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SUBCLASSES OF BI-UNIVALENT FUNCTIONS
ASSOCIATED WITH FRACTIONAL INTEGRAL OPERATOR
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Abstract

In this article, two subclasses of analytic bi-univalent functions dealing with fractional integral operators 
are introduced. Furthermore, we have obtained estimates of the coefficients |a2| and |a3| for the functions 
belonging to these subclasses.
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1. Introduction

The subject of fractional calculus (that is, the calculus of integrals and derivatives of 
any arbitrary real or complex order) has gained considerable popularity and impor-
tance during the past over four decades, due mainly to its demonstrated applications 
in numerous seemingly diverse and widespread fields of mathematical, physical, en-
gineering and statistical sciences. Various operators of fractional-order derivatives as 
well as fractional-order integrals do indeed provide several potentially useful tools for 
solving differential and integral equations, and various other problems involving spe-
cial functions of mathematical physics as well as their extensions and generalizations 
in one and more variables. Fractional derivatives, fractional integrals and their prop-
erties are the subject of study in the field of fractional calculus. Srivastava and Owa 
[12] gave definitions for fractional operators (derivative and integral) in the complex 
Z-plane C as follows.

Definition 1.1. [12] The fractional derivative of order α is defined, for a function f by∫ z

0

f (ζ)
(z − ζ)α

dζ; 0 ≤ α < 1,

where the function f is analytic in simply-connected region of the complex Z-plane C
containing the origin and the multiplicity of (z−ζ)−α is removed by requiring log(z−ζ)
to be real when (z − ζ) > 0.
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Definition 1.2. [12] The fractional integral of order α is defined, for a function f by

Iαz f (z) =
1

Γ(α)

∫ z

0
f (ζ)(z − ζ)α−1dζ;α > 0,

where the function f is analytic in simply-connected region of the complex Z-plane C
containing the origin and the multiplicity of (z−ζ)α−1 is removed by requiring log(z−ζ)
to be real when (z − ζ) > 0.

From defns 1.1 and 1.2, we have

Dα
z zµ =

Γ(µ + 1)
Γ(µ − α + 1)

zµ−α, µ > −1; 0 ≤ α < 1

and

Iαz zµ =
Γ(µ + 1)

Γ(µ + α + 1)
zµ+α, µ > −1;α > 0.

Let J denotes the class of functions of the form

f (z) = z +

∞∑
n=2

anzn (1.1)

which are analytic in the unit disc U = {z ∈ C : |z| < 1}. Let D denote the subclass of
J which consists of functions of the form (1.1) that are univalent and normalized by
the conditions f (0) = 0 and f ′(0) = 1 in U.
We know that every function f ∈ D has an inverse f −1, defined by

f −1 ( f (z)) = z, (z ∈ U) and f
(

f −1(w)
)

= w,
(
|w| < r0( f ); r0( f ) ≥

1
4

)
,

where

g(w) = f −1(w) = w − a2w2 + (2a2
2 − a3)w3 − (5a3

2 − 5a2a3 + a4)w4 + ... . (1.2)

Definition 1.3. [4] A function f in D is said to be bi-univalent in U if both f and f −1

are univalent in U.

Let Σ denote the class of bi-univalent functions in U given by (1.1). In [6]
Lewin investigated the class Σ of bi-univalent functions and showed that |a2| < 1.51.
Subsequently Brannan and Clunie [1] conjectured that |a2| ≤

√
2. Also Netanyahu

[8] showed that max
f∈Σ
|a2| =

4
3

. The coefficient estimate problem for each of the

Taylor-Maclaurin coefficients |an| (n ≥ 3; n ∈ N) is still an open problem. Several
authors investigated various subclasses of the class Σ and obtained estimates for their
coefficients |a2| and |a3| for functions in these subclasses (see [2, 3, 5, 7, 9, 10]).
In [11] Srivastava, Mishra and Gochhayat introduced the following two subclasses of
the bi-univalent functions class Σ and obtained non-sharp estimates on the first two
Taylor-Maclaurin coefficients |a2| and |a3| of functions in each of these subclasses.
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Definition 1.4. [11] A function f given by (1.1) is said to be in the class H(α)
Σ

(0 < α ≤ 1), if the following conditions are satisfied:

f ∈ Σ,
∣∣∣arg( f ′(z))

∣∣∣ < απ

2
(z ∈ U)

and
∣∣∣arg(g′(w))

∣∣∣ < απ

2
(w ∈ U)

where the function g is defined by (1.2).

Definition 1.5. [11] A function f given by (1.1) is said to be in the class HΣ(β)
(0 ≤ β < 1), if the following conditions are satisfied:

f ∈ Σ, <
(
f ′(z)

)
> β (z ∈ U)

and <
(
g′(w)

)
> β (w ∈ U)

where the function g is defined by (1.2).

Lemma 1.6. [10] Let h ∈ P, the family of all functions h analytic in U for which
<{h(z)} > 0 and have the form h(z) = 1 + p1z + p2z2 + p3z3 + ... for z ∈ U. Then
|pn| ≤ 2 for each n ∈ N.

2. Coefficient bounds for the function classNΣ(Iλz , α)

Definition 2.1. A function f given by (1.1) is said to be in the class NΣ(Iλz , α)
(0 < α ≤ 1), if the following conditions are satisfied:

f ∈ Σ,

∣∣∣∣∣∣arg
(
Γ(2 + λ)Iλz f (z)

zλ

)∣∣∣∣∣∣ < απ

2
(z ∈ U) (2.1)

and ∣∣∣∣∣∣arg
(
Γ(2 + λ)Iλwg(w)

wλ

)∣∣∣∣∣∣ < απ

2
(w ∈ U) (2.2)

where the function g is defined by (1.2).

Theorem 2.2. Let f be in the function class NΣ(Iλz , α), then

|a2| ≤ 2α(2 + λ)

√
3 + λ

12α(2 + λ) − 4(α − 1)(3 + λ)
(2.3)

and
|a3| ≤

α(2 + λ)(3 + λ)
3

+ (2 + λ)2α2. (2.4)

Proof. We can write the argument in (2.1) and (2.2) as(
Γ(2 + λ)Iλz f (z)

zλ

)
= [p(z)]α (2.5)
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and (
Γ(2 + λ)Iλwg(w)

wλ

)
= [q(w)]α (2.6)

respectively, where p, q ∈ P have the form

p(z) = 1 + p1z + p2z2 + p3z3 + ... (2.7)

and
q(w) = 1 + q1w + q2w2 + q3w3 + ... . (2.8)

Equating the coefficients in (2.5) and (2.6), we get

2a2

(2 + λ)
= αp1, (2.9)

6
(3 + λ)(2 + λ)

a3 = αp2 +
α(α − 1)

2
p2

1, (2.10)

−2a2

(2 + λ)
= αq1, (2.11)

6
(3 + λ)(2 + λ)

(2a2
2 − a3) = αq2 +

α(α − 1)
2

q2
1. (2.12)

From (2.9) and (2.11), we get

p1 = −q1 (2.13)

and
8a2

2

(2 + λ)2 = α2(p2
1 + q2

1) . (2.14)

Adding (2.10) and (2.12), and using (2.14), we obtain

a2
2 =

α2(3 + λ)(2 + λ)2(p2 + q2)
12α(2 + λ) − 4(α − 1)(3 + λ)

. (2.15)

Using Lemma 1.6, we get

|a2| ≤ 2α(2 + λ)

√
3 + λ

12α(2 + λ) − 4(α − 1)(3 + λ)
. (2.16)

Next in order to find the bound on |a3|, by subtracting (2.12) from (2.10) and then using
(2.13), we obtain

a3 − a2
2 =

α(p2 − q2)(2 + λ)(3 + λ)
12

. (2.17)

By (2.12), we get

a3 =
α(p2 − q2)(2 + λ)(3 + λ)

12
+
α2(2 + λ)2(p2

1 + q2
1)

8
. (2.18)
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Using Lemma 1.6, we get

|a3| ≤
α(2 + λ)(3 + λ)

3
+ (2 + λ)2α2. (2.19)

This completes the proof of theorem. �

Putting λ =0 in Theorem 2.2 we have

Corollary 2.3. Let f be in the function class NΣ(I0
z , α), then

|a2| ≤
2α
√
α + 1

and
|a3| ≤ 2α(2α + 1) .

3. Coefficient bounds for the function classNΣ(Iλz , β)

Definition 3.1. A function f given by (1.1) is said to be in the class NΣ(Iλz , β)
(0 ≤ β < 1), if the following conditions are satisfied:

f ∈ Σ, <

(
Γ(2 + λ)Iλz f (z)

zλ

)
> β (z ∈ U) (3.1)

and

<

(
Γ(2 + λ)Iλwg(w)

wλ

)
> β (w ∈ U) (3.2)

where the function g is defined by (1.2).

Theorem 3.2. Let f be in the function class NΣ(Iλz , β), then

|a2| ≤

√
(1 − β)(2 + λ)(3 + λ)

3
(3.3)

and

|a3| ≤
(2 + λ)(1 − β)

3
((3 + λ) + 3(2 + λ)(1 − β)) . (3.4)

Proof. First of all the argument inequalities in (3.1) and (3.2) can be written in their
equivalent forms as, (

Γ(2 + λ)Iλz f (z)
zλ

)
= β + (1 − β)p(z) (3.5)

and (
Γ(2 + λ)Dλ

wg(w)
wλ

)
= β + (1 − β)q(z) (3.6)
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respectively, where p(z), q(z) are given by (2.7) and (2.8). Now equating the coeffi-
cients in (3.5) and (3.6), we get

2a2

(2 + λ)
= (1 − β)p1, (3.7)

6a3

(3 + λ)(2 + λ)
= (1 − β)p2, (3.8)

−2a2

(2 + λ)
= (1 − β)q1 (3.9)

and
6(2a2

2 − a3)
(3 + λ)(2 + λ)

= (1 − β)q2. (3.10)

Using (3.7) and (3.9), we obtain
p1 = −q1 (3.11)

and

(1 − β)2(p2
1 + q2

1) =
8a2

2

(2 + λ)2 . (3.12)

By (3.8) and (3.10), we get

12a2
2

(3 + λ)(2 + λ)
= (1 − β)(p2 + q2) (3.13)

or equivalently,

a2
2 =

(1 − β)(p2 + q2)(3 + λ)(2 + λ)
12

. (3.14)

Applying Lemma 1.6, we get

|a2| ≤

√
(1 − β)(2 + λ)(3 + λ)

3
(3.15)

which is the bound on |a2| as given in (3.3). Next in order to find the bound on |a3|,
subtracting (3.10) from (3.8), we get

12
(3 + λ)(2 + λ)

(a3 − a2
2) = (1 − β)(p2 − q2) (3.16)

or equivalently,

a3 = a2
2 +

(3 + λ)(2 + λ)
12

(1 − β)(p2 − q2). (3.17)

Using (3.12), we obtain

a3 =
(1 − β)2(2 + λ)2(p2

1 + q2
1)

8
+

(3 + λ)(2 + λ)
12

(1 − β)(p2 − q2). (3.18)



Subclasses of bi-univalent functions 131

Using Lemma 1.6, we get

|a3| ≤
(2 + λ)(1 − β)

3
[
(3 + λ) + 3(2 + λ)(1 − β)

]
. (3.19)

This completes the proof of theorem. �

Putting λ =0 in Theorem 3.2 we have

Corollary 3.3. Let f be in the function class NΣ(I0
z , β), then

|a2| ≤
√

2(1 − β)

and
|a3| ≤ 2(1 − β)(3 − 2β).

References
[1] D.A.Brannan, J. Clunie, Aspects of Contemporary Complex Analysis, Academic Press, New York,

London, 1980.
[2] D.A. Brannan and T.S. Taha, On some classes of bi-univalent functions, Studia Universitatis Babes-

Bolyai Mathematica, 31 (1986), no. 2, 70-77.
[3] S. Bulut, Coefficient estimates for a class of analytic and bi-univalent function, Novi.Sad. J. Math.,

43 (2013), no.2, 59-65.
[4] P.L.Duren, Univalent Functions, Grundlehren der Mathematischen Wissenschaften, New York,

1983.
[5] V. B. Girgaonkar, S. B. Joshi, P. P. Yadav, Certain special subclasses of analytic Function associated

with bi-univalent Functions, Palestine J. Math 6 (2017), no.1, 1–7.
[6] M.Lewin, On a coefficient problem for bi-univalent function, Proc.Amer.Math.Soc. 18 (1967), 63-

68.
[7] U.H. Naik and A.B. Patil, On initial coefficient inequalities for certain new subclasses of bi-

univalent functions, J. Egypt. Math. Soc. 25 (2017), 291-293.
[8] E. Netanyahu, The minimal distance of the image boundary from the origin and the second

coefficient of a univalent function in |z| < 1, Arch. Rational Mech. Anal. 32 (1969), 100-112.
[9] Ch. Pommerenke, Univalent Functions, Vandenhoeck and Rupercht, Göttingen, (1975).
[10] H.M.Srivastava, D.Bansal, Coefficient estimates for a subclass of analytic and bi-univalent func-

tions, J.Egypt. Math. Soc. 23 (2014), 1-4.
[11] H.M.Srivastava, A.K.Mishra, P.Gochhayat, Certain subclasses of analytic and bi-univalent func-

tions, Appl.Math.Lett. 23 (2010), 1188-1192.
[12] H.M.Srivastava, S.Owa, Univalent Functions, Fractional Calculus and their Applications, Halsted

Press, John Wiley and Sons, New York Chichester, Brisban and Toronto, 1989.

Uday H. Naik, Department of Mathematics & Willigdon College,Sangli India
e-mail: naikpawan@yahoo.com

Raisa M. Shaikh, Department of Mathematics & , Shivaji University,Kolhapur India
e-mail: raisashaikhg@gmail.com

Author contributions:
Conceptualisation: Uday H.Naik, Raisa M.Shaikh ; Software: Raisa M.Shaikh ;
Writing-Original Draft: Raisa M.Shaikh
Conflicts of Interest: The authors declare no conflict of interest.




