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RADICAL TRANSVERSAL SCREEN SEMI-SLANT
LIGHTLIKE SUBMERSIONS
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Abstract

We introduce radical transversal screen semi-slant lightlike submersions from an indefinite Kaehler
manifold onto a lightlike manifold. We give examples and obtain a characterization theorem for such
submersions. Integrability conditions of distributions involved in the definition of these submersions have
been studied. Further, we investigate the geometry of foliations which are arisen from above distributions
and find necessary and sufficient conditions for these foliations to be totally geodesic.
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1. Introduction

A Riemannian submersion between Riemannian manifolds M and B is defined as the
mapping f : M — B such that f has maximum rank and the derivative map f. pre-
serves the length of horizontal vectors . In [1], Sahin defined screen lightlike submer-
sions from lightlike manifolds onto semi-Riemannian manifolds. Later on, Sahin and
Giindiizalp [2] defined lightlike submersions from semi-Riemannian manifolds onto
lightlike manifolds.

On the other hand, lightlike submanifolds of semi-Riemannian manifolds were
introduced by Duggal and Bejancu [3]. Sahin [4, 5] introduced the notion of a
slant and screen-slant lightlike submanifold of an indefinite Hermitian manifold [6].
Following this, Shukla and Yadav defined screen semi-slant lightlike submanifolds of
an indefinite Kaehler manifold in [7]. The concept of radical transversal, transversal,
semi-transversal lightlike submanifolds is dealt in [8]. From [9], we conclude that,
contrary to the Riemannian slant submersions [10], slant lightlike submersions do
not include complex and screen real subcases. To fill this gap, Shukla and Omar
introduce the notion of screen slant lightlike submersions from an indefinite Kaehler
manifold onto a lightlike manifold [11], which includes complex (invariant) and screen
real (anti-invariant) lightlike submersions. In this article, we introduce the notion of
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radical transversal screen semi-slant lightlike submersions from an indefinite Kaehler
manifold onto a lightlike manifold.

The paper is arranged as follows. In section(2), we give basic formulas and
definitions related to this paper. In section (3), we introduce radical transversal screen
semi-slant lightlike submersions from an indefinite Kaehler manifold onto a lightlike
manifold with a non-trivial example, give a characterization theorem for a lightlike
submersion to be radical transversal screen semi-slant lightlike submersion and obtain
a necessary and sufficient condition for integrability of distributions A, D, and D,
involved in the definition. Section (4) is devoted to the study of foliations determined
by distributions involved in the definition of the above submersions from an indefinite
Kaehler manifold onto a lightlike manifold.

2. Preliminaries

Suppose (M, J) is a 2m-dimensional almost complex manifold with an almost
complex structure J and semi-Riemannian metric g of index r, where 0 < r < 2m.
In this case, M is said to be an indefinite almost Hermitian manifold, if

g(JX,JY) = g(X,Y), VX, Y eT(TM). 2.1)

Further, if J is a complex structure on M, then (J, g) and (M, J, g) are said to be an
indefinite Hermitian structure and indefinite Hermitian manifold respectively. Now,
we assume that (M, J, g) is an indefinite almost Hermitian manifold and V be the Levi-
Civita connection on M. Then M is called an indefinite Kachler manifold if

(Vy)Y =0, VX, Y e T(TM). 2.2)

Let (M, g) be a real m-dimensional smooth manifold, then the radical or null space
Rad T,M of T,M is defined as Rad T,M = (¢ € T,M : g(£,X) = 0, VX € T,M}.
If the mapping Rad TM : p € M — Rad T,M defines a smooth distribution of rank
r > 0 on M such that 0 < r < m, then we call Rad T M, a radical (or null) distribution
of M and the manifold M, an r-lightlike manifold.

Let f : (M,g) — (B,g) be a smooth submersion from a semi-Riemannian
manifold M onto an r-lightlike manifold B. Then, Ker f., = {X € T,M : f.,X = O}.
It follows that (Ker f.,)" = {Y € T,M : g(Y,X) = 0, VX € Ker f.,}. As T,M
is a semi-Riemannian vector space (Ker f.,)" may not be a complementary space to
Kerf.,. Assume that Ker f., N (Ker f.,)* = A, # {0}. Inthiscase A : p = A,
is said to be a radical distribution on M at p € M. As A is a lightlike distribution,
we have Ker f, = A L S(Ker f,). Similarly (Ker f)* = A 1 S(Ker f.)*.
Here S(Ker f.)* is the complementary distribution to A in (Ker f,)*-. Assume that
dim(A) = r > 0. Since A C (S (ker f.)")* and (S (kerf,)*")* is non-degenerate, then
there exists null vectors Ny, N;..., N, such that g(N;,N;) = 0, g(&,N;) = ¢;;. Here
{N;} are smooth null vector fields of S (Ker f.)* and {&;} is the lightlike basis of A. The
distribution generated by vector fields Ny, V..., N, is denoted by ltr(ker f.). Then we
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have tr(kerf,) = ltr(kerf.) L S (kerf.)*. Here ltr(Kerf,) and Ker f, are not orthogonal
to each other. Moreover, we have the following decomposition

TM = (A@ltr(Ker f.)) L S(Ker f.) L S(Ker f.)*". 2.3)

A Riemannian submersion f : (M, g) — (B, g’) is called
(a) r-lightlike submersion if dim A = dim{(Ker f.) N (Ker f.)*} =r,
0 < r < min{dim(ker f.),dim(ker f.)*},
(b) co-isotropic submersion if dim A = dim(Ker f.)* < dim(Ker f,),
(c) isotropic submersion if dim A = dim(Ker f.) < dim(Ker f.)*,
(d) totally lightlike submersion if dim A = dim(Ker f.)* = dim(Ker f.).
The geometry of lightlike submersions is characterized by O’ Neill’s tensors 7" and A
given by
TxY = hVVXvY + vV,,XhY, (24)

AxY = vV, xhY + hV,xvY. 2.5

Tensors T and A are vertical and horizontal tensors, respectively. Also, T has
symmetric property for vertical vector fields, that is,

TxY = TyX, VY X,Y eT(Ker f,). (2.6)

Let f be a lightlike submersion from a real (m + n)-dimensional semi-Riemannian
manifold (M, g) onto a lightlike manifold (B, g’), where m,n > 1. Next, we assume that
Ker f. is an m-dimensional lightlike distribution on M and tr(Ker f.) is the comple-
mentary distribution of Ker f. in M with respect to the pair {S (Ker f.),S (Ker f.)*}.
Let us denote by V the Levi-Civita connection on M and by g the induced metric on
Ker f. of g. Then from (2.4), we have

VyV =VyV+TyV, 2.7)
VuX=TyX + V%/X, (28)

Y UV e I(Ker f.),X € [(Ker f,)*, where Vy,V = vV, V and VX = hVyX. Here
(VyV, TyX} and {Ty,V, V X} belong to I'(Ker f.) and I'(tr(Ker f.)), respectively. Let
S(Ker f,)* # {0}. Denote by L and S the projection of tr(Ker f.) on ltr(Ker f.) and
S(Ker f.)*, respectively. Then, for any U,V € I'(Ker f,), N € T(ltr(Ker f.)) and
W e I'(S (Ker f.)*), we obtain

VuV =VyV+TLV + TSV, (2.9)
VyN = TyN + Vi N + D*(U,N), (2.10)
VyW = TyW + D*(U, W) + V5 W. (2.11)

Using (2.9-2.11) and that V is a metric connection, we obtain

&IV, W) + g(V, DH(U, W) = =g(Ty W, V), (2.12)
gD (U,N), W) = —g(N, Ty W) (2.13)
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If f is either r-lightlike or co-isotropic submersion and ¢ : Ker f. — S(Ker f.), then
we write
VypV = VoV +T(¢V, (2.14)

Vué = Thé + Viite, (2.15)

Y UV € I'(Ker f.), & € TA, where {V{/qbV, T &) and {T},¢V, V;-¢}) belong to
I'(S(Ker f.)) and I'A respectively.

3. Radical Transversal Screen Semi-slant Lightlike Submersions

In this section, we introduce the notion of radical transversal screen semi-slant
lightlike submersions from an indefinite Kaehler manifold onto a lightlike manifold,
giving a non trivial example and obtain a characterization theorem. We recall the
following lemma for later use.

Lemma 3.1. [11] Let f : (M,g) — (B,g’) be a 2r-lightlike submersion from an
indefinite Kaehler manifold M onto a lightlike manifold (B, g’). Assume that Ker f.
is a lightlike distribution of M. Then the screen distribution S (Ker f.) is Riemannian.

DeriniTion 3.2. Let f : (M, g,J) — (B, g’) be a lightlike submersion from a real 2m-
dimensional indefinite Kaehler manifold M onto a lightlike manifold B. We say that f
is a radical transversal screen semi-slant lightlike submersion if

1) JA = ltr(kerf.),

(i1) there exist non-null orthogonal distribution D; and D such that

S(Kerf,) = Dy ® D,

(iii) the distribution D is invariant with respect to J, that JD| = Dy,

(iv) the distribution D; is slant with angle 6 (# 0), that is, for every point p € M and
each non-zero vector U € (D,),, the angle 6 between JU and (D»), is a non-zero
constant, which is independent of the choice of p and U.

Here 6 is called the slant angle of the distribution D;,. A radical transversal screen
semi-slant lightlike submersion is called proper if Dy # {0}, D, # {0} and 6 # 7.

From the definition, following decomposition is clear

Kerf., =A® D, ® D:. (3.1)

Now, for any U € ['(Kerf.), we assume
JU =PU +FU, (3.2)
where PU € I'(Kerf,) and U € I'(tr(Kerf.)). Also, for any U € I'(Kerf.), we assume
U =P U+ PU + P3U, (3.3)

where P, P, and P; are projections on A, D and D, respectively. Applying J on (3.2),
we have

JU =JP\U + JP,U + JP3U = JP,U + JP,U + fP3U + FP3U, (3.4)



RADICAL TRANSVERSAL SCREEN SEMI-SLANT LIGHTLIKE SUBMERSIONS 181

where fP; (resp. FP3;X) denotes the tangential (resp. transversal) component of
JP3X. Thus, we have JP1U € T'(Itr(Kerf.)), JP,U € I'(Dy), fP3U € I'(D,) and
FP3U € T'(S(Kerf,)"). In the same way, for any W € tr(Kerf.), we write

W=0W+0OW, (3.5

where Q1 W and Q, W denote the projections of tr(Kerf,) on ltr(Ker f.) and S (Ker f,)*
respectively. Equation (3.5) gives

JW =JOW+ BO,W + CQO,W, 3.6)

where JO\W € T'(A), BO,W € I'(Dy) and CQ,W € I'(S(Kerf.)"). In view of (2.1),
(3.3)-(3.6), comparing the components of A, Dy, D,, ltr(Kerf,) and S(Kerf,)*, for
any U,V € I'(Ker f.), we get the following equations

P(TyJP; V) + Pl(VUJPQV) + Pl(VUfP3V) + P](TUFP3V) = J(T;JV), (37)
PQ(TUJP1V) + PQ(VUJPZV) + PQ(VUfP::,V) + P2(TUFP3V) = JP2(V(JV), (38)
P3(TUJP1V) + P3(VUJP2V) + P3(VUfP3V) + P3(TUFP3V) = B(T;]V) + fP3(VUV),
3.9

VH(JPV) + TH(IPLV) + TL(fP3V) + D (U, FP3V) = JP1(Vy V),  (3.10)

DU, JP,V) + TH(JP,V) + T (fP3V) + VjS(FP3V) = FP;(VyV). (3.11)
Denote by R}, , the space R" equipped with the semi-Riemannian metric g defined by
glei,ej)rgp = (Grgplij» 1 € {1,...,n}. Here ¢; is the standard basis of R" and G, , is
the diagonal matrix determined by g, that is, G;; = diagonal(0, ...,0, -1, ...,—1,1,..., 1).
S—— —— ——
r-times g-times p-times

ExampLE 3.3. Let R(l)zz 10 and Rg 04 endowed with the semi-Riemannian metric

g = —(dx1)* = (dx2)* + (dx3)* + (dxs)* + (dxs)* + (dx6)”
+(dx7)” + (dxg)” + (dx9)* + (dx10)” + (dx11)” + (dx12)
and degenerate metric g’ = (dyz)> + (dys)* + (dys)* + (dye)?, where xi, ..., x1» and

Y1s .. » Y6 are the canonical coordinates on R'? and RS, respectively. Define the map
fi®2g) — (RS, g) as

(x X )'_>(x1+x7 "X Mt X5, X11, X )
l""’ 12 9 9 9 9 ll’ 12‘
v2oovzovi
Then
1,0 0 1,0 0 0 0
K . = = —\=— =), = — — —, = — - —,
erf Span{é:l \/§<6x1 3)67 ) §2 \/E(QXQ - 8x8 ) ! 6)(3 6)66
0 0 0
Uy=—,U3=—,U4 = —
2 (9x4’ 3 6)69’ 4 (9)(10}
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and
L(i+i 9 .9 _i}
V2'\dx;  Oxe oxs’ 0 oxy T Axp)

Therefore f is a 2-lightlike submersion with A = Kerf. N (Kerf.)* = S pan{é,, &).
Moreover, we also have

(Kerf)* = S pan{é), &, V) = ). V2 =

1,0 0 1 0 0
Itr(Kerf,) =S Ni=——+—)Np=—|-—+—);.
r(Kerf.) = S pan{y \/Q(Bxl ax7) 2 \/5( ax axg)}
By easy computation, we can see that J&, = N, and J&é = N, therefore JA =
ltr(Ker f.). Further, we have JU3 = Uy, which implies D\ = S pan{Us, Uy} is invariant
under J. Finally we observe D, = S pan{U, U,} is a slant distribution with slant angle

T . . . , . ,
6= T Hence f is a radical transversal screen semi-slant lightlike submersion.

Now, we give a characterization theorem for radical transversal screen semi-slant
lightlike submersions:

THEOREM 3.4. Let f : (M,g,J) — (B,g’) be a 2r-lightlike submersion from an
indefinite Kaehler manifold M onto a lightlike manifold B and Ker f, be a lightlike
distribution of M. Then f is a radical transversal screen semi- slant lightlike
submersion if and only if

@) Jtr(Ker f.)) = A,

(i) distribution D is invariant with respect to J, i.e. JD| = Dy,

(iii) there exists a constant A € [0, 1) such that P>X = —AX

Moreover, there also exists a constant u € (0, 1] such that BFX = —ux, for every
X € I'(D,), where D and D, are non-degenerate orthogonal distributions on M such
that S(TM) = D, ® D> and A = cos>0, 0 is slant angle of D,.

Proor. Let f : M — B be a 2r-lightlike submersion and Ker f. be a lightlike
submanifold of M. Then Lemma (3.1) implies that S (Ker f.) is a Riemannian vector
bundle. If f is a radical transversal screen semi-slant lightlike submersion, then
ditribution D; is invariant with respect to J and JA = ltr(kerf.). Thus JX € ltr(TM),
for every X € I'(A), which proves (i) and (ii).

Now for any X € I'(D;), we have |PX| = |JX]|cos 6. This imlies that

P
cosf = —. 3.12)

[PXP _ g(PX.PX) _ g(X.P’X)
XP? T gUXJX) T g(X.J2X)’

g(X, P*X) = cos*0 g(X, J*X). (3.13)

In view of (3.12), we get cos® 0 = which provides

Since f is radical transversal screen semi-slant lightlike submersion, cos*6 = A(constant) €
(0, 1] and therefore from (3.12),we have g(X, P’X) = Ag(X,J?’X) = g(X,AJ*X). It
follows that

g(X, (P* = 4J)X) = 0.
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Now, for any X € I'(D,), we obtain J?°X = P>X + FPX + BFX + CFX. Taking the
tangential components we get P>X = —X — BFX € I'(D). Hence (P> —1J*)X € T(D>).
Now, since the induced metric g on D; X D, is non-null, we have (P> — 1J%X) = 0.
This implies that

P’X = AJ*X = -AX. (3.14)

Next, suppose that X € I'(D,), we have
JX = PX + FX, (3.15)

where PX and FX are tangential and transversal components of JX. Equation (3.15)
gives
- X = P’X + BFX. (3.16)

From (3.14) and (3.15), we get BFX = —uX, where u = 1 — A4 € (0, 1]. This proves
(iii). Conversely suppose that conditions (i), (ii) and (iii) hold. From (i), we have
JN € A, for every N € I'(itr(Ker f.)). So, J(JN) € J(A), which gives —N € J(A), for
all N € I'(itr(Ker f.)). Thus JA = ltr(Ker f.). From (3.16), for any X € I'(D,), we
get —X = P?X — uX, which implies P?X = —AX, where 1 = 1 — u(constant) € [0, 1).

_ gUXPX) _  gXJPX) _ gX.P’X) _ gXIPX) _ 4 8UX,JX)
Now ?059 = XA = T umex = xR = -1 xR = A XA .From the above
equation, we get
JX
cosf =A1—. (3.17)
PX

Hence (3.12) and (3.17) provide cos? @ = A(constant). Thus f is a radical transversal
screen semi-slant lightlike submersion. O

CoroLLARY 3.5. Let f be a radical transversal screen semi-slant lightlike sumersion
from an indefinite Kaehler manifold M onto a lightlike manifold B with slant angle 6.
Then for any X, Y € I'(D;), we have

(i) g(PX,PY) = cos®6g(X,Y),

(i) g(FX,FY) =sin®60g(X,Y).

Proor. The proof is following by (2.1) and (3.17). |

THEOREM 3.6. Let f be a radical transversal screen semi-slant lightlike submersion
Jfrom an indefinite Kaehler manifold M onto a lightlike manifold B. Then A is
integrable if and only if

(i) Py(TyJP V)= Py(TyJP,U) and P3(TyJP,V) = P3(TyJP U),

(i) D*(U,JP,V) = D*(V,JP1U), for all U,V € T(A).

Proor. Let f be a radical transversal screen semi-slant lightlike submersion from an
indefinite Kaehler manifold M onto a lightlike submanifold B. Let U, V € I'(A). From
(3.8), we have Po(TyJP,V) = JP,V V. It follows that P>»(TyJPV)— P,(TyJP U) =
JP,[U,V]. Also, from (3.9), we have P3;(TyJP,V) — P3(TyJP,U = JP3[U,V].
In view of (3.11), we have D*5(U,JP,V) = FP3VyV + CT;V, which provides
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DU, JP,V) — D*(V,JP,V) = FP;[U,V]. Now A is integrable if and only if
[U, V] € A. This concludes the theorem. O

THEOREM 3.7. Let f be a radical transversal screen semi- slant lightlike submersion
from an indefinite Kaehler manifold M onto a lightlike manifold B. Then D, is
integrable if and only if

(i) TLJP,V =TLJIP,U and T} JP,V =T} JP,U,

(i) P3(VyJP,V) = P3(VyJP,U).

Proor. Let U,V € I'(Dy). From (3.10), we have TfJJPzV = JP,VyV. It follows that
T!,JP,V — T, JP,U = JP{[U,V]. Also, from (3.11), we have T}, JP, = FP3V,V +
CT}V, which gives T}, JP,V — T JP,U = FP3[U, V]. In view of (3.9), P;VyJP,Y =
SP3VyV + B(T;, V), which provides P3VyJP,V — P3VyJP U = fP;3[U, V].Using the
fact D is integrable if and only if [U, V] € Dy, the proof follows. O

THEOREM 3.8. Let f be a radical transversal screen semi-slant lightlike submersion
from an indefinite Kaehler manifold M onto a lightlike manifold B. Then D, is
integrable if and only if

(i) TLfPsV+D(U FPs3V)=T.fP:X+ D (V,FP;U),

(i) Py(TyfPsV —TyfP3U) = Py(TyFP3V —TyFP3U).

Proor. Let f be a radical screen semi-slant lightlike submersion from an indefinite
Kaehler manifold M onto a lightlike manifold B. Let U, V € T'(D,). From (3.10), we
have T!.(fP3V)+D*'(U, FP3Y) = JP,VyV, which gives T. (fP3V)+ D*(U, FP;V) -
TL(fP3U) — D*(V,FPsu) = JP,[U,V]. Also from (3.8), we get P,(VyfP3V) +
Pz(TUFP3 V) = JPz(VUV), which 1mphes Pz(VUfP3V - vaP3 U) + Pz(TUFP3V -
TyFP;U) = JP,[U, V]. Using the fact D, is integrable if and only if [U, V] € D,, for
all U,V € D,, we obtain the required result. m]

THEOREM 3.9. Let f be a radical transversal screen semi-slant lightlike submersion
from an indefinite Kaehler manifold onto a lightlike manifold B. Then the induced
connection V is a metric connection if and only if

(i)  fPsTyN = -BD**(U,N),

(i) JP,TyN =0, forall U e I'(Ker f.) and N € T'ltr(Ker f.)

Proor. Let f be a radical screen semi-slant lightlike submersion from an indefinite
Kaehler manifold M onto a lightlike manifold B. Then the induced connection vV is
a metric connection if and only if A is parallel distribution with respect to V. That
is, V is metric connection if and only if VuIN € A, for all U € I'(Ker f) and
N e T'ltr(Ker f.). Let U € I'(Ker f.) and N € Tl'ltr(Ker f.). From (2.2), (2.9) and
(2.10), we obtain VyJN + TLJN + T3 JN = JTyN + JVEN + JD*(U,N). Now,
on comparing the tangential components of both sides of above equation, we have
VyJN = JP,TyN + fPsTyN + JVKL/N + BD**(U, N), which completes the proof. O
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4. Foliations determined by distributions

In this section, we obtain necessary and sufficient conditions for foliations deter-
mined by distributions on a radical transversal screen semi-slant lightlike submersion
from an indefinite Kaehler manifold onto a lightlike manifold B to be totally geodesic.

THeOREM 4.1. Let f be a radical transversal screen semi-slant lightlike submersion
from an indefinite Kaehler manifold M onto lightlike manifold B. Then A admits
a geodesic foliation on Ker f, if and only if g(TyFP3W,JV) = g(VyJP,W +
VufPsW,JV), forall U,V e I'(A) and W € I'(S (Ker f.)).

Proor. Let f be a radical transversal screen semi-slant lighlike submersion from
an indefinite Kaehler manifold onto lightlike manifold B. To prove A admits a to-
tally geodesic foliation, it is sufficient to show that @UV e TA, for all U,V €
I'A. Since V is a metric connection, using (2.1), (2.2), (2.9) and (3.4), for any

UV € Aand W e T(S(Ker f.), we obtain g(VyV,W) = g(VyJV,JW) =
—g(VUJVV,JV) = —g(VUJP2W + VfP3W + VUFP3VV,JV) = g(PlTUFP3W -
P\VyJP,W — P\Vy fP3sW, JV), which completes the proof. a

THEOREM 4.2. Let f be a radical transversal screen semi-slant lightlike submersion
Jrom an indefinite Kaehler manifold M onto a lightlike manifold B. Then D defines a
totally geodesic foliation if and only if

1) g(TyFW,JV)=g(VyfW,JV), for every U,V € I'(D)) and W € I'(D,),
(i) T JN =0on Dy, for each N € I'(ltr(Ker f.)).

Proor. Let f be a radical transversal screen semi-slant lightlike submersion from
an indefinite Kaehler manifold M onto a lightlike manifold B. The distribution D
defines a tottaly geodesic foliation if and only if ViV € I'(D,), for all U,V € I'(D).
Since V is a metric connection, from (2.1), (2.2) and (2.9), we have g(@UV, W) =
—g(VyJW,JV) = —g(TyFW + @UfW, JV). Also from (2.1), (2.2), (2.9) and (2.14),
for any U,V € I'(D;) and N € I'(ltr(Ker f.)), we have g(@UV,N) = —g(VyJN,JV) =
—g(T;JN, JV). Thus we obtain the required result. O

THEOREM 4.3. Let f be a radical transversal lightlike submersion from an indefinite

Kaehler manifold M onto a lightlike manifold B. Then D, defines a totally geodesic

foliation on Ker f, if and only if

O g(fV.VyJZ) = —g(FV, T}, JZ),

(i) g(fV;VyJN) = —g(FV,T},JN), for all U,V € I'(D2), Z € TI'(Dy) and N €
[(itr(Ker fx)).

Proor. Let f be a radical transversal screen semi-slant lightlike submersion from
an indefinite Kaehler manifold M onto a lightlike manifold B. The distribution D,
admits a totally geodesic foliation if and only if @UV € I'(D), for all U,V € I'(Dy).
Since A is a metric connection, using (2.1), (2.2) and (2.9), we have g(@UV, Z) =
-g(VyJZ,JV) = —g(VyJZ,fV) — g(T},JZ,FV) for any U,V € I'(D;) and Z €
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I'(itr(Ker f.)). Again from (2.1), (2.2) and (2.9), for any U,V € I'(D,) and N €
[(ltr(Ker f.)), we get g(VyV,N) = =g(VyJN,JV) = —g(VyJN, fV) — g(T} JN, FV).
This completes the proof. O
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