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ON SOME TRINOMIALS IN CHARACTERISTIC 2

ZHIGUO DING ™ and MICHAEL E. ZIEVE

Abstract

For each ¢ of the form 4%, we determine which of five trinomials permute F,. Our result corrects the
results of a recent paper by Sharma, Gupta, and Kumar.
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1. Introduction

For any prime power g, a polynomial f(X) € F,[X] is called a permutation polynomial
if the associated function f: ¢ — f(c) from F, to itself is bijective. The recent paper
[4] includes five theorems, each of which asserts that certain polynomials permute Fyx
for either all &, all odd k, or all k£ not divisible by 4. In this note we show that these
theorems are false, and that in fact none of the polynomials in these theorems permute
Fu for any k > 2. To do this, we introduce a general procedure relying on simple
computer calculations.
We now describe the polynomials in question. Write

Bi(X) =X +X>+1;
B(X) =X+ X> + 1;
Bi(X):=X +X+1.
The polynomials addressed in [4] are as follows, where g := 2*:
[0 =X Bi(X);
SX) = X°By(XT);
fX) = XBi (X,
f1X0 = X*By(X47);
f5(X) = X*By(X77).
The following result is the combination of Theorems 3.1-3.5 of [4].
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Tueorem 1.1. Write g = 2% where k is a positive integer, and pick i € {1,2,3,4,5).
Then fi(X) permutes F . if and only if one of the following holds:

. i€{l,2,5}and 4 | k;

° i=3and2 t k;

° i=4

However, Theorem 1.1 is not true. In this paper we prove the following result,
which determines when f;(X) permutes F ..

Tueorem 1.2. Write g = 2F where k is a positive integer, and pick i € {1,2,3,4,5).
Then fi(X) permutes Fp if and only if one of the following holds:

° ie{l,2}and k € {1,2};

° i€f{4,5and k = 2.

We emphasize that Theorem 1.2 goes far beyond merely disproving the results of
[4]. For instance, to disprove Theorem 1.1, it suffices to observe that if ¢ = 2 then
all three elements ¢ € IF;Z satisfy f3(c¢) = 1. In order to prove Theorem 1.2, one must
address all values k, rather than just a single &, and in fact the proof of Theorem 1.2
relies on some nontrivial tools from Galois theory and algebraic geometry.

2. Background material

In this section, we recall some previous results which are used in our proof of
Theorem 1.2.
We use the following notation throughout this paper:
q is a prime power;
Fq is an algebraic closure of IF;
PL(F,) := F, U {oo};
g+ 1s the set of (g + 1)-th roots of unity in FZZ.

We begin with the following special case of [5, Lemma 2.1].

Lemma 2.1. Write f(X) := X"B(X?") where q is a prime power; r is a positive integer;
and B(X) € Fp[X]. Then f(X) permutes Fp if and only if ged(r,q — 1) = 1 and
20(X) := X"B(X)?™! permutes i1

The next result gives a useful reformulation of the condition in Lemma 2.1 that
8o(X) permutes p,.1. This type of reformulation first appeared in [6].

Lemma 2.2. For any integer r and any B(X) € Fy[X] such that B(X) and B(1/X) have
no common zeroes in .1, the function go(X) := X"B(X)?™" permutes pi,+1 if and only
if g(X) := X"B(1/X)/B(X) permutes 4.1

Proor. Since B(X) € F,[X], we have B(X)? = B(X9). Thus, each ¢ € g, satisfies
B(c)? = B(c¢?) = B(1/c), so we must have B(c) # 0, since otherwise ¢ would be a
common zero of B(X) and B(1/X). Hence go(X) and g(X) induce the same function on
q+1, Which implies the result. m]
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Dermnttion 2.3. For any field K and any nonzero f(X) € K(X), by the numerator
and denominator of f(X) we mean the unique coprime N(X),D(X) € K[X] such
that D(X) is monic and f(X) = N(X)/D(X), and then the degree of f(X) € K(X)
is max(deg(N), deg(D)).

The next result is a special case of [6, Lemma 3.1].

Lemma 2.4. For any prime power g, and any ¢ € Fp \ Fy, the degree-one rational
Sunction p(X) = (cX — ¢?)/(X — 1) induces a bijection from i, to Pl(Fq).

The next result is well-known; for instance, cf. [2, Cor. 2.8].

LemMma 2.5. For any field K and any degree-one p(X) € K(X), there is a unique degree-
one p~'(X) € K(X) such that p~'op = X = pop~!. Explicitly, if p(X) = (aX+b)/(cX+d)
then p~'(X) = (dX - b)/(—cX + a).

DEeFintTION 2.6. A polynomial H(X,Y) € F,[X, Y] is called absolutely irreducible if
H(X, Y) is irreducible in F,[X, Y].

DerinrTion 2.7. A rational function f(X) € Fy(X) is exceptional over F, if the
only absolutely irreducible polynomials in F,[X, Y] which divide the numerator of
f(X) — f(Y) are the polynomials ¢ - (X — Y) with ¢ € F;.

DerintTION 2.8, A rational function f(X) € F,(X) is separable if f(X) ¢ F,(X?), where
p is the characteristic of F,,.

The following result is a special case of [3, Thm. 2.5].

Lemma 2.9. Let g be a prime power, and let n > 2 be an integer such that +/q >
2n =272 + 1. If f(X) € Fy(X) is a separable rational function of degree n which
permutes Pl(IFq), then f(X) is exceptional over IF,.

3. Proof of Theorem 1.2

It is routine to verify the result via computer when k < 11, so in what follows we
assume k > 11. Writing ¢ := 2, we must show that each f;(X) does not permute Fg.
In order to obtain a contradiction, assume that i has been chosen so that f;(X) permutes

Fg.

Pick w € Fq such that w? = w + 1. Note that then w € Fp \ F,. Write
p(X) = WX + w?)/(X + 1) and p~'(X) := (X + w")/(X + w). By Lemmas 2.4 and
2.5, p(X) induces a bijection from 4, to P!(F,) whose inverse is induced by p~!(X).
By definition, f;(X) = X’Bj(Xq‘l) for some r € {4,5,6} and some j € {1,2,3}. Write
gi/(X) := X"B;(1/X)/B;(X), and write h;(X) := p(X) o g(X) o p~'(X).

We now show that /;(X) permutes P! (Fy). To this end, we first show that B;(X) and
B;(1/X) have no common zeroes in FZ. We have B3(X) + X°B3(1/X) = X* + X, and if
J €1{1,2} then B;(X) + XSBj(l/X) = X? + X?. Thus, regardless of the value of j, since
B;(1) = 1 # 0 it follows that B;(X) and B;(1/X) have no common zeroes in FZ. Since
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B;(X) € Fy[X] and f;(X) permutes [F;>, Lemmas 2.1 and 2.2 imply that g;(X) permutes
Ug+1, S0 that h;(X) permutes P! (F,).

We have
X +X+1 1
§1(X) = X +X2+1  oX)
X6+ X4+ X 1
D 'S e oL
X+ X+ X2
85X = X

Since Bj(X) and B;(1/X) have no common zeroes in FZ, the polynomials displayed
above whose ratio is g;(X) are in fact the numerator and denominator of g;(X). In
particular, we have deg(h;) = deg(g;) € {5, 6}, and by inspection we see that g;(X) is
separable, which implies that /;(X) is separable as well.

Next we show that 4;(X) is in F,(X). To this end, note that v := w? + wis in F,,
since v = w(w+ 1) so that v/ = wif(w? + 1) = (w+ 1)w = v. Now a simple computation
shows that 4;(X) € F>(v)(X), so that /;(X) € F,(X). This computation can be done by
hand, or by the following program using the computer algebra package Magma [1].

K<w>:=FunctionField(GF(2));
wq:=w+1;
Vi=WA2+W;
_<x>:=FunctionField(XK);
rho:=(w*x+wq) /(x+1);
rhoinv:=(x+wq) / (x+w) ;
H:={0,1,v,v+1,vA2,vA2+1,VvA2+v,vA2+Vv+1,vA3,vA3+v+1};
for g in [(xA5+x43+1)/(xA5+xA2+1), (xA5+x42+1)/(xA5+x43+1),
(xA6+x24+X) / (xA5+x22+1), (xA5+x22+1) /(XA 6+xX24+X) ,
(xA5+x2M+xA2) /(%A 3+x+1) ]
do h:=Evaluate(rho,Evaluate(g,rhoinv));
{i in H: i in Coefficients(Numerator(h)) cat
Coefficients(Denominator(h))};
end for;

We have shown that 4;(X) is a separable rational function in F,(X) of degree n,
where n € {5,6}, and that 7;(X) permutes P'(F,). Since ¢ = 2% with k > 11,
Lemma 2.9 implies that h;(X) is exceptional over F,. Since n > 2, it follows that
the numerator of (h;(X) — h;(Y))/(X — Y) is not absolutely irreducible. Thus the
numerator of (g;(X) — g;(Y))/(X — Y) also cannot be irreducible in Fq [X, Y]. However,
this contradicts the output of the following Magma program, which shows that the
numerator of (g;(X)—g;(¥))/(X-Y) is an absolutely irreducible polynomial in F,[X, Y].

P<x,y>:=AffineSpace(GF(2),2);
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for g in [(xA5+x23+1)/(xA5+xA2+1), (XA6+xA4+x)/(xA5+x42+1),
(xA5+xA4+xA2) / (xA3+x+1)] do
g2:=(g-Evaluate(g, [y,y1))/(x-y);
IsAbsolutelylIrreducible(Curve(P,Numerator(g2)));
end for;

This contradiction concludes the proof of Theorem 1.2.

RemARk 3.1. Our proof of Theorem 1.2 relies on two Magma programs. If one
preferred, one could replace these programs with theoretical arguments. However,
such arguments would require significantly more space than the short proof in the
present paper, and also would require introducing additional concepts and background
results.
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