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ESTIMATES OF LOGARITHMIC COEFFICIENTS AND
INVERSE LOGARITHMIC COEFFICIENTS ON A SUBCLASS
OF ANALYTIC UNIVALENT FUNCTIONS
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Abstract

Consider the class S of analytic and univalent functions defined in the unit disk || < 1 normalized by
the expansion h(¢) = ¢ + Yyss bil¥. For each function 1 € S its inverse H = h™' can be represented

as H¢) = &+ Y Bi&* valid for |¢] < i. The logarithmic coefficients and inverse logarithmic

coefficients are given by log(h({)/{) = 2 Ys1 A(WZ* and log(h(€)/é) = 2 Y1 Ax(h)EX respectively.
In this research article we compute the upper bounds for the logarithmic coefficients A; and inverse
logarithmic coeflicients A, k = 1,2, 3 of two subclasses of analytic functions namely S p(7, v) and P§(v)
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1. Introduction

Let A be the class of all analytic function of the form h(0) = ¢ + Yo, bi* defined
in an open unit disk U = {{ : |{| < 1} with normalization conditions #(0) = 0 and
K’ (0) = 1. A function belonging to A is referred to as univalent if it is injective on U.
The subclass of all such univalent functions is represented by S.

Let P be the class of all functions analytic in U for which R{p()} > 0 and

pO)=1+cil+el’+..., for (eU. (1.1)
For h € S, the logarithmic coefficients A, [6] are defined by the expansion
h
1og(@) = 2z/lk§k. (1.2)
¢ k=1

The investigation of logarithmic coefficients has significantly contributed to the de-
velopment of the theory of univalent functions. In the 1960’s Milin [9] conducted
pioneering work by examining how the properties of logarithmic coefficients could
be transferred to the Taylor coefficients of univalent functions and their powers. His
conjectured inequalities became important to this field as their validity implied sev-
eral important results including the Robertson and Bieberbach conjectures as seen in
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[4, 9, 12]. These inequalities attracted considerable attention due to their far-reaching
implications in geometric function theory. In a major breakthrough Louis de Branges
[1] proved Milin’s conjectures in 1984. Specifically, it established that for any function
h € § the inequality |by| < k holds with equality if and only if 4 is a rotation of the
Koebe function k() = ﬁ The sharp upperbounds for 4; has been established for
subclasses with Bazilevi¢ function [2], close to convex function [3] and univalent func-
tions [S]. For the subclass of starlike univalent functions the inequality || < % k>1
is true but fails in the order of magnitude for the entire subclass S. Ye [15] and Murat
Cagler [10] determined the estimates of the general logarithmic coefficient for close to
convex function.

The inverse of a function & € S denoted by H = h~' admits the Taylor series expansion

HE) =+ ) Big*

k>2

which holds for |£] < }1 in accordance with Koebe’s one-quarter theorem. A significant
result concerning these inverse coefficients was obtained by Lowner (cf. [6]) who
employed a variational method to establish the sharp bound |B;| < K; where K =
% These coefficients Kj appear in the Keobe function’s inverse given by K(¢) =
E+ Kyé? + K38 + ..., The problem of estimating the coefficients B; has attracted
substantial attention particularly when the function / belongs to specific geometric
subclasses of S. While many researchers have revisited this inequality offering various
methods of proof a notably simplified and elegant proof was later contributed by Yang
[16].

The initial logarithmic coefficients A;, A, A3 for & € S was obtained in the following
manner

1 2
2Z/lkbk = byl +b3* +bsl> + - - E(b2§+b3§2 bl )
k=1

1
+g(b2§+b3§2+b4§3+"')3+"-,4’6(1/1.

Equating the coefficients of /* fork = 1,2,3

24, = by (1.3)

21, = b3 - %bzz (1.4)
1

245 = b4 - b2b3 + gbzs. (15)

A function & € 8 is said to be subordinate to another function g € S writtenas h < g
if there exists an analytic function ¢ known as a Schwarz function defined in the unit
disk U such that ¥(0) = 0 and [¥({)| < 1 for all £ € U and k() = g (L)) .

In particular if the function g is univalent in U the relation & < g holds if and only if

h(0) = g(0) and A(U) < g(U).
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Ma and Minda [8] introduced the class C(¢) and S*(¢) of convex and starlike functions
in which % orl+ [f(g) are subordinate to a more naturally occurring superordinate
function using the subordination principle. They took into consideration the analytic
univalent function ¢ such that ¢(0) = 1 and ¢’(0) > 0 with the positive real part in U,

¢(U) is symmetric with respect to the real axis. The power series expansion of ¢ is

H) =1+ Yoy dil*.

Symbolically,
£\ LH(©0)
s@={nes: S w0},
_ ) Lh' ()
C(@) = {h €S+ S < ¢(§)}

In Geometric function theory many special cases of S*(¢) and C(¢) play an important
role because of its geometric properties.

In this research article, we determine the upper bounds of the logarithmic coefficients
Ay, Ay, A3 and the inverse logarithmic coefficients A, A;, A3 of functions in S p(77, v)
and P3(v).

Dermnirion 1.1 (cf. [13]). Leth e Sand0 <5 < 1,0 < v < 1 we say that h € S p(17,v)
if

n'() - ¢
<1,/ eU. (1.6)
MOy

DerintTion 1.2 (cf. [14]). For 7 € C\{0}, we say that h € Pj(v) with 0 < 6 < 1 if it
satisfies the inequality

a- 5)@ +0R"(0) - 1

WD o w7 <L
2T(1—U)+(1—5)T +oh"(() -1

To establish our main results we utilize the following lemma

Lemma 1.3. [7, 12] If p({) € P and has the series of the form (1.1), then

|Cnik — pencr| <2
lenl €2 forn>1
lcy — nell < 2max{1,[2n - 1]},n e C
|Mc} — Nejea + Ocs| < 2|M| + IN = 2M| +2IM = N + Ol.

2. Main Results

2.1. Logarithmic coefficients of Subclasses Sp(n, v) and P;(v)
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THEOREM 2.1. The logarithmic coefficients A, k = 1,2,3 of h € Sp(n,v) satisfy the
inequalities

< =, M

4in| " Inl
—v)? +‘3(1—v)(1—77) ‘3(1—
8n3 1612

Proor. Since h € S p(7, v), 4 a schwarz function i such that

h(f)) w(o(h(f) o)

'(l—v)

5
16n! " |8

(@ -

Equating the coefficients we have

_all-v)

=" 2.1)
(I-v) (I-mn)

by = MU@— M"@ 2.2)

by=(1- v)(63—3 N (8% - %)clcz n (% N %)cﬁ). 2.3)

‘We know that
p) -1

P +1
where p({) € P given by (1.1) and by using Lemma 1.3 we get
11—l
2in|
11 -l vl
|| < T’YlmaX{l’m}
N ‘3(1 -v)(1-n) '3(1 -

(1-vy’
43 83 1672

W) =

|4 <

(1—v)

s < |1 —u|(

‘1677 ’ '

O
Tueorem 2.2. The logarithmic coefficients A4, k = 1,2,3 of h € P}(v) satisfy the
inequalities
(1 —v)7|
£ ————
4] < T30

I(1 —v)7] (
bl 1
] £ —F— 1720 max (1,

(1 = v)(1 + 26) )
(1+0)
31(1 —v)
U)|(‘3(1 T 35)‘ T+ 0)1 +20)

(1 - v)?
(1+06)

13| < [7(1 -

)
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Proor. Since h € P§(v), 4 a Schwarz function ¢ such that

h h
a- 5)% + 60" () -1 =y O)2r(1 —v)+ (1 - 6)% +6h"(0) - 1).
Equating the coefficients we have
(I =vrg
by = a1 2.4)
(I =-v)rer
by = (1 + 20) 2.5)
20 = v)tes
b= 030 (2-6)
We know that -1
_ b~
W) = 2O F1
where p({) € P given by (1.1) and by using Lemma 1.3 we get
< G2
| —wv)7l 7(1 = v)(1 +26)
= s max(l’ I+ )
37(1 —v) 72(1 — v)?
sl < (1 - ”)l('3(1 T 35). " ’(1 o +20)) | T+op )

2.2. Inverse logarithmic coefficients of Subclasses Sp (7, v) and P;_(v)
Let H represent the inverse function of & € S defined using the Taylor series expansion
in the neighbourhood of the origin

HEO=h"'© =&+ ) Bt @.7)
k=1
where |£] < %. The inverse logarithmic coefficients Ay, k € N of H is defined by the
expansion
1gﬁ_ZZA§ 2.8)
k=1

We notice that h(H(¢)) = &, H0) = 0 = h(0) and H'(0) = 1 = A’(0) where { = H(&)
and find &' (O)H'(¢) = 1.
Further differentiation yields

R/ (QOH )Y + K (OH" (&) =0
K" (Q(H'(€)’ + 30" (OH (OH” (&) + W (OH"(€) = 0
WY @)(H' () + 61" (E)H' ()Y H" (O)+h" (©)BH" () +
30 (EH" () + H"() + K (@H"() =0
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Setting £ = 0,& = 0 we obtain

B, = —b, 2.9)
By = —bs + 2by? (2.10)
By = —by + 5bybsy — 5b5°. (2.11)

Comparing the coefficients of (2.7) and (2.8) we get
2N = B
1
2A, = By — 5322
1
2A3 =By - BB3 + 5323.

Using (2.9), (2.10) and (2.11) the inverse logarithmic coefficients are computed as in

[11]

2A| = —b, (2.12)
4N, = —2b5 — 3by° (2.13)
3A; = —3by + 12b2b3 — 10b,°. (2.14)

THeEOREM 2.3. If H is the inverse of h € S p(n, v) then

1-v
A< LY
20
[1 = U
|A;] £ —— max{1, |-
= ol
- - - _ N2
|A3|S|1—v|(1+2‘+(1 V)|, |4 '7>+'3<1 na v>+’5<1 v) )
87] 2]72 4772 n3 ]73

Proor. We make use of the equations (2.1), (2.2) and (2.3) in (2.12), (2.13) and (2.14)
to get the following expression

AIZ_CI(I_U)
4n
v @),
A2 = 8n (C2 2n Cl)
—~(1-v) 3(1-v) (1-v) 3(1-v)?
A= C3+( g1 2 o )‘”CZ

B (—(1 —v)(1-n (d-v 30-pd-v?* 100 -v) )c3
1612 8 dap? 813 v
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Applying lemma 1.3 we obtain

1 —v
A £
A4l < 2]
11—l
As| < —— max{l, |-
(Aal < == max | D
_ _ _ _ _ 2
|A3|<|1—v|(1+ ’ ‘(1 U)+‘(1 +’3(1 n U)+‘5(1 V) )
8n 217 dn? 7 UM
Oa
Tueorem 2.4. If H is the inverse of h € Pi(v) then
I(1 —v)7]
A< —
Al < T
Ao < |T(1 _U)|max{1 3T(1—U)(1+25)_1‘}
2=+ 20 ’ (1 +0)2
127(1 —v) '2012(1 —v)? )
Asl < 71 - .
A3l < I U)|(‘3(1+35)‘+ A+0)1+20) | (1+op
Proor. Using (2.4), (2.5) and (2.6) in (2.12), (2.13) and (2.14) yields
—(1 —v)Tcy
A= ————
T T+ 9)
=27(1 - v)| 37(1 —v)(1 +26) ,
A2= (C - 1)
4(1 + 20) 2(1 +6)2
=27(1 —v)c3 47%(1 — v)? 1073(1 —v)? 3
A; = 1 3 S
3T 30430 (0+0(1+20) T 31y O
Applying lemma 1.3 we get
I(1 — v)7|
A< —
Al = T
lr(1 = v)| { 37(1 — v)(1 + 26) ‘}
A 1, -1
T (1+07
127(1 - v) ’20‘1’2(1 - v)? )
As| < Jr(1 - .
A3l < I ”)|(‘3(1+35)‘+ (1 +0)(1+20) 1+0)
O
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