
Zj Zj
H Yj+l —Yj-1
cY =2 2.5
= 2 T Dsin(iBh) 23)
On differentiating (2.1) w.r.t z, we get
C(j) C(j) C(j)
Siz) = - A sin (Blog £) + 2 A cos (Blog £) g ( ) . (2.6
Z Zj Z Zj Zj+1/2 Zj+1/2 ) 4

Again differentiating with respect to z, we get

)] () 52 )]
C C
§7(z) = 12B sin (ﬂ log £) - 2'8 cos (,8 log £) - 22ﬁ cos (,8 log £)
Z Zj Z Zj Z <j
cWg? C(/)
- Zzﬁ sin (,B log 5) | = 2.7)

Using (2.3a) at z = z; we get

BAAY;-1)

TR, SO _ 0 2 ) L @2
O=CPF =G B-0-0+ 0+ GA+ECo +BCP) = 5o sinBh/2)
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0 _ AQyj-1)
- 0 2 sin(iBh) sin(Bh/2)’ 28
Using (2.4), we have
ng) =yt bA(yj_l) - Céj)
N AQj-D B AQj-1)
= 8 cos2(iBh/4) cos(iBh/2) 2 sin(iBh) sin(iBh/2)
= Ay 1 1 y sin*(iBh/4)
=i = AV | 3 B sinGBh/2) 8 eos (1Bh/4) cosBhTD) sin?(iBh/4)
1 sin’(iBh/4) ]
=v.— AV -
Yi = AO; ‘)[4 sin?(iBh/2) cos(iBh/2) 2 sin*(iBh/2) cos(iBh/2)
7)) [1 —25in2(iﬂh/4)}
=T A sin2hy2) | cos(iph/2)
Thus,
P =y, — DD (2.9)

1 =Yi— m
Using (2.6) and (2.7) at z = zj,1, we get
2j1184(zj41) = =CVBsin(iBh) + CY B cos(iph) + C5e™2¢' (™12,

and,

2187 (zj41) = CYBsin(iBh) — C}"B2 cos(iBh) — C5Beos(ifh) — C sin(iph)

n ng)( eih/2)2 & eih/z).
Also, we have,
BS(zjs1) = CYB* + CVB2 cos(iph) + CY B sin(iph) + CBp(e™'?).

Using all above in (2.3b), we get,

Vg2 4 [( M2 (e12) 4 M2 (eM12) 4 B eih/z)] _ BPAG))
0 3 2 sin(iBh) sin(iBh/2)
2

D2 L oD o _ BAG))
= Co B+ G = o B sin(Bh 2)
U B*AG,) _ BAOG-n

3 T 2sin(iBh) sin(iBh/2) 2 sin(iBh) sin(iBh/2)

Y = BIAG; = Ayj-n] (2.10)

3 2sin(iBh) sin(iBh/2)’
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3. Approximation by complex trigonometric splines

Let K; be the arc joining the points z; and z;. Moreover we can assume that z lies
in the arc joining z; = € and 73/, = €*"/2, where arg(z) < arg(z3)2). Otherwise, we
can make a change in variable z = z,v.

For z, lying in the arc joining z; and z3,7, the spline has the form

_ A(yo) __ AOo) z
510 = 2 SinGgh sinGon2) + [y '3 sinz(i,Bh/Z)] cos (ﬁ log (zl ))
2 —yo) . Z
+ > SinCBI Sin(ih) sin (/3 log (Z))

3 1 y2 — 2y; cos(iBh) + yo . 1 cos (Bl 2}«
~ 2sin(iBh) sin(iBh/2) sin(iBh) g 2

(21 = y2 — yo)(1 + cos(ifh)) + (y2 — yo) sin (/3 log (g)) ] 3.1)

We are interested in getting the integral representation of the spline S;(z) for any
function f which is analytic in C.
Consider the linear differential equation

(Z2D* + zD + B2 f(2) = zu(log(z)). (3.2)

The general solution of (3.2) has the form

£(2) = ¢1 cos (,8 log( ))+c2 sin(ﬁ 1og(Z ))Jrl f " ullog(n) sin(ﬁ 1og(§))dz, (3.3)

z z
21 21 ﬁ 2]
where ¢ and c; are arbitrary constants. Thus
1 [~
o= o) = crcos(iBh) — > sin(gin) + f u(log 1) sin (/3 1og(z7°))dt, (3.4)
21
1= f)=cu, (3.5)
and,

y2 = f(22) = ¢1 cos(Bih) + ¢, sin(Bih) + é f@ u(logt) sin (/3 log (%))dr 3.6)

21
Let us denote

Iy = fm u(logt) sin (,B log (ZTO))dt,

20

I = f@ u(logt) sin (,8 log (Z%))dt,

21
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then, to obtain the integral representation of the spline, we write (3.1) as

1 1 z
$10) = B [Al " sinagh) < (’6 log(Z))A2 t A @.7)
where,
_y2=2yicos(iBh)+yo L -1y
A= sin(iBh/2) ~ Bsin(iBh/2) (3-8)
Az = (y2 — yo)cos (iBh) — (y3 — y1) + (y1 — y2)(1 + 2 cos(iBh)) + y3 — Yo
= é (1 + cos(iB) T — 1) + 2¢18 sin’ (iBh) | (3.9)

As = (y — yo) sin (/3 log( )) = Ln (ﬁ 1og(§))[2cz/3 sin(iBh) + L + 10]. (3.10)

z
2 B

Therefore, due to (3.8), (3.10) and (3.9), after simple calculations, (3.7) reduces to

28 sirll(i,Bh) [IO{ sin(;[i’lh/Z) = Jsrnclz)isp;}if)gh)) o8 (B log (z%)) +sin (B log (i))}

" Iz{sin(i/lsh/z) = Jsrircli)i;(;lgh)) €08 (ﬁ log (é)) *sin (ﬁ log (i))}]
+ ¢ cos (,B log (i)) + ¢ sin (,8 log (Z%))
- 28 sin(i,Bh)l sin(iBh/2) [10{ mht COS(% ~Blog (i))}

+ 12{1 —cos (% + Blog (i))}] + cj cos (,3 log (g)) + ¢, sin (,8 log(i)).

Therefore,

Si(2) =

| f(2) - Si1(2) |I= ’é j: u(log t) sin (B log(é))dt

" 2B sin(iﬂh_) lsin(i,Bh/Z) [{1 - eos (ﬁ log (i))} f: ulog 1) sin (/3 log (ZTO))‘”

- {1 — cos (ﬁ log(i))} fz "~ u(log ) sin (,6 log (%))dt}

On taking z = €, t = ¢'* and breaking the second integral, we get

1 7.
If(2) = Si(2)l = ‘ 3 fh ie’u(ig) sin (iB (6 — ¢))d¢
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-1 , 3h E e i
~ 2Bsin(iBh)siniBh/2) [{1 m oo (’ﬁ (9 - 7))},£ e u(ig) sin(~if $)d¢

- {1 — cos (iﬁ(e - g))} fh " iuid) sinB 2 — #)ds

h 2h )
- {1 — cos (iﬁ(@ - —))} f i u(ie) sin(iB (2h — ¢))d¢” = Iy, = Iy — 13|
0

2
< [l + el + sl (3.11)
where, ,
I = fo Li(6, Hyulid)dg, (.12)
2h
In= f Ly(0. H)ulid)dg, (3.13)
0
113=fh9L3(9,¢)u(i¢)d¢, (3.14)
with ”
_ ie'? sin(iB¢g) B . _%
Li®.9)= 2ﬂsin(iﬂh)sin(iﬁh/2)[l COS(’ﬂ (9 2))] (3.15)
_ie?sin(iB2h - ¢)) . h
L200.9) = 5 5 ntiphy sinGBh 2) [1 m oo (’ﬁ (9 - 5))} (3.16)
and,
_e o sin(B2h - ¢)) B A, h
Ls(0,9) =~ | siniB0 ) - 5o e e /2)[1 cos(l,B(H 2))” (.17)

Let us calculate the absolute value of I, I1; and ;3.

| 1—cos(iBO=3h/2)| (" 4 . .

2 [ Bsin(Bh) sin(iBh/2) | fo | €%u(ig) siniBe) | do
_ 11— cos(iB(® — 3h/2))|
= 21 Bsin(iBh) sin(iBh/2) |

| 111 |

h
| u(ih) sin(iBh) | f de.
0

If A — 0, then

1 130
I I< % | u(0) |, (3.18)
forh — 0, ]
[ le R o . (3.19)
Lastly,
i) SinGiB(2h — ) (1 - cosiB©@ — h/2)] .
s = fh 7[sm<zﬁ(0 ) - et ]u(z¢)d¢
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<

%[ sin(iB(@ — h)) —

2B sin(iBh/2)
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(1 — cos(iB(8 — h/2)))
2 sin(iBh/2)

]u(ih)(e - h)‘

u(ih)(6@ — h) [cos(iB(8 — 3h/2)) — 1]‘ :

If h— 0,68/h — 0, hence

|13] <

LWW(O)L

Thus, we have proved that

THEOREM 3.1. Let f be analytic on K. Let LyD(f) be an operator associated with the
function f, defined as LyD(f) = (zZD* + zD + B*I)f with 0 < B < co. Let W = {f :
IL2D()llee < 1}, and let S [(z) be the complex non interpolatory trigonometric spline
on K;, then

(1]
(2]
(3]
(4]
(3]
(6]
(7]
(8]
[9]
[10]
[11]

[12]
[13]

[14]

[15]

6+ 6| cos(iB9) |

-S;i(2) <
;E‘?/ If(2) = S;(2)] < 7
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