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EFFECTS OF URBANIZATION AND INDUSTRIALIZATION
ON HUMAN POPULATION: A MODELING STUDY

K.B.YADAYV and ANIKAT

Abstract

A mathematical model is formulated using the system of non-linear differential equations to see the
effects of urbanization and industrialization on the human population. In the model, we have considered
five variables namely; Susceptible population, Infected population, Urbanization, Industrialization and
bacterial population. Conditions for the local stability of non negative equilibrium point are obtained.
The verification of the system given by numerically and graphically.

Keywords and phrases: Mathematical Model,Equilibria and Susceptible and Infected populations,
Urbanization, Industrilization .

1. Introduction

Industrialization and urbanization are two important factors for our environment. Ba-
sically, urbanization is the process by which large number of people become perma-
nently cocentrated in relatively small areas forming cities. When large number of
people congregate in cities, many problems occurs. The main problem that our society
is faces today is the depletion of forestry resources. It is well known that forestry
resources plays an important role in our life. But it being depleted by industrialization
due to urbanization[8],[15]. Rapid urbanization leads to the exploitation of the natural
resources for the construction industries, transport and consumption. Urbanization is
the chief agent of increasing the industrialization[14],[16],[17]. Although industri-
alization is necessary for the growth of our country but it also have many negative
impacts. Disease accounted for many death in industrial cities during industrial rev-
olution. With a chronic lack of hygiene, little knowledge of sanitary, disease such as
cholera, typhoid, typhes etc. occurs [18].

Many researchers has been developed the non linear mathematical model to inves-
tigate the effect of industrialization due to urbaization. A.K. Misra et.al. (2014) pro-
posed a mathematical model for the depletion of forestry resources due to population
pressure augmented industrialization. In this paper, they found that as the population
pressure increase, the level of the industrialization increases leading to decrease in the
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cumulative biomass density of forestry biomass. They also found that if the popula-
tion pressure is controlled by using some economic efforts, the decrease in cumulative
biomass density of forestry resources can be made much less than the case when no
control is applied. A.K. Misra et.al. (2013) also have taken a mathematical model to
see the effects of population and population pressure on the forest resources and their
conservation. From the model analysis they shows that as the density of population or
population pressure increases, the cumulative density of forestry resources decreases
and the resource may become extinct, if the population pressure become too large.
They also noted that by controlling the population pressure using some economic
incentives, the density of forest resources can be maintained at an equlibrium level,
which is population density dependent. B.Dubey et.al.(2010) studied the effects of
industrialization, population and pollution on a renewable resources. They obtained
that if the densities of industrialization, population and pollution increase, then the
density of the resource biomass decreases and it is settles down at the equilibrium
level whose magnitude is lower than its original carraying capacity. J.B. Shukla et.al.
(1997) proposed a mathematical model for the depletion and conservation of forestry
resources. They conclude that the resource biomass can be maintained at a desired
level by conserving the forestry resources and by controlling the growth of population
and the emission rate of polluatnt in the habitat. Abhinav Tandon et. al. (2016) have
proposed a mathematical model to investigate the effects of environmental pollution
intensified by urbanization. They shown that the growth of population is responsible
for the growing urbanization, but for very large increase of urbanization the population
may not survive in the long run. Manju Agarwal et. al. (2009) presented a mathe-
matical model for the depletion of forestry resources biomass due to industrialization
pressure .

In this paper, a model for interaction between forestry biomass, wild life population
and industrialization pressure is proposed and the effects of forestry biomass depletion
in a forested habitat caused by industrialization pressure on the survival of the forestry
biomass dependent wilidlife speciess is studied. Niharika Verma et.al.(2017) have
taken a mathematical model for the increase in global warming due to CO; intensified
by industrialization. In their analysis they shown that the reforestation is a key factor
for controlling the global warming into environment. Niharika Verma et.al.(2018)
also have proposed a mathematical model to study the effect of environmental tax for
CO; on the forestry biomass depleted by industrialization. O.P.Misra et. al. (2012)
studied the modeling and analysis of a single species population with viral infection in
polluted environment. In their paper, they have shown that when the effect of pollution
is not considered then the susceptible population never vanish and on the other hand if
the effect of environmental pollution has been consider the susceptible population can
vanish.

Keeping all these papers in mind, In this paper, we proposed a mathematical model
to see the effect of urbanization and industrialization on human population. The
organization of the paper is given as: section 1 is related to introduction. Mathematical
model is introduced in section 2. In section 3, we introduced the boundedness of
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the system. Section 4 and 5 related to the equilibrium analysis and stability analysis
respectively. Furthermore, we illustrated our results in section 6.

2. Mathematical Model

In the model, we have supposed imigration rate of human population from outside
region is constant. Susceptible population become infected due to increase in bacterial
population. We have taken that infected population is decreases due to some therapic
treatement and assumed that urbanization is also decreases due to some government
activities. Further we have taken that indusrialization is increases due to urbanization.
In the view of above, a model governing the dynamics of the system under considera-
tion proposed as follows:

ds
—- = A=pSI-ASB-iS +)T, 2.1
dl
— =PSI+ASB—vT = . (2.2)
dU,
=BoN - B U,, 2.3
7 BoN - B (2.3)
dh_ Yy (2.4)
— = Yin — Uy, .
dt Y K
dB
— =0d,) - aB, 2.5
7 o) —ay (2.5)
with the initial conditions and S(¢) > 0,1(r) > 0,U,(¢t) > 0, 1,,(t) > 0, B(¢) = 0,

where
O,) = Qo+ Qi1l,and N =S + 1.

In the model system given by equation (2.1) to (2.5), S(¢) and /(¢) are densities of
susceptible and infected population at time t. At time t, U,(¢) and I,(¢) represents the
urbanization and Industrialization and B(¢) is the bacterial population. In the the model
constants are given as;

A= constant imigration rate of human population from outside the region under the
consideration.

B= it is the rate at which susceptible population become infected.

A= it is the rate at which susceptible population decreases due to bacteria.

A= natural death rate of susceptible population.

v= increase in susceptible population through treatement.

A= natural death rate of infected population.

Bo= Increase in urbanization due to total population (susceptible and infected popula-
tion).
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B1= it is the rate at which unplanned urbanization is controlled due to some govern-
ment agencies..

K= carrying capacity of industrialization.

a =it is the rate at which industrialization is increased due to urbanization.

a; = natural death rate of bacterial population.

3. Boundedness of the System

Lemma 3.1. The solution of the system given by equations (2.1) to (2.5) is bounded
within the following region:
BoA

A R
w=<,ILUI,B):0<N<—,0<U,<—,0<I,£<—=,0<B<
A1 4p 1)

101 oa

Proof: From the equation (2.1) and (2.2),

dN

A4S -l

dr = ! 2
<A-A(S +1D),
<A - AN,

by comparision theorem ast — oo :

A
Nmax - /1_1,
provided A, = A,.
From the equation (2.3),
dU,
dt < ﬁONmax _ﬁl Ur,
BoA
<—-/U,
/11 ﬁl r
by comparision theorem ast — oo :
A
Unax = ﬁ()_
4B
From the equation (2.4),
dhy g Y0y
dt . y n K Tmax ?

Yol? , @PoA
K ABy ’
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di, Ky*> K*? A

—"+6Ins—y——);+a’80 ,

dt 270 47() /lﬁl
where ¢ is a very small quantity,

by comparision theorem ast — oo :

R
()max = E,

where 5 ) s
K K A
R Ky Ky afo

2% 42 B

dB

— =< In max — B,

7S Qo + O1(1y) @
O1R

< Qo+ =— —aBb,
7
by comparision theorem as t — oo :

B = Qoo + O1R
max — ~—  ~_ -
oa

This complete the proof of lemma (3.1).

4. Existence of the Equilibrium Points

After analysis of the model we found that system has only one non negative
equilibrium point namely E(S*, I*, U, I;, B*) . The value of S*,I*,U;, I, B* is given

by
A—BS*I* — AS*B* = ,S* +vT = 0, 4.1y
BS*I* + AS*B* =T — L,I* = 0, (4.2)
Bo(S* +I') = BLUF = 0, 4.3)
1*2
I — yOK” +aUr =0, (4.4)
Q() + QIIZ — ale* =0. (45)

By adding equations (4.1) and (4.2),
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—/l]SJ'k —/121* +A= 0,

A=21(S"+1I.
From equation (4.3),
BoA .
— —-B1U: =0,
0 BiU;
. A
U = B
A1B1
From equation (4.4),
1*2
vl - 70 +aU; =0,
yol;? . afoA
— V- =0,
K 1B
+ VP
I, = v+ VP > 0,
2y0
where
p= > + 4’)/()Cyﬂ()A '
KA1

From equation (4.5),
Qo+ Q1P-a1B" =0,

Qo+ O1P

@

B =
Now From equation (4.2),

BS*(A /115)+ S (Qo + O\P) — vT — 2( 157 _
A a A1

Oa

*_D1+\/5>

204 Ba, 0

provided D > 0,
where

D, = Qo/ll/l-l- Q]P/l]/l +ﬁAa'1 +a;d14s,
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D = (Qo/l]/l +,BQ’]A + Q]P/l]/l + /lg/lla’])z - 4/1][30!1(VT/110’] + /led]).

Now from equation (4.1),

) (B0 0) (357

A-— T=0
“ ( 20, 20,8 a 20, Ba; )” ’

S L P
D1+\/5 &1

provided
22 A+vT P
iBai(A+v )>/1(Q0+Q1 )+/l1-
D] + \/5 ap

5. Stability Analysis

115

Theorem 5.1 The interior equilibrium point is E(S*,I*, U}, I;, B*) nonlinearlly

rsins

locally asymptotically stable within the region of attraction given by w provided

following inequilities is satisfied;

2 2
ajs < 5011355,

2
ay5 < gazzass,

’ 2
ajz < §Cl336111,

) 2
a5y < 50!226133,

2 2
azy < 5033044,

2
A5 < §a44a55

where

al Zﬁl* + AB* +/11,022 = —KlﬁS* +K]/12,a33 = Kzﬂ],

2 )
asy = —Kzy + %Ksl,f,ass = Kyay,a15 = =AS ", as = K1AS™,

a1z = Koo, ars = Kofo, azs = Kz, ass = K4 Q.

Proof: Let us consider $*,I*, U, I, B* are the small perturbation around the

rotn»

interior equilibrium point E(S*, I*, U*, B¥) .
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So we first linearize the model by assuming S = S* + S,/ = I" + I, U, =
Ui+ Upn, 1, =1 + I, B = B* + B. After linearization, the model is given as:

das
L= BS'I = BS\I = AS By — A1 B~ AiS.
dI] % * * *
E:ﬁs 11 +ﬂS1] + AS Bl+/151B _/12119
du,
71 = oS 1+ Boli —B1U,
dl, 2’)’01;:In1
=yl — .
ar T K atn
dB,
0,1, - B,
o Ol — a1 By

Let us consider a positive definite function
1 1 1 1 1
= ESf + EKlll2 + EKZUEl + 51(313, + 51(43%
Where K1, K3, K3,K4 are positive constants taken to be suitably. After differentiat-
ing V with respect to t, we get

dv ds dl, dU, dl, dB,;
— =S51—+Kil KU, K51, K4B
dt 1dt 11d+21dt+gldt+41dt

av 2 )
== —S2BI* + AB" + A) - X(—K\BS* + K1 1) — U (K2B1) — I2,(—Kay + %1@1”)
— BX(Ksa1) + S111(=BS* + K\BI" + K1 AB") + B S (—1S™)

+ B (KiAS™) + 81U (K2Bo) + 11U, (Kafo) + 1,1 Uy (K@) + Bi1,1(KsQ1),

* dv
now choosing K| = ﬁ— we found that — will be negative definite if
BI* + AB* dt
2
ats < 3andss, (5.1
2 2
s < 32055, (5.2)
2 2
dy3 < za3di, (5.3)
) 2
ay3 < 3a22a33, 5.4)
’ 2
3y < 333044, (5.5)
) 2
Qys < ~d44ds55 (56)

3
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where
ay =BI' + AB* + A, axn = —K\BS™ + K1 A2, a33 = Koy,
ay = -Kyy + 2—;;)1(3]:6155 = Kyay,a15 = —AS ", ax5 = KjAS ™,
a3 = Kofo, axs = Kofo, azs = Kz, ass = K4 Q.

From equations (5.1) and (5.2) we get

3/12S*2 3/125*3
K4>max{ },

2a1(BI" + AB* + A1) 2a1(BI* + AB*)(—BS* + A»)

From equations (5.3) and (5.4) we get

K < min{2ﬁ1(ﬁl"‘ +AB* + A1) 2BiBS (-BS” + /lz)} _x

3p2 " 3BABIF + ABY)

now suppose K4 = 1, From equations (5.5) and (5.6) we get

2y0 .,
2K>0B1 (—7 + 71,,)

s o

— < K5 <
2 2vo,,
-y + ?In aq

3a2

Hence theorem is proved.
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Figure 1. Time series graph
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6. Numerical simulation

In this section, we introduce numerical simulation to explain the applicability of
the result discussed above. We choose the following set of parameters in the model
given by equation (2.1)-(2.5).

A =0.001,8=0.01,4 =0.003, 2; =0.002, 4, =0.002,v = 0.001,T = 0.02,5p = 0.2
ﬁ] = 002, QO = 0.1,Q1 = 0.0I,CZ] = Ol,‘y = 1,’)/() = l,a =1.

For these values of the parameters the value of interior equilibrium point E is given as

S* =0.1004,I* = 0.0999, Uy = 0.1274,1; = 0.2033, B* = 0.1313. From these
values of the parameters we can varified the conditions of the local stability given by
theorem (4.1) and (4.2). Figure 1 is the time series graph. In fogure 2 we shown the
variation of urbanization with respect to time t for different value of Sy and we found
that with increase in 8y unplanned urbanization is increases. Figure 3 is drawn to
show the effect of industrialization with respect to time t for different value of 3y and
we obtained that with increase in 5y industrialization is increases. Figure 4 is drawn
to show the effect of bacterial population with respect to time t for different value
of By. Figure 5 and 6 are plotted for susceptible population and infected population
respectively with respect to time t for different value of 5y and found that with increase
in By susceptible population decreases and infected population is increases. So from
figure 2,3, 4,5 and 6, we conclude that when urbanization is increases it leads to
increase in industrialization due to which bacterial population increases and increase
in bacterial population is responsible foe increase in infected population. Figure 7
is graph ofindustrialization with respect to time t for different value of «@. It is clear
from this figure with the increase in @ industrialization is increases. Since with the
increase in « industrialization is increases, bacterial population is also increases with
the increase in a (from figure 8).

7. Conclusion

In this paper, we have proposed and analyzed a non-linear model to see the effect
of urbanization and industrialization on human population.Analysis of model reveals
that the obtained model system has only one non negative equilibrium point. The
conditions for the local stability of equilibrium point are obtained using the stability
theory of the differential equations. Numerical analysis has been done to illustrated
the feasibility of the obtained results.

The results of model, qualitatively and numerically shows that growth of urbaniza-
tion is responsible for growing industrialization. Due to increase in industrialization,
bacterial population increases those are responsible for many harmful diseases. These
harmful diseases effects the human population.
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