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A PÁL-TYPE INTERPOLATION ON THE ROOTS OF THE
INTEGRATED LEGENDRE POLYNOMIAL

APURVA SINGH∗ ) and REKHA SRIVASTAVA

Abstract

The purpose of this paper is to study an interpolation process on the roots of polynomial πn(x)and it′s 
derivative π′n(x) with an additional conditional point x0 = 0. Here, we have two sets of nodes {xi}i=1 and 
{xi
∗}i

n
=
−
1
1, which are the roots of polynomials πn(x) and π′n(x), respectively. Further, we study the existence,

uniqueness, explicit representation and order of convergence of interpolatory polynomial.
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1. Introduction

Pál [14], Mathur P. and Datta S. [12] and many other authors [1], [4], [7], [11] have 
discussed various kinds of interpolation problem. In 1975, Pál [8] proved that when 
the values are fixed on one set of n points and derivative values on other set of n − 1 
points, then there exist no unique polynomial ≤ 2n−2, but prescribing function value at 
one more point not belonging to above set of n points there exists a unique polynomial 
of degree ≤ 2n − 1. In [16], Eneduanya investigated special case when

πn(x) = −n(n − 1)
∫ x

1
Pn−1(x)dx = (1 − x2)P′n−1(x), (1.1)

where Pn−1(x) is the (n − 1)th the Legendre polynomial with the usual normalization
max {|Pn−1(x)| : x ∈ [−1, 1]} = 1. For the uniqueness, Eneduanya used also the addi-
tional condition nodal points x∗n = −1. Szili [10] investigated the Pál-type interpolation
on the roots of the Hermite-polynomials with the additional conditional point x0 = 0.
Both Szili and Eneduanya gave explicit formula and proved approximation theorems.
Joó and Szabó [3] gave a common generalization of the classical Fejér interpolation
and Pál interpolation. Szili[9] studied the inverse Pál interpolation problem on the
roots of integrated Legendre polynomials. Later, R.Srivastava and Yamini Singh [15]
studied an interpolation process on the roots of ultraspherical polynomials.
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In this paper, we have studied an interpolation on the roots of polynomi-
als πn(x). Let x0,n, x1,n, x2,n, . . . , xn,n be the roots of the polynomial πn(x) and
x∗1,n, x

∗
2,n, x

∗
3,n, ..., x

∗
n−1,n be the roots of polynomial π′n(x). Let

− 1 = xn,n < x∗n−1,n < xn−1,n < ... < x2,n < x∗1,n < x1,n = 1. (1.2)

Further, we investigate the following problem by assuming a polynomial Rn(x) of
lowest possible degree satisfying the conditions,

Rn(xi,n) = yi,n (i = 1, .......n), Rn(x0,n) = 0, and R′n(x∗i,n) = y′i,n (i = 1, 2, ...., n − 1),
(1.3)

where, yi,n and y′i,n are arbitrary given real numbers. Moreover, we prove the ex-
istence, uniqueness, explicit representation and order of convergence of interpolatory
polynomials.

2. Preliminaries

According to [7], the following relationships for Legendre polynomials are ob-
served as:
1. P′n−1(1) = 1

2 n(n − 1) = (−1)nP′(n−1)(−1)

2. P′′n−1(1) = 1
2 n(n − 1)(n + 1)P′n−1(1)

3. π′n(1) = (−1)n−1π′n(−1) = −n(n − 1)

4. π′′n (1) = − 1
2 n2(n − 1)2.

Furthermore, Pn−1(x) and πn(x) satisfy the following differential equation, respectively

(1 − x2)P′′n−1(x) − 2xP′n−1(x) + n(n − 1)Pn−1(x) = 0,

1 − x2)π′′n (x) + n(n − 1)πn(x) = 0. (2.1)

3. Explicit Representation of Interpolatory Polynomial

Let us consider the following polynomials for even values of n,

A0,n(x) =
πn(x)
πn(0)

, (3.1)

Ai,n(x) =
xπ′n(x)πn(x)

xi,n
(
π′n(xi,n)

)2 (x − xi,n)
−

πn(x)

xi,n
(
π′n(xi,n)

)3

×

{∫ x

0

tπ′′n (t)π′n(xi,n) − xi,nπ
′′
n (xi,n)π′n(t)

(t − xi,n)
dt

}
,

(i = 1, 2, . . . , n) (3.2)
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and

Bi,n(x) =
πn(x)(1 − x∗2i,n)

n(n − 1)π2
n(x∗i,n)

∫ x

0

π′n(t)
(t − x∗i,n)

dt, (i = 1, 2, . . . , n − 1). (3.3)

The polynomials Ai,n(x) and Bi,n(x) are uniquely determined by following conditions:

Ai,n(x j,n) = δi j (i = 0, 1, 2, 3, . . . , n; j = 0, 1, 2, 3, . . . , n),

A′i,n(x∗j,n) = 0 (i = 0, 1, 2, 3, . . . , n; j = 1, 2, 3, . . . , n − 1),

Bi,n(x j,n) = 0 (i = 1, 2, 3, . . . , n − 1; j = 0, 1, 2, 3, . . . , n),

B′i,n(x∗j,n) = δi j (i = 1, 2, 3, . . . , n − 1; j = 1, 2, 3, . . . , n − 1),

where δi, j is the kronecker symbol. Now, let f : [−1, 1] → R be a differentiable
function. If n is even, then we get that

Rn( f , x) =

n∑
i=0

f (xi,n)Ai,n(x) +

n−1∑
i=1

f ′(x∗i,n)Bi,n(x), (3.4)

is the uniquely determined polynomial of degree ≤ 2n − 1 satisfying the condition

Rn( f ; xi,n) = f (xi,n) (i = 1, 2, 3, ......, n),

R′n( f ; x∗i,n) = f ′(x∗i,n) (i = 1, 2, 3, ....., n − 1),

Rn( f ; x0,n) = 0.

Note: For conciseness, we use subscript (i), in place of subscript (i,n).

Lemma 3.1. The following estimates hold:

∣∣∣πn(x∗i )
∣∣∣ ≥  (1 − x∗2i )n(n − 1)

8π(i + 1)

 1
2

(i = 1, 2, 3, ......, (n − 2)/2), (3.5)

∣∣∣πn(x∗n/2)
∣∣∣ = |πn(0)| >

n1/2

3
, (3.6)

∣∣∣πn(x∗i )
∣∣∣ ≥  (1 − x∗2i )n(n − 1)

8π(i + 1)

 1
2

(i = 1, 2, 3, ......, (n + 2)/2). (3.7)

The proof of this lemma can be found in [9].

Lemma 3.2. For the Lebesgue function of the fundamental polynomials
n∑

i=0

|Ai(x)| = O(n3/2) (x ∈ [−1, 1], n = 2, 4, ...),

where O does not depend on x.
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Proof. We have

Ai(x) =
xπ′n(x)πn(x)

xi(π′n(xi))2(x − xi)
−

πn(x)
xi(π′n(xi))3

{∫ x

0

tπ′′n (t)π′n(xi) − xiπ
′′
n (xi)π′n(t)

t − xi
dt

}

n∑
i=0

|Ai(x)| =
n∑

i=0

∣∣∣∣∣∣ xπ′n(x)πn(x)
xi(π′n(xi))2(x − xi)

∣∣∣∣∣∣− n∑
i=0

∣∣∣∣∣∣ πn(x)
xi(π′n(xi))3

{∫ x

0

tπ′′n (t)π′n(xi) − xiπ
′′
n (xi)π′n(t)

t − xi
dt

}∣∣∣∣∣∣
since |πn(x)| = O(n1/2) and |Pn−1(x)| ≤ 1 x ∈ [−1, 1] (from [5, 2.3.4] ).

n∑
i=0

|Ai(x)| =
n∑

i=0

|x|
∣∣∣π′n(x)

∣∣∣ |πn(x)|

xi

∣∣∣(π′n(xi))2
∣∣∣ |(x − xi)|

−

n∑
i=0

|πn(x)|
xi

∣∣∣(π′n(xi))3
∣∣∣
∣∣∣∣∣∫ x

0

tπ′′n (t)π′n(xi) − xiπ
′′
n (xi)π′n(t)

t − xi
dt

∣∣∣∣∣
n∑

i=0

|Ai(x)| =
n∑

i=0

|x|
∣∣∣π′n(x)

∣∣∣ |πn(x)|

xi

∣∣∣(π′n(xi))2
∣∣∣ |(x − xi)|

−

n∑
i=0

|πn(x)|
xi

∣∣∣(π′n(xi))3
∣∣∣
∣∣∣∣∣∫ x

0

tπ′′n (t)π′n(xi) − xiπ
′′
n (xi)π′n(t)

t − xi
dt

∣∣∣∣∣
n∑

i=0

|Ai(x)| = D1 + D2.

For next estimation, we use following relations∫ 1

−1

Pn−1(t)
t − x∗i

dt =
2

(1 − x∗2i )
∣∣∣P′n−1(x∗i )

∣∣∣ (i = 1, 2, . . . , n − 1), (3.8)

( from ([2],(3.4.3)and (15.3.1)),

|P′n−1(x∗i )| ∼ i
−3
2 n2 (i = 1, 2, 3, ........n/2), (3.9)

(from ([2], (8.9.2)]),

(1 − x∗2i ) ∼ (i/n)2, (3.10)

( from ([2], (6.3.7)),
|Pn−1(xi)| = (8πi)−1/2, (3.11)

(from ([5],Lemma 2.1).
Now,

D1 =

n∑
i=0

|x|
∣∣∣π′n(x)

∣∣∣ |πn(x)|

xi

∣∣∣(π′n(xi))2
∣∣∣ |(x − xi)|

,

using equation (1.1)

D1 = O(n1/2)
n∑

i=0

|x| n(n − 1) |Pn−1(x)|
xin2(n − 1)2

∣∣∣P2
n−1(xi)

∣∣∣ |(x − xi)|
= O(n3/2),
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D2 =

n∑
i=0

|πn(x)|
xi

∣∣∣(π′n(xi))3
∣∣∣
∣∣∣∣∣∫ x

0

tπ′′n (t)π′n(xi) − xiπ
′′
n (xi)π′n(t)

t − xi
dt

∣∣∣∣∣
.

D2 = O(n1/2)
n∑

i=0

1
xi n3(n − 1)3

∣∣∣Pn−1(xi)3
∣∣∣

×

∣∣∣∣∣∣
∫ x

0

t n2(n − 1)2P′n−1(t)Pn−1(xi) − xi n2(n − 1)2P′n−1(xi)Pn−1(t)
t − xi

dt

∣∣∣∣∣∣
D2 = O(n1/2)

n∑
i=0

n2(n − 1)2

xi n3(n − 1)3 |Pn−1(xi)3|

∣∣∣∣∣∣
∫ x

0

t P′n−1(t)Pn−1(xi) − xi P′n−1(xi)Pn−1(t)
t − xi

dt

∣∣∣∣∣∣
= O(n−1/2).

n∑
i=0

|Ai(x)| = O(n3/2).

Thus, the proof of Lemma 3.2 is completed.

�

Lemma 3.3. For the Lebesgue function of the fundamental polynomials Bi,n the follow-
ing estimate holds:

n−1∑
i=1

|Bi(x)| = O(n−1) (x ∈ [−1, 1], n = 2, 4, . . . ),

where O does not depend on x.

Proof. We have

Bi(x) =
πn(x)(1 − x∗2i )
n(n − 1)π2

n(x∗i )

∫ x

0

π′n(t)
t − x∗i

dt

n−1∑
i=1

|Bi(x)| =
n−1∑
i=1

∣∣∣∣∣∣ πn(x)(1 − x∗2i )
n(n − 1)π2

n(x∗i )

∫ x

0

π′n(t)
t − x∗i

dt

∣∣∣∣∣∣
n−1∑
i=1

|Bi(x)| =
n−1∑
i=1

|πn(x)|
∣∣∣1 − x∗2i

∣∣∣∣∣∣π2
n(x∗i )

∣∣∣ · |n(n − 1)|

∣∣∣∣∣∣
∫ x

−1

π′n(t)
t − x∗i

dt

∣∣∣∣∣∣
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n−1∑
i=1

|Bi(x)| = O(n1/2)
n−1∑
i=1

∣∣∣(1 − x∗2i )
∣∣∣∣∣∣(1 − x∗2i )2

∣∣∣ ∣∣∣∣(P′(n−1)(x∗i ))2
∣∣∣∣ n(n − 1)

∣∣∣∣∣∣
∫ x

0

n(n − 1)Pn−1(t)
(t − x∗i )

dt

∣∣∣∣∣∣
n−1∑
i=1

|Bi(x)| = O(n1/2)
n−1∑
i=1

1∣∣∣(1 − x∗2i )
∣∣∣ |(P′(n−1)(x∗i ))2|

∣∣∣∣∣∣
∫ x

0

Pn−1(t)
(t − x∗i )

dt

∣∣∣∣∣∣ = O(n−1).

Hence, the Lemma 3.3 proved . �

4. Theorem

Theorem 4.1. Let f : [−1, 1] → R be continuously differentiable function, then the
sequence of the interpolation polynomials Rn( f ; x) (n = 2, 4, 6, ......) given by (3.4)
satisfy the following:

|Rn( f ; x) − f (x)| = O
(
n1/2w

(
f ′;

1
n

))
x ∈ [−1, 1], (4.1)

where w( f ′, δ) is the modulus of continuity of f ′ and O does not depend on x.

Proof. If Qn(x) is an arbitrary polynomial of degree ≤ 2n − 1 then by uniqueness of
the polynomial Rn, we have

Qn(x) =

n∑
i=0

Qn(xi)Ai(x) +

n−1∑
i=1

Q′n(x∗i )Bi(x). (4.2)

Let f : [−1, 1] → R be a continuously differentiable function. It is well known from,
e.g.( [2],Theorem1.3.3) that there exist a polynomial Qn(x) of degree at most (2n-1)
such that

| f (x) − Qn(x)| = O
(
n−1w

(
f ′;

1
n

))
and ∣∣∣ f ′(x) − Q′n(x)

∣∣∣ = O
(
w

(
f ′;

1
n

))
, x ∈ [−1, 1],

then by equation (4.2), we get

| f (x) − Rn( f ; x)| ≤ | f (x) − Qn(x)| +

∣∣∣∣∣∣∣
n∑

i=0

(Qn(xi) − f (xi)) Ai(x)

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣
n−1∑
i=1

(
Q′n(x∗i ) − f ′(x∗i )

)
Bi(x)

∣∣∣∣∣∣∣ .
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Based on Lemmas (3.2) and (3.3), it follows that

| f (x) − Rn( f ; x)| = O
(
n−1w

(
f ′;

1
n

))
+ O

(
n1/2w

(
f ′;

1
n

))
+ O

(
n−1w

(
f ′;

1
n

))
,

which completes the proof of theorem 4.1. �

5. Conclusion

In this paper, we have proved the existence, uniqueness, explicit representation,
and order of convergence of the given interpolatory problem, when {xi}

n
i=1 and {x∗i }

n−1
i=1

are the roots of polynomials πn(x) and π′n(x) respectively, with additional conditional
point. If f : [−1, 1]→ R be continuously differentiable function, then the sequence of
the interpolation polynomials Rn( f ; x) and R′n( f ; x) uniformaly converge to f (x) and
f ′(x) respectively on [-1,1] as n→ ∞.

Acknowledgement:
The authors sincerely appreciate the editors and reviewers for their valuable
recommendations, which significantly contributed to enhancing the quality of this
manuscript.

Conflicts of Interest:
The authors declare no conflict of interest.

References
[1] E. Egerváry and P. Turán, Notes on interpolation. V,Acta Math. Acad. Sci. Hungar., 9 (1958),

259-267.
[2] G. Szeóo, Orthogonal polynomials, Amer. Math. Soc. Coll. Publ. (New York, 1959).
[3] I.Joó and V.E.S. Szabó, A generalization of Pál interpolation process, Acta Sci.

Math.(szeged)60(1995), 429-438.
[4] J. Balázs and P. Turán, Notes on interpolation. II,Acta Math. Acad. Sci. Hungar., 8 (1957) 201-

215.
[5] J. Balázs and P. Turán, Notes on interpolation. III,Acta Math. Acad. Sci. Hungar., 9 (1958),195-

214.
[6] J. Balázs and P. Turán, Notes on interpolation. IV,Acta Math. Acad. Sci. Hungar., 9 (1958),243-

258.
[7] Kumud Srivastava, Study of certain mixed type lacunary Interpolatory polynomials on (0;0,2),

Gyankosh: An Interdispliinary journal, (2019) vol.(II), 23-33.
[8] L. G. Pál, A new modification of the Hermite-Fejér interpolation,Analysis Math., 1 (1975),197-

205.
[9] L. Szili, An interpolation process on the root of integrated Legendre polynomials Analysis Math.

9(1983), 235-245.
[10] L. Szili, A convergence theorem for the Pál method of intepolation on the roots of hermite

polynomials, Analysis Math 11 (1985), 75-84.
[11] Mathur, K.K. and Srivastava,R.:Pál-type Hermite interpolation on infinite intrval,

J.Math.Anal.and App.192, 346-359 (1995).
[12] Mathur, P. and Datta S., On Pál-Type weighted lacunary ( 0; 2; 0 )-interpolation on infinite ( −∞

,∞ ),Approx. Theor.Appl.,17 (4) (2001),1-10.



246 Apurva Singh and Rekha Srivastava

[13] P. O. H. Vértesi, On certain linear operators. IV,Acta Math. Acad. Sci. Hungar., 23 (1972), 115-
125.

[14] Pál L.G.,A new modification of hermite-Fejér Inerpolation, Anal.Math., 1(1975),197-205.
[15] R.Srivastava and Yamini Singh An interpolation process on the roots of ultra spherical polynomi-

als,App.and applied Mathematics (2018).
[16] S. A. Eneduanya, On the convergence of interpolation polynomials, Analysis Math.11 (1985),

13-22.

Apurva Singh∗, Department of Mathematics & Astronomy, University of Lucknow,
Lucknow, India
e-mail: apurvasingh288@gmail.com

Rekha Srivastava, Department of Mathematics & Astronomy, University of Lucknow,
Lucknow, India
e-mail: rekhasrivastava4796@gmail.com




