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HANKEL DETERMINANTS FOR STARLIKE FUNCTIONS
WITH RESPECT TO SYMMETRICAL POINTS RELATED TO
NEPHROID AND CARDIOID DOMAINS

SAMBASIVA RAO S.™ and R. BHARAVI SHARMA

Abstract

The aim of this paper is to estimate an upper bound for third Hankel determinants for certain analytic
functions with respect to symmetrical points associated with nephroid and cardioid domains. Some results
concerning third Hankel determinant proved in this paper improve the existing bounds available in the
literature. Examples to illustrate sharpness of certain results are provided.
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1. Introduction

1.1. Preliminary Definitions Let A be the family of analytic functions f defined
on the open unit disk A in the complex plane C with the normalization f(0) = 0 and
f'(0) = 1. The collection of univalent functions f € A will be denoted by S. The
well known classes of starlike, convex and bounded turning functions are respectively
denoted by S*, C and R, are subclasses of S. Let B, be the family of analytic functions
w in A with w(0) = 0 and |w(z)| < 1 for all z € A. The members of B, are called
Schwarz functions. The functions z, z> are well known members of the class By. A
function f € A is said to subordinate to g € A if there exists a w € By such that
f(2) = gw(z)) for all z € A. In this case, we write f < g. If g is univalent, then f < g
if and only if g(0) = f(0)and f(A) C g(A). For a function f € A with Taylor series
expansion

f(z):z+zanz”forall z €A, (1.1)
n=2
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the ¢™ Hankel determinant of index n > 1 for f € A, will be denoted by Hy,(f) (or
simply H,(n)) and is defined as

an Apyl -+ Qpig-1
an+1 any2  -. Aniq
He= T (12)
Ap+g-1 Ap+g -+ Qni2g-2

for ¢ > 2 with a; = 1 (see [2], [3]). In particular, Hy(1) = a3 — a3, H»(2) = ayas — a3
and

1 day as
Hy(1)=|ay a3 a4 (1.3)
as dadg dads

are first, second and third Hankel determinants respectively.

1.2. Literature Review and Motivation The notion of Hankel determinants were
initially studied by D.G Cantor to characterize certain meromorphic functions to be of
bounded characteristic in A (see [4]). These results of Cantor have been extended
to meromorphic univalent functions in A by Ch. Pommerenke(see [3]). Further,
C. Pommerenke studied Hankel determinants for functions in class S (see [3]) and
W.K. Hayman investigated H,(2) for mean univalent functions (see [2] and [22]).
Subsequently, several researchers investigated H»(2) and H3(1) for various subclasses
of S (for instance, see [6],[8],[12],[22] and references therein). Recently, Lateef
Ahmad Wani and Swaminathan introduced and studied the classes S}, = S*(¢n.) =

(f € A: LE < one(@)} and Cwe = Clopwe) = 1f € A 1+ L8 < gpo(2)), where

ONe(z) = 1+ 2z - Z; is analytic and univalent in A such that ¢n.(0) = 1, ¢},(0) = 1
and ¢y, maps A onto the interior of the nephroid domain in the right half plane (see
[9]). The function ¢c(z) = 1 + %z + %zz for all z € A is analytic and univalent in
A such that ¢c(0) = 1, ¢.(0) = % and ¢¢c maps A onto the interior of cardioid
domain in the right half plane. The classes S*(¢c¢), C(¢c) associated with ¢¢ have
been introduced and studied by Sharma et al. (see [18]). In [7], Sakaguchi introduced
the concept of starlike functions with respect to symmetrical points and shown that
such functions f are in S if and only if ‘R{f( Z)f_ ](f(')_z)} > 0. In [17], Das and Singh
studied the properties of functions convex with respect to symmetric points. R. Bharavi
Sharma et al. estimated an upper bound of |H3(1)| for starlike and convex functions
with respect to symmetric points related to shell-shaped region, exponential function
and k-Fibonacci sequence (see [5],[13],[16]). The classes S;(¢) and C,(¢) defined as
Si) = {f €S BhEs < p@) and Ci(p) = (f € S+ 7S < ¢()), where
¢ is a Ma-Minda type function were introduced and studied by V. Ravichandran (see
[21]). Motivated by the above mentioned research work, the objective of our present
work is to compute an upper bound to |H3(1)| for certain analytic functions associated

with nephroid and cardioid domains.
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A set of useful lemmas are presented in section 2. The bounds of initial coefficients
and an upper bound of Hankel determinants for the functions in S §(¢n.) and in S ;(¢c)
are presented in section 3 and section 4 respectively. Section 5 is dedicated to the
results concerning improvement of an upper bound of |H3(1)| for the functions in S
followed by concluding remarks and scope of further research in last section.

2. A Set of Useful Lemmas

The collection of analytic functions p in A with p(0) = 1 and R{p(z)} > 0 is called
the class of functions with positive real part, and it will be denoted by #. The Taylor
series expansion of p € P is of the form

p@ =1+ " forallze A, @.1)

n=1

Unless otherwise stated throughout this paper we assume the series expansion of p € P
is of the form (2.1) and of the function f in the subclasses of S considered in this paper
is of the form (1.1).

Lemma 2.1. ([14]) Let p € P. Then | ¢, |< 2 for any positive integer n. This inequality
is sharp for the function p(z) = 1“

Lemma 2.2. ([10]) Let p € P and u € C. Then |c; —,uc2| 2max{1,|2,u — 1|}. This

l+z

inequality is sharp for the functions p(z) = 1= and p(z) =

Lemma 2.3. ([11]) Let p € P. Then for any real numbers J, K and L,
lJe3 — Keieo + Les| < 21|+ 21K =20+ 2|J = K + L.

Lemma 2.4. ([15]) Let p € P. Then for positive integers n, m,

2 fo<su<l

CpCm — C <
IiCnCm = Coenl {2|2u — 1| otherwise.
This inequality is sharp.

DeriniTiON 2.5. Let f € A. Then we say that
1. fisinS*if R{=2LED 1S 0 forall z € A

f@-f(=2)
2. fisin S3(6)if R{ féj{_f -} > gforallz € A, where § 2 0.
3. fisinS*(epe) if (’;‘)fo(j)z) <gne(2)=1+z-5 forallz€ A
4. fisinSiee)if 7oLEs < pc@) = 1+ 52+ 3z forall z € A.

It is clear that S, S5(6), S i(¢n.) and S ;(¢c) are subclasses of S.
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3. Initial coefficient Bounds, Hankel determinants of the functions f in S;(¢y.)

Let f € Si(¢ne). Then there exists w € By such that fé)zf }(21) = @ne.(W(2)) for all

z € A. If we define p(z) = % for all z € A, then p(z) € P such that

_2f@ @1y 1p@ -1y
f@-f(-2) b+ (p(z) + 1) 3<p(z) n 1) forallz € A. (3.1
But,
% =1+ 2a0z + 2a37* + (day — 2a2a3)7° + (4as —2a3)* +... (3.2
and
p(Z)_l _lp(Z)—13_ ﬂ 2_22
1+<P(Z)+1) 3(p(z)+1) =1+ 524 (5 - 7) (3.3)
(ﬁ_% C_3)3 (2_%_é @)4+ .
Thus,
@@= %’ (3.4)
1 2
as = g(e2 - %) (3.5)
as = 192(C1 18cicy + 24c3), (3.6)
1,1 4
N A

THeoREM 3.1. Let f € S’i(¢n.). Then |ay| < 2, las| < 2, lag| < iand las| < 5

Proor. The first three inequalities follow by taking modulus on both sides of Equations
(3.4), (3.5) and (3.6) followed by applying Lemmas (2.1), (2.2) and (2.3) respectively,
whereas using Lemmas (2.4), (2.1) and (2.2), we get

11 1 )
las| = 4‘2(04 —cic3) + = 2 gcz(cz -c )'
1,1 1 ct
< 7(5les = creal + gleallea = i1 + %) (3.8)
1
< -
2

O

ExawmpLEe 3.2. If we choose p(z) = }—J_r;, p(2) = if—; and p(z) = % in Equation (3.1)
respectively, 4then we get the functions fi(z) = z+ % - % +..., fz) =z+ § + % +...and
() =z+ 5 + ..., which are in S (pne) and acts as extremal function for coefficient
bounds of |ay|, |as| and |a4| proved in Theorem (3.1) respectively.
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We now establish results concerning H>(1) and H»(2) for f € S (¢ne)-

THEOREM 3.3. Let f € S5(¢ne). Thenfor any p € C, laz — pa3| < %max{l |M|} In
particular, |Hy(1)| = |az — a2| and the sharpness is attained.

Proor. The required inequality follows by applying Lemma (2.2) to right hand side of

|a3 - ,ua%| = %‘cz _G ”) 2| for any u € C where az, as are taken from Equations (3.4)
and (3.5). If we choose u = 1, then |Hy(1)| < 5. The function f,(2) as in Example
(3.2) is an extremal function for these inequalities. O

TueoreM 3.4. Let f € S(¢ne). Then |H>(2)| < 3.

Proor. From Equations (3.4), (3.5) and (3.6), we have

|H2(2)| < 555(le1[| 1163 = 30c1c2 + 24¢3] + 48|cic5 — c3]). But, in view of Lemmas (2.1),
(2.3) and (2.4), |c1] < 2, |11c? —30cicy + 24c¢3] < 48 and |cic3 — c%l < 4 respectively.
Hence, |H>(2)| < 3. O

We now prove the main result of this section.

TueoREM 3.5. Let f € Si(@ne). Then |H3(1)] < .

Proor. On substituting the coefficients a; to as from equations (3.4) to (3.7) in the
definition of H3(1) followed by grouping the terms, we get

3 3 3
|H3(1)| = (1152(04 - Zc%)(cz - ZC%) —T72c1(c; — ZC%)(C? —12¢1¢; + 16¢3)

‘36864
- (70*? —30cicy + 2403)2)|
1 3, 3, 3
36864(1152|c4 CZHC2 ci| + 72leil|ex - —Cl||cl 12¢;¢5 + 16¢3|

+ )7cl —30cic2 + 124C3‘2).

But, |ci] £ 2, |cyg — 3 | < 2, e — 2 2 < 2, |C:1" — 12c1cp + 16¢3] < 32 and
|7c? —30cicy + 24c5| S 48 in view of Lemmas (2.1), (2.2), (2.3) and (2.4). Hence,
IH (D] < . 0

REMARK 3.6. The function f>(z) = z + 13 + Z5 + ... € Si(pne) suggests that one can
still improve an upper bound (up to sharpness) of |Hy(2)| and of |H3(1)| to 3 and 1
respectively.
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4. Initial coefficient Bounds, Hankel determinants of the functions f in S*;(¢¢)

Let f € S*(¢c). Then there exists w € By such that fé)zf ;2 5 = c(w(z)) for all

z € A. If we take p(z) = }f:fg for all z € A, then p(z) € P such that
2zf" -1
'@ C(p(Z) )forallz € A. 4.1)
f@) = f(=2) p@)+1

On substituting the series expansions of f(z) and p(z) in Equation (4.1) and comparing
like coefficients yield

a = % 4.2)
2
as = %(02 - %) 4.3)
2
as= (e - 92+ e - D), 44)
2
as = (3 (e - 52 - e - 36) + 118 3). 4.5)

THEOREM 4.1. Let f € S5(¢c). Then |ay| < 3,Iagl < 3,|a4| < = and las| <

Proor. Bounds of |a;| and |as| follow by applying Lemmas (2.1) and (2.2) to the
absolute values of a, and a3 as in the Equations (4.2) and (4.3) respectively, whereas
using Lemmas (2.3), we get

las| = 1’2 (515 (&
Y7413 7 9 T
72‘c +2c109 — 1203| (4.6)
7
< —.
18
On similar lines, one can show that |as| < g. m]

1+z

ExampLE 4.2. If we choose p(z) = 1” and p(z) =

the functions fi(z) = z + 32° + 32° . 52t + &2 + 2 @ =243+ 50 +.
which are in S’;(¢c) and acts as an extremal function for coefficient bounds of |a|, |a3|
proved in Theorem (4.1) respectively.

THEOREM 4.3. Let f € S(¢c). Thenfor any u € C, |as —,ua2| <2 5 max{ ’4" 3. In

particular, |Hy(1)| = |asz — a2| <z and the sharpness is attained.

Proor. From Equations (4.2) and (4.3), we have |a3 - ,uaz| = —' (3Tgﬂ) cﬂ for any
u € C. Applying Lemma (2.2) to above equation yield the required inequality. If we
choose u = 1, then |H,(1)| < % The function f>(2) as in Example (4.2) is an extremal
function for these inequalities. |
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THEOREM 4.4. Let f € S (¢c). Then |Hy(2)| < %

Proor. From Equations (4.2), (4.3) and (4.4), we have

|H,(2)| = %(SC? —20cicy +24c¢3) + é(clc3 - c§)| Now, the result follow by applying

Triangle inequality and using the fact that |c;| < 2, |SC? — 20cicy + 24c3] < 48 and
lcies — c%l <4, O

THEOREM 4.5. Let f € S (¢c). Then |H3(1)| < %

Proor. On substituting the coefficients a, to as from Equations (4.2) to (4.5) in the
definition of H3(1) followed by grouping the terms, we get

7 1 1 7

12 2) %Cl(% - 56102)(02 - E

——(c3 = 10¢1¢5 + 12¢3) '

1
[H (D) = |12 (e - 12cz)(cz )

Ly
+_
mae- 3 1) 5184

1 7, 7, 1 7,
5184( 88|C4 - 202”02 - EC1| + 144|C1||C3 - 50102”62 - Ec1|
+ 12cHes - —cﬂ +]e} = 10¢1¢2 + 12¢3]).
But, ci| £ 2, |eg — 1202| <2, e — 2| <2, c3— gclczl <2and
|C?—10C102+12C3| < 24 in view of Lemmas (2.1),(2.2),(2.3) and (2.4). This completes
the proof. O

RemMark 4.6. The function f>(z) = 7 + 3z + gz + ... € Si(¢c) suggests that one can

still improve an upper bound (up to sharpness) of |H2(2)| and of |H3(1)| to 3 and 4
respectively.

5. Improved bounds of [H3(f)| for f € S

Remark 5.1. The approach of estimating an upper bound of
|H3(D)| = lasas — asa; + 2axaza4 — aj — aj) (5.1

by substituting coefficients a; for 1 < i < 5 in terms of coefficients c; for 1 <i <5 of
Sfunction p € P followed by grouping the terms, thereby applying preliminary lemmas
stated earlier in section 2 provide us better bounds more often rather than finding in a
standard way using the inequality |H3(1)| < |as||Hy(1)| + |agllas — azas| + |az||Ha(2)].

THEOREM 5.2. Let f € S5(0). Then for 0 < 6 < 2, ap = %, az = %,
(1-6)(2—8)c3+(1=6)%cica and a- = (1-6)(2—6)c3+(1-6)%c3

4(2-9) (2-6)(4-0)

ag =

Proor. Refer Theorem 3.1 of ([19]). O

TuEOREM 5.3. Let f € S*(8). Then |Hs(1)| < %ﬁro <5<
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Proor. It is clear that for 0 < § < 2, the inequalities |c, — WCﬂ <2,

lea — %523 < 2 and les — 5%cica| < 2 hold in view of Lemmas (2.2) and (2.4).
Hence, on substituting the coefficients a; to as in terms of ¢; from Theorem (5.2) in

Equation (5.1), thereby grouping the terms gives

1 -6)? 2(1 -6 2-6)(1-9¢
(255)(4)+5)(c4_ (2—5)‘%)(62_( 11( )C%)
(1-16)? (1-90) 2
T 16 (63_2(2—5)“02)‘
L =07 219 (2-8)1-6) ,
S2-0d+oltT 2-5 e 4 ‘il

|H3(1)| =

(1-26)? (1-9) 2 (1-6(4-6)6+0)
.63 - 6‘16‘2’ <
16 2(2-9) 4(4 +6)(2 - 0)
O
CoRrOLLARY 5.4. If f € S%, then |H3(1)| < 3.
Proor. Choose ¢ = 0 in the proof of Theorem (5.3). O

ReMARK 5.5. Upper bound of |H3(1)| for f € S obtained in Corollary (5.4) is better
than |H5(1)| < % the one proved by Mishra et al.(see Theorem 2.2 of [1]).

6. Concluding Remarks and Scope of Further Research

In this paper, we estimated an upper bound of Hankel determinants for functions
in S*;(¢n.) and S*5(¢c) . Examples have been provided to illustrate the sharpness of
certain results. Further, upper bound of |H3(1)| for f(z) € S obtained in this paper is
better than the one existing in the literature. Finally, one can also attempt to find sharp
bounds of |H,(2)| and |[H3(1)| for the functions f € S;(¢ne) and f € S’ (¢c) as pointed
out in Remark (3.6) and Remark (4.6).
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