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Abstract

In the article, synchronization of two identical fractional order uncertain Qi systems and also anti-
synchronization of two identical fractional order uncertain Genesio-Tesi systems using active control
method are analysed. In the presence of model uncertainties and external disturbances, an appropriate
feedback control scheme is applied to stabilize a group of fractional order chaotic systems. The numerical
simulation results obtained with MATLAB show that the active control strategy is effective, simple to
apply, and reliable for synchronizing and anti-synchronizing the two nonlinear fractional order uncertain
chaotic systems.
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1. Introduction

Scientists and engineers have worked tirelessly over the past few decades to construct
models employing nonlinear differential equations and have shown increasing interest
in studying nonlinear phenomena that occur in a wide range of scientific fields. The
introduction of fractional calculus into nonlinear models has provided a new dimen-
sion to these problems. Since the response of a fractional-order system eventually
converges to that of an integer-order system, fractional-order derivatives have recently
gained popularity as an important research area. Fractional derivatives are used to
describe system dynamics with high accuracy. Researchers from various countries
have investigated a wide range of problems in different disciplines of engineering
and biology to explore the potential of fractional derivatives. Non-Gaussian and non-
Markovian systems can benefit from the use of first-order time derivatives combined
with fractional-order time derivatives. One important characteristic that has increased
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the popularity of fractional-order systems in dynamical system studies is the flexibil-
ity they offer in modeling. An integer-order differential operator is local in nature,
whereas a fractional-order differential operator is non-local, as it accounts for the fact
that the future state of a system depends not only on its present state but also on its
entire history. Due to this realistic property, fractional-order systems are being increas-
ingly employed.

Chaos, a fascinating nonlinear phenomenon, has numerous applications in vari-
ous branches of science and engineering. When two or more chaotic systems are
coupled, or when one chaotic system drives another, synchronization an essential phe-
nomenon in chaotic systems may occur. Pecora and Carroll (1990) [1] were the first
researchers to introduce a method for synchronization between master and slave sys-
tems of identical or non-identical systems with different initial conditions. Owing to its
significant applicability, chaos synchronization has attracted considerable attention in
many fields, including ecological systems [2], physical systems [3], chemical systems
[4], modeling of brain activity, system identification, pattern recognition, and secure
communications [5-7]. In recent years, several synchronization techniques, such as
active control [8-9], adaptive control [10], nonlinear feedback synchronization [11],
and time-delay feedback methods [12], have been successfully applied to chaotic sys-
tems. Synchronization based on the active control method has gained substantial atten-
tion and is now recognized as an effective strategy, as demonstrated in several studies
[13—-15]. A crucial aspect of synchronization analysis is the long-term convergence
of the difference between the states of chaotic systems to zero, a condition known as
complete synchronization.

Synchronization is said to be achieved mathematically when e(f) — 0, where x(#) and
¥(t) denote the state vectors of the master and slave systems, respectively. In contrast,
for anti-synchronization also referred to as complete anti-synchronization the state
vectors have the same magnitudes but opposite signs. Therefore, anti-synchronization
is mathematically defined as x(¢) + y(t) — 0.

The literature review indicates that there are relatively few studies on synchronization
and anti-synchronization of fractional-order systems using the active control method;
therefore, further research in this area is required. The synchronization and anti-
synchronization of fractional-order chaotic systems have also been extensively inves-
tigated in [16-19].

Researchers have employed various approaches, including active control, adaptive
control, and sliding mode control, to achieve synchronization and anti-synchronization
between identical and non-identical chaotic systems. In many studies, the effects of
uncertainties have been considered only at a later stage of the synchronization process.
In practical applications such as secure communication, receiver systems inevitably
encounter various uncertainties, including parameter perturbations and external distur-
bances, which can significantly affect transmission accuracy. Consequently, synchro-
nizing chaotic systems in the presence of uncertainties and disturbances presents sub-
stantial challenges [20-24], particularly for fractional-order systems. If these factors
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are not adequately addressed, synchronization performance may be severely degraded
or even destroyed.

However, to the best of the authors’ knowledge, no research has yet been reported on
the synchronization and anti-synchronization of identical fractional-order uncertain
Qi and Genesio-Tesi systems using the active control approach. The uncertainties are
introduced into the Genesio—Tesi and Qi systems through parametric perturbations,
while external disturbances are modeled as bounded additive functions. These terms
represent realistic operating conditions and practical implementation effects. The ac-
tive control inputs are designed to compensate for the uncertainties and disturbances,
ensuring synchronization and anti-synchronization in the fractional-order chaotic sys-
tems.

This chapter presents an attempt to analyze synchronization and anti-synchronization
between two identical fractional-order uncertain chaotic systems using the active con-
trol method. The organization of the article is as follows. Section 2 presents a review of
the numerical approximation method. Section 3 describes the system models. Section
4 investigates the chaos synchronization of two identical fractional-order uncertain Qi
systems. Section 5 explores the anti-synchronization of two identical fractional-order
uncertain Genesio—Tesi systems. Finally, Section 6 presents the conclusions of the
study.

2. Numerical approximation method

Fractional differential equations must be solved using different numerical tech-
niques than those used to solve ordinary differential equations. For drive-response
systems, we merely derive the predictor-corrector scheme. The generalisation of the
Adams-Bashforth-Moulton method one is represented by this scheme [25-26]. Us-
ing this approach, we interpret the approximate solution of nonlinear fractional-order
differential equations as follows.The considered differential equation

DYy(t) = f(t,y(1)), 0<t<T, O<ac<l 2.1
YOO =y, k=01, [e]
is equivalent to the Volterra integral equation
[a]-1 (k) 1 ¢
a-1
1) = Z Y 10t T fo(t =) f(s,¥(s)ds 22

Set, h=T/N ,t,=nh,n=0,1,....... N € Z*. Then (2.2) can be discredited as follows:
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n* —(n—-a)n + 1)?, if,j =0
Ajps1 == j+2) + (n— et =2 - j+ 1), f0<j<n (2.4)
1, ifi=n+1

where predicted value y(#,41) is determined by

[a]-1 k n
tn 1
i) = D005+ Ty 2 bimet fE 3t 2.5)
k=0 ’ @ j=0
n+l1 h* N N
bim = —((n+1-j7 —(n-79 (2.6)
a
The error estimate is
_max () = yu(tp)| = o(h”) in which p = min(2, 1 + @) (2.7)
J=0,1,.....

3. System descriptions
The Qi chaotic system [27] is described as

Dix=a(y—x)+yz
Dy=cx—-y—-xz 3.1
D,z = —bz + xy,

where a = 35, b = 8/3, ¢ = 80 yield chaotic trajectory. Here, we consider the
fractional-order Qi system[28] as

Dix=a(y—x)+yz
Diy=cx—-y—-xz 3.2)
Dz = —bz + xy,

where « is the fractional order time derivative. The Qi system’s [29] largest Lyapunov
exponent is 4.2134. When the parameters are changed, this system exhibits a sizable
chaotic zone, and its positive Lyapunov exponent is substantially larger than that of
the Lorenz system and the Chen system. The system is still chaotic at the lowest value
of @ = 0.915 .Figure 1 shows the chaotic attractors in x-y-z space for @ = 0.92 .
According to [30], the Genesio-Tesi chaotic system is

Dix=y
Diy=z (3.3)

D,z = —ax — by — ¢z + mx°,
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Ficure 1. Phase portraits of chaotic Qi system for @ = 0.92

FiGure 2. Phase portraits of Genesio-Tesi system for @ = 0.93

wherea = 6,b =292, c = 1.2and m = 1 yield chaotic trajectory. Here, we look at
the Genesio-Tesi system with fractional order [31] as

Dix=y

Diy=z 3.4)
D%z = —ax — by — cz + mx*

The Genesio-Tesi system has a highest Lyapunov exponent of 0.0022. The system is
still chaotic at @ values as low as 0.93. Figure 2 shows the chaotic attractors in x-y-z
space when o = 0.93.
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Fiure 3. Phase portrait of uncertain chaotic Qi system for @ = 0.93

4. Synchronization of two identical fractional order uncertain Qi system

Here we consider an fractional order chaotic uncertain Qi system as the drive
system as

D{xy = a(y; — x1) + 121 + x1 + 0.7 cos(121)

Diyy = cxp —y1 — x121 — 0.02z1 — 1.2x; — 0.5 cos(107) (4.1)
D?Zl =-bz; + X1y1 — 271 + 0.5 sin(10¢),
1 0 0
where the term AU =|—-1.2 0 —0.02|is parametric uncertainties of chaotic systems
0O 0 =2
(4.1) with |AU| < p;, where p; is positive constant representing the upper bound of
0.7 cos(12¢)
the uncertainty term and §(¢) = | —.05 cos(10¢) | is the external disturbance of chaotic
0.5 sin(10¢)

systems (4.1) with |6(7)| < pa,where p; is positive constant.
Figure 3 shows the chaotic attractor of the Qi system with uncertainties and distur-
bances for the frctional order of the derivative @ = 0.93.
The fractional order uncertain chaotic response system is described as
Dixy = a(y, — x2) + y220 + x2 + 0.7 cos(121) + p; (¢)
Diy; = cxy —y2 — x220 — 0.0225 — 1.2x5 — 0.5 cos(101) + 2 (2) (4.2)
D?Zg =—-bz + X2y2 — 270 + 0.5 sin(lOt) + ﬂ3(l),

where u(t) = [u1(f), ua(t), u3(#)]” is the control function to be designed. Our goal
is to look into how the system (4.1) and (4.2) synchronize. Define the error states as



Using active control method to analyze synchronization... 113

e] = X, — X1, e = Yo — Y1, e3 = 25 — 1. The corresponding error dynamics can be
obtained by subtracting equation (4.1) from equation (4.2),which is given by
Dfey =35(e; —e1) + ex + y220 — yiz1 + i (t)
Dfe; = 80e; — e — 0.02e3 — X220 + X121 + o (2) 4.3)
Die3 = —(8/3)e3 — 2e3 + xay2 — x1y1 + u3(t)

We define the control functions y (¢), u»(¢) and us(r) as

ui1(t) = —yazo + y121 — ea + Vi(1)
ta(t) = 0.02e3 + 1.2e; — x20 + x121 + Vo (¥) 4.4
H3(1) = 2e3 — x2y2 + x1y1 + V3(0),

which lead to

Die; = 35(ex —e1) + Vi(1)
D;KEQ = 80e; — ex + V(1) 4.5)
Die3 = —(8/3)es + V3(1)

The error system (4.5) is a linear system in terms of the linear control inputs
Vi(®),V2(0),V3(0).

Following that, we want to make sure that the error system is asymptotically stable
at the zero equilibrium by designing the linear control inputs Vi(¢),V,(¢),V;3(¢) for the
system (4.5), i.e., lim,—,|le(®)|| = O.

Now
Vi(®) ej
Vo) | =M |ez|,
V3(2) e3

where M is a constant 3 by 3 matrix. The matrix M should be chosen so that the
T

feedback system’s eigenvalues A; of M fulfil the control |arg(4;)| > 5, i = 1,2,3 in
order to make the closed loop system stable.

34 -35 0
Considering the matrix M as a good choiceas [-80 0 O
0 0 O
The error system is changed to
Dfel = —€]
D;lez = —€ (46)

D;Ie3 = —be3

All the three eigenvalues of the system (4.6) are nagetive. Hence , the linear system
(4.6) is asymptotically stable. As a result, synchronization between systems (4.1) are
(4.2) is guaranteed.
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FiGure 4. Synchronization for signals (a) between x; and x,, (b) between y; and y,, (¢) between z; and
22, (d) the evolution of the error functions of uncertain chaotic systems, @ = 0.93

4.1. Numerical simulation and results We examine the simulation results for the
synchronisation behaviour of two identical fractional order uncertain Qi systems in
order to validate and show the efficacy of the proposed technique. The generalisation
of the Adams-Bashforth-Moulton approach is used to solve the systems with a time
step size of 0.005 for the numerical simulations. The parameters of the Qi system are
assumed tobe a = 35,b = 8/3, ¢ = 80 in numerical simulation. The drive and response
systems are given initial values of (2,3 — 24) and (-50,—17,27) respectively. The
initial errors are therefore (—50,-20,51) . Figure 4(a-c) depicts the state trajectories
of the synchronisation of the drive and response systems for the order of the derivative
a = 0.93 and Figure4(d) depicts the convergence of the error system towards zero as

time increases.
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Ficure 5. Phase portrait of uncertain Genesio-Tesi system for @ = 0.95

5. Anti-synchronization of two identical fractional order uncertain Genesio-Tesi
systems

In the present section, the anti-synchronization between two identical fractional
order uncertain Genesio-Tesi systems using active control method are studied.
Here the uncertain drive system is described by

Dfx; =y, —0.02x; +0.1z; + 0.1 cos(107)

D;lyl =71 — 05y| -0.5 sin(lOt) (51)
Diz; = —ax; — by; — cz; + mx; — 10x; + 0.2cos(100),
-0.02 0 0.1
where AU; =| 0 —0.5 0 |is parametric uncertainties of chaotic system (5.1)
-10 0 0

with [AU|| < A;, where A, is a positive constant representing the upper bound of the
0.1 cos(101)

uncertainty term and term 8;(¢) = [ —0.5sin(10¢7) | is external disturbance of chaotic
0.2 cos(107)

system (5.1) with |6 (?)| < A, where A is a positive constant.

Figure 5 shows the chaotic attractor of the uncertain Genesio-Tesi system for @ = 0.95.

The uncertain response system is given by

D¢x; =y, —0.02x; + 0.1z2 + 0.1 cos(107) + g (¢)
Dy, = 2o — 0.5y; — 0.5sin(10¢) + 12 (1) (5.2)
D?z = —axy — by, — czo + mx; — 10x; + 0.2cos(100) + p3(t),

where u(f) = [ui(f), ua(t), us(t)]” is the controller to be designed. We define the

error states as follows e; = x, + x|, e2 = y2 + ¥, e3 = 25 + z;1 to explore the anti-
synchronization between system (5.1) and (5.2).
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The corresponding error dynamics can be obtained by adding equation (5.1) and
equation (5.2) which is given by
Die; = e, —0.02¢; +0.1e3 + 0.1 + 1 (7)
D?ez =e3—0.5¢; + ,uz(l) (53)
Dfes = —6e3 —2.92be; — 1.2ce3 — 10e; + x% + x% + us(1)
Choosing the control functions
Hi1(t) =0.02¢; —0.1es + Vi (?)
Ha(t) = 0.5¢; + Vo () 5.4
p3(t) = —(x5 + x7)10e; + V3(),
which leads to
D;Iél =ey+ Vi)
D?ez =e3+ Va(d) (5.5
D?€3 = —6e; —2.92be; — 1.2ce; + V3(1),

where, V(¢), Va(t), V3(¢) are the linear control inputs chosen such that the system (5.5)
becomes stable.

Vi) el
Choosing, | Va()| = M|ea |,
V3(0) e3

where M is 3%3 constant matrix. To ensure the stability of the closed-loop system, the
matrix M should be chosen such that all eigenvalues A; of the feedback system satisfy
the fractional-order stability condition

larg(A4)l > 5,i=1,2,3.
Considering a good choice of the matrix M as
-1.5 -1 0
M = [ 0o =07 —1]
65 292 02
The error system is changed to

D;’el = —1.561
D;YEQ = —0.762 (56)
D;’eg = —e3

Therefore, the linear system (5.6) is stable and we can get its anti- synchronization
between the systems (5.1) and (5.2).

5.1. Numerical simulation and results We examine the simulation results for the
anti-synchronization behaviour of two identical fractional order uncertain Genesio-
Tesi systems in order to validate and illustrate the efficacy of the proposed strategy. In
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numerical simulation the parameters of the Genesio-Tesi system are taken as a = 6,
b =292, ¢ = 12 and m = 1 and time step size is taken as 0.005. The initial
values of the drive and response systems are taken as (-2,3,—4) and (-1,6,-6)
respectively. Thus, the initial errors are (-3,9,—-10) . Figure 6 (a-c) represent the
anti-synchronization between identical fractional order uncertain Genesio system and

Figure 6 (d) represents the errors for the drive and response system for the order of the
derivative @ = 0.95.
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Fig. 6 Anti-synchronization for signals (a) between x; and x, (b) between y, and v, (c)
between z, and z, (d) The evolution of the error functions of chaotic systems for & =0.95

6. Conclusion

Using the active control method, the authors have achieved two significant objec-
tives in their investigation of synchronization and anti-synchronization between two
identical fractional-order uncertain chaotic systems. First, through stability analy-
sis, sufficient conditions for synchronization and anti-synchronization of fractional-
order chaotic systems are derived using linear controller input parameters for the
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corresponding systems. Second, an effective active control approach is employed,
providing a simple and efficient mechanism for achieving synchronization and anti-
synchronization between a pair of fractional-order uncertain chaotic systems. Numer-
ical simulation results further demonstrate that the proposed method enables synchro-
nization and anti-synchronization of two nonlinear fractional-order uncertain chaotic
systems while preserving the chaotic behavior of both systems even after synchroniza-
tion is achieved. In future work, the proposed methodology can be extended to non-
identical fractional-order chaotic systems, time-delay systems, and complex networks
of chaotic oscillators. Furthermore, the incorporation of adaptive and sliding mode
control strategies may enhance robustness against stronger uncertainties and external
disturbances.
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