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Abstract

In this paper, we investigate the uniqueness of meromorphic function with its shift and differential
polynomial. The results in this paper generalize and improve the results due to C. Meng and G. Liu[14].
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1. Introduction, definitions and main results

Let f be a meromorphic function in the complex plane C. It is assumed that the reader
is familiar with the standard notation and fundamental results of Nevanlinna theory
of meromorphic functions, such as m(r, f), N(r, f), T(r, f), N(r, f) etc (see [8], [25]).
The notation S(r, f) = o(T(r, f)) as r — oo, possibly outside a set E of r of finite
logarithmic measure. Let k be a positive integer or infinity and a € C U {co}. Set
E(a, f) = {z : f(z) — a = 0} where a zero point with multiplicity k is counted k times
in the set. If these zero points are counted only once, then we denote by E(a, f). Let
f and g be two non constant meromorphic functions. If E(a, f) = E(a, g), then we say
that f and g share the value a CM. If E(a, f) = E(a, g), then we say that f and g share
the value a IM. We denote by Ej)(a, f) the set of all a— points of f with multiplicities
not exceeding k, where an a—point is counted according to its multiplicity. Also we

denote by Ey(a, f) the set of distinct a— points of f with multiplicities not greater than
k [25].

DerintTion 1.1. [24] Let a € C U {oo}. For a positive integer k, we denote by
(1) Ny, —L) the counting function of a— points of f with multiplicity < k.
f a
(i)  Ny(r, 7Ta) the counting function of a— points of f with multiplicity > k.
Similarly the reduced counting function Ny(r, #) and N(r, f%a) are defined.
DeriniTion 1.2. [11] For a complex number a € CU {co}, we denote by Ey(a, f) the set
of all a— points of f where an a— point with multiplicity m is counted m times if m < k
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and k + 1 times if m > k. If Ey(a, ) = Ex(a, g) for a complex number a € C U {oo} we
say that f and g share the value a with weight k.

The definition implies that if f and g share a value a with weight k, then z is a zero
of f — a with multiplicity m(< k) if and only if it is a zero of g — a with multiplicity
m(< k) and zq is a zero of f — a with multiplicity m(> k) if and only if it is a zero
of g — a with multiplicity n(> k), where m is not necessarily equal to n. We write f
and g share (a, k) to mean that f and g share the value a with weight k. Clearly if f
and g share (a, k) then f and g share (a, p) for all integer p, 0 < p < k. Also we note
that f and g share a value a IM or CM if and only if f and g share (a,0) or (a, )
respectively.

Derinition 1.3. [20] Let f and g be two meromorphic functions such that f and g
share the value 1 IM. Let z9 be a 1-point of f of order p, and a 1-point of g of order
q. We denote by N(r, #) the counting function of those 1-points of f and g such

that g < p, by ﬁ; (r, ﬁ) the counting function of those 1-points of f and g such that

2<q=p,by N,ls)(r, ]%1) the counting function of those 1-points of f and g such that

p=¢q=1,and by Nf>2(r, g+1) the counting function of those 1-points of f and g such
that p > g = 2, each point in these counting functions is counted only once. In the

— — —
same way, we can define N (r, g+1)’ Ny, g+1)’ Ngoo(r, ]%1).

DerniTioN 1.4, [13] Let ngj,nyj.....nx; be non-negetive integers. The expression
M;[f] = (fyou(fOy. . (f®yw is called differential monomial generated by f of
degree dy, = d(M;) = Y!,n; and weight Ty, = Yi.G + Dn;. The sum
H[f] = 23-21 b;iM;[ f]1is called differential polynomial generated by f of degree

d(H) = max{d(M;) : 1 < j < 1},

and weight
Iy =max{Ty, : 1< j<t}.

where T'(r,b;) = S(r, f) for j = 1,2...t. The numbers d(H) = min{d(M;) : 1 < j <t}
and k (the highest order of the derivative of f in H[f] are called respectively the lower
degree and order of H[f].

H[f] is said to be homogeneous if E(H) =d(H).

H[f] is called a linear differential polynomial generated by f if d(H) = 1.
Otherwise H[f] is called a non-linear differential polynomial.

We denote by Q = max{ly, —d(Mj) : 1 < j <t} = max{nij + 2ny; + ... + knyj :
1<j<t.

TueorEM 1.5. [I8] If f be a non-constant entire function in the finite complex plane
and if f and f share two distinct values(counting multiplicity), then f = f.

Thus, L. A. Rubel and C. C. Yang [18], showed that a derivative is worth two
values. Since then the study of uniqueness of meromorphic functions sharing values



RESULTS ON UNIQUENESS OF MEROMORPHIC 11

with derivatives and recently with shifts, difference operator became a subject of much
interest ([15], [21], [22]).

In 2018, Qi, Li and Yang[17], considered the value sharing problem related to f "(2)
and f(z + ¢), where c is a complex number. They obtained the following result.

THEOREM 1.6. [17] Let f be a non-constant meromorphic function of finite order
and n > 9 be an integer. If [f' @I" and f"(z + c¢) share a(# 0) and oo CM, then
f'(2) = tf(z + ¢), for a constant t that satisfies t" = 1.

In 2020, C. Meng and G. Liu[14], extended the above result by considering the kth
derivative of f and obtained the following results.

THEOREM 1.7. [14] Let f be a non-constant meromorphic function of finite order and

n be a positive integer. If one of the following conditions is satisfied:

i) [f®@)]" and f'(z + ¢) share (1,2), (c0,0) and n > 2k + 8;

i)  [fP@] and f'(z + ¢) share (1,2), (00, 00) and n > 2k +7;

iii)  [fP@]" and f"(z+c) share (1,0), (00, 0) and n > 3k+14; then fO(z) = tf(z+c),
for a constant t that satisfies t" = 1.

CoroLrLARy 1.8. [14] Let f be a non-constant entire function of finite order and n > 5
be an integer. If [fR)]" and f'(z + ¢) share (1,2) then fO(z) = tf(z + ¢), for a
constant t that satisfies t* = 1.

C. Meng and G. Liu [14], further studied the same problem by replacing the shifts
f(z + ¢) by g-difference, i.e., f(qz) and obtained the following results.

THEOREM 1.9. [14] Let f be a non-constant meromorphic function of zero order and n
be a positive integer. If one of the following conditions is satisfied:

1) LR and £ (qz) share (1,2),(c0,0) and n > 2k + 8;

ii)  [fP@)]" and f*(gz) share (1,2), (c0, ) and n > 2k + 7;

iii)  [fP@)]" and f*(gz) share (1,0),(c0,0) and n > 3k + 14; then fP(2) = tf(qz),
for a constant t that satisfies " = 1.

CoroLLARY 1.10. [14] Let f be a non-constant entire function of zero order and n > 5
be an integer. If [f®(2)]" and f"(qz) share (1,2), then f®(2) = tf(qz), for a constant
t that satisfies t* = 1.

In this paper, we replace the term [H(f)]" and A.F in Theorem C and [H(f)]"
and A.F(gz) in Theorem D and obtained the following results, where A.F(z) =
F(z+c¢)— F(z) and F(z) = f"(2), then A.F = f*(z +¢) — f"(2).

THeEOREM 1.11. Let f be a non-constant meromorphic function of finite order and n be

a positive integer. If one of the following conditions is satisfied:

1) [H(f)]" and A F share (1,2),(c0,0) andn > o + E(p) +5;

i)  [H()])" and A.F share (1,2),(c0,00) and n > o + 3(1)) +4;

i) [H()]" and A.F share (1,0), (c0,0) and n > %(33(1)) + 30 + 20). then [H(f)] =
tf(z + ¢), for a constant t that satisfies t" = 1/2.
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THEOREM 1.12. Let f be a non-constant meromorphic function of zero order and n be
a positive integer. If one of the following conditions is satisfied:

1) [H(H]" and A.F(qz) share (1,2),(c0,0) and n > o + g(p) +5;

i)  [H()]" and A.F(qz) share (1,2),(c0,00) andn > o + c_l(p) +4;

iii) [H(f)]* and A.F(gz) share (1,0),(c0,0) and n > %(35’(1)) + 30 + 20). where
AF = f"(qz + ¢) — f"(qz) then [H(f)] = tf(qz), for a constant t that satisfies
" =1/2.

2. Preliminaries

In this section, we present some necessary lemmas.
Denote Q by the following function.

Q_ Fl/ 2F/ GII 2Gl
“\F F-1 G G-1f

Lemma 2.1. [2] Let F, G be two non-constant meromorphic functions. If F, G share
(1,2) and (o0, k), where 0 < k < oo, and Q % 0, then

1 1 — — _
T F)< Ng(r, F)+N2(r, 5)+N(r, F)+N(r,G)+ N.(r,o0; F,G)+ S(r, F)+ S(r,G),

where N.(r, oo; F, G) denotes the reduced counting function of those poles of F whose
multiplicities of the corresponding poles of G.

Lemma 2.2. [23] Let f be a non-constant meromorphic function and let ay, ay, ....a, be
finite complex numbers, a, # 0. Then

T(ryanf™ + ... + arf> + a1 f + ao) = nT(r, f) + S, f).

Lemma 2.3. [6, 19] Let f be a meromorphic function of finite order p(f), and let ¢ be
a nonzero constant. Then

T(r, f(z+¢)) = T(r, f2)) + O™ + OClogr),

for any arbitrary € > 0.
We mention that Lemma 2.3 holds also for ¢ = 0 as in the case T(r, f(z + ¢)) =

T(r, f(2)).

Lemma 2.4. [12] Let f be a non-constant meromorphic function and p, k be positive
integers, then

w(r ]%) < Nyl %) FKNG, ) + S0 f),

where Np(r, #) denotes the counting function of the zeros of f* where a zero of

multiplicity m is counted m times if m < p and p times if m > p and N(r, ,%) =

Nl(r,#).
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Lemma 2.5. [7] Let f be a non-constant meromorphic function of finite order and let
ceCandéd € (0,1). Then

ACRD) f@ \_ (T _
m(r’ f@) )+m(r’f<z+c))‘0( 5 )‘S(”f)'

LemMmaA 2.6. [26] Suppose that two non-constant meromorphic functions F and G
share 1 and oo IM. Let Q be given as above. If Q # O, then

_ 1 1 1
T(r,F)+T(r,G) < 3N(r, F) + N> (r, F) + N> (r, 5) +N, (r, — 1)

1 1 1
+ 2N, +3Np(r, =— | +3N.|r,

+Sr F)+S(r,G).

Lemma 2.7. [27] Let f be a zero-order meromorphic function, and g € C\ {0}. Then
T(r, f(g2)) = (1 + o(1)T(r, f(2)) and
N(r, f(g2)) = (1 + o(1))N(r, f(2))

on a set of lower logarithmic density 1.
Lemma 2.8. [4] Let f be a zero order meromorphic function and q € C \ {0}. Then
m(r, 42) = S .

on a set of lower logarithmic density 1.

Lemma 2.9. [3] Let f be a non-constant meromorphic function and H[f] be a differ-
ential polynomial in f. Then

( H[f]
m

fd( P

]<( (p) - d(p))m(r ?)+S(rf)

N( [f]] < (d(p) - d(p))N(r l)Jra(N(r )+ N(r, —)+S(r s
fdP f f
N(r, HIf]) < d(p)N(r, ) + oN(r, f) + S (1, ),
T(rHIfD) < d(p)T(r. f) + oN(r. f) + S (1. f),
where o = max{nij + 2ny; +3n3; + ... + kngj; 1 < j < m}.

Lemma 2.10. Let f be a non-constant meromorphic function and n be a positive
integer, if F = f"(z + ¢) — f"(2), where c is a finite complex number and G = {H[ f1}",
where H| f] is a differential polynomial, then FG # 1.

Proor. On contrary, suppose FG = 1, i.e.,

(f'@+ o) = ffONHL =
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from above it is clear that the function f can’t have any zero and poles. Therefore
N(r, }) = S(r, f) = N(r, f). So by the First Fundamental Theorem and Lemma 2.9 we
have,

Qn+nd(p)T(r, f) =T ( ] S, f)
(f(z+c) - f"(z))f’"’(")
{H[f]
< ( fnd(p)] S(r, f)
HIf]
< T( fd())+ r f)

/] L£]
el Gt ) s

— — —( 1
< n|(@(p) - dPNT(, f)] + no | NG, £) + N(r, ?)

@n +nd(p)T(r, f) < n|(d(p) = dPNT( )] + S, )
@2n +nd(P)T(r, ) < S, ),

which is contradiction. In a similar way we can prove the following Lemma. |

+S(r, f)

Lemma 2.11. Let f be a non-constant meromorphic function and n be a positive
integer, if F = f"(qz+c)— f"(qz) where c is a finite complex number and G = {H[f1}",
where H| f] is a differential polynomial, then FG # 1.

3. Proof of Theorems
Proof of Theorem 1.11.
Proor.
F=f"(z+0¢) - f"(2),G = {H[f]}". (3.1

Case 3.1. Let {H[f]}" and A.F share (1,2),(c0,0) and n > o + E(p) + 5. Then it
follows directly from the assumption of the theorem that F and G share (1, 2), (o0, 0).
Let Q be defined as above. Suppose that Q # 0. It follows from Lemma 2.1 that

1 1y — — —
T(r,F)< Nz(r, I?)+N2(r, 5)+N(r, F)+ Nr,G)+ N.(r,00; F,G)+S(r, F)+ S (r,G).

(3.2)
According to Lemma 2.2 and Lemma 2.3 we have

T(r,F) = nT(r, f(z+c)+nT(r, f@)+S (1, ) = 2nT(r, ))+O0* V1S (r, ). (3.3)

It is obvious that

1 — 1
Nolr,=|=2Nlr, ————
2(r F) (’ Fiz+o - @) (3.4)
<AT(r, f) + O* V1Y + S (1, ).
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N(r,F) = N(r, f"(z + ¢) = f"(2))
<2T(r, f) + OGP + S (r, ).

N.(r,; F,G) < N(r, F) < 2T(r, f) + O"P7 1) £ S (1, f).

Since E(co, f®) = E(co, f), we have
N(r,G) = N(r, H[f]) = N(, f).
From Lemma 2.9 we have ,

1 - 1
Nz(r, 5) = 2N(r, Wf]) <2T(r, HIfD) + S(r, f)
<2Wd(p) + OT(r, f) + S (1, f).
By combining (3.2) to (3.8), we deduce,
(2n =20 = 2d(p) = NT(r, f) < OGP P14 + S (r, f),

which contradicts that n > %(20’ + 25’(p) +10) > o+ ZJ(p) + 5.
Thus, we have Q = 0 and hence,

F/I 2FI 3 G// 2Gl
Fr F-1] \G¢" G-1/

By integrating twice, we get

1 A
F-1 G-1
where A # 0 and B are constants, From (3.10) we have,
(B-AF+(A-B-1)
BF —(B+1)

+ B.

G =

Now, we have the following three subcases:
Subcase 3.1.1. Suppose that B # 0, —1. Then from (3.11), we have,

_ 1 _
N(r, —) = N(,G).
F-21

From the Second Fundamental Theorem, Lemma 2.3 and (3.7), we have,

2nT(r, f) = T(r, F) + S(r, f)

< N, F) + N(r, %) + N(r, ﬁ) +8(, f)

B

< (4 +d(p) + DT, ) + 0D+ S (r, f),

15

(3.5)

(3.6)

3.7)

(3.8)

3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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which contradicts n > o + E(p) + 5.
Subcase 3.1.2 Suppose that B = —1. From (3.11) we have

(A+1F - A

G=——7-— 3.14
7 (3.14)
i) If A # —1, we obtain from (3.14), we get,
)t
r,—— | =Nl|r,—=|. .
F-24 G
From the Second Fundamental Theorem, Lemma 2.3 and Lemma 2.9, we get
_ —{ 1\ —
2nT(r, )=T(r, F)+S(r, f) < N, F) + N(r, f) + N( ) +S(r, f),
A+1

(3.16)

— 1
SN(r,AcF)+N( x F)+N( H[f])+S(r 5,

2nT(r, f) < (4 +d(p) + OT(r, f) + O D1 1 8(r, /),

which contradicts n > o + Zl(p) + 5.
ii) If A = —1 and from (3.14), we get FG =1,

[f"(z+ o) - [T @QIKHL '] = 1. (3.17)

which is a contradiction from Lemma 2.10.
Subcase 3.1.3. Suppose that B = 0. From (3.11)

G=AF-A-1) (3.18)
If A # 1, from (3.18) we obtain

— 1 — 1

N(r, —) = N(r, —) (3.19)
A1
F-2 G
Then from the Second Fundamental Theorem, Lemma 2.3 and Lemma 2.9 we have
2nT(r, ) =T, F)+ S, f)
_ 1\ —

SN(r,F)+N(r,F)+N( )+S(r )

_ Al
A

| (3.20)
SN(r,AcF)JrN( A F) N( H[f])+S(r .
2nT(r, f) < (4 +d(p) + OT(r, f) + OGP+ S(r, 1),

which contradicts n > o + Z’(p) +5.
Hence A = 1. From (3.18), we have F = G, i.e.,

[f*(z+ o) = (2] = RHLfT}']
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Hence H[f] = tf(z + ¢), for a constant #, such that " = %

This proves Case 3.1 of Theorem 1.11.

Case 3.2. Suppose {H[f]}" and A.F share (1,2),(c0,0) and n > o + ;l(p) + 4. Then
it follows directly from the assumption of the theorem that F' and G share (1,2) and
(00, 00). Let Q be defined as above. Suppose that Q # 0. It follows from Lemma 2.1
we have,

1 1y — _ _
T(rF) < Nz(r, F) + Nz(r, 5) + N(r, F) + N(r.G) + N.(r, 00: F,G) + S (r. F) + S (1. G).

(3.21)
It is obvious that .
By combining (3.21), (3.22), (3.3), (3.4), (3.5), (3.7) and (3.8), we have,
(2n - 20 = 2d(p) - DT(r, f) < OG*P*) + S (1, f), (3.23)

which contradicts that n > o + d( p) +4. Therefore Q = 0. Similar to the proof in Case
3.1, we can get the conclusion of Theorem 1.11.

Case 3.3. Suppose {H[f]}" and A.F share (1,0), (c0,0) and n > %(33(1)) + 30 + 20).
Then it follows directly from the assumption of the theorem that F and G share
(1,0), (00, 0). Let Q be defined as above. Suppose that Q # 0. It follows from Lemma
2.6, we have,

T(,F)+ T(,6) < 3NG, F) + Moo %) + Nz(r, l) + N};(r, ! )

G F-1
1 ) (3.24)
G-1

+ 2Nf92(r, ) + 3NL(V,

1 1
Fo 1)+3NL(F’F—1
+S(nF)+S(r.G).

Since,

1 1 1 1
Né)(r’F—l)-’-ZNg(r’F— 1)+NL(r,F_1)+2NL(r,G_1)

(3.25)
< N(r, Go 1) <T(r,G)+ 0().
From (3.24) and (3.25) we get,
T(r,F) <3N(r,F) + Ng(r, %) + Nz(r, é) + 2NL(r, 7 1_ 1)
| (3.26)
+ NL(r, oo 1) +S(rF)+S(r,G).

According to Lemma 2.2 and Lemma 2.3,

T(r,F) = nT(r, f(z + ¢)) + nT(r, f(2)) + S(r, f) = 2nT(r, ) + OV + S (1, f).
(3.27)
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It is obvious that
vl )= A =)
r,—|= 7,
\UF i+ -fQ (3.28)
<AT(r, )+ OGP D) + S (1, f).

N(r,F) = N(r, f"(z + ¢) - f"(2))
<2T(r, f) + 0P + S (r, ).

NL(r, %) < N(r, g) < N(r, FF) +S(r, f)

<N(,F)+ N(r, %) +S@r, f)

(3.29)

(3.30)
— — 1
< N(r AF) + N(r, _ACF) +S f)

<AT(r, f) + O* V1) 1 S (r, f).

1
Nz(r, 5) = 2N( H[f]) <2T(r, H[f) +S(r, f)

< 2(d(p) + )T (r, f) + S(r, f).

NL(r, Gl— 1) < N(r, Gg) < N(r, GE) +S(r, f)

(3.31)

— — 1
< N(r,G) + N(r, 5) +S(r, f) (3.32)

SN(r,f)+N( H[f])+S(r 1))

<dp)+o+ DT, )+, ).
By combining (3.26)-(3.32), we deduce
(2n = 3d(p) - 30— INT(r.f) < OGPV + S (r, f), (3.33)

which contradicts with n > %(SE(p) + 30 + 20).
Now by following the steps of the proof in Case 3.1, we can get the conclusion of
Theorem 1.11. This completes the proof of Theorem 1.11. O

Proof of Theorem 1.12.

Proor. Let us consider,

AF = f"(qgz+c)— f"(q2),G = {H[f]}". (3.34)

then [H(f)] = tf(qz), for a constant ¢ that satisfies " = 5
In a similar manner to the proof of Theorem 1.11, we will get the proof of Theorem
1.12. O
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