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s-ELEMENTARY PATH-CONNECTED d-WAVELET SET IN
LX(R)
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Abstract

The study of wavelet analysis can be extended with the help of topological properties. In this paper, we
prove that the collection of s-elementary d-wavelets is path-connected subset of L*(R) by proving the
collection of d-wavelet sets is path-connected through the symmetric difference metric.
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1. Introduction

Let L?(R) be the set of Lebesgue integrable functions on R. Let ¢ € L>(R) N L'(R)
then the Fourier transform of ¢ is denoted by F or ¢ and is defined by

\/% fR e y(1)dt.
JT

The Fourier transform can be uniquely extended to unitary operator on L?(R). For
d > 2, let D, be the dilation and 7 be the translation operator defined on L*(R)
such that Dyy(x) = \/Ew(dx), Tw(x) = Y(x + I) for any € L*(R). A function
¥ € L*(R) is d-wavelet if {d//*y(d’t — k)} kez is an orthonormal basis for L*(R). For
d = 2, it is known as 2-wavelet or simply a wavelet. A measurable subset W of R is
called d-wavelet set if y = \%HXW In this case y is called an s-elementary d-wavelet.

It is easy to see that W is d- wavelet set implies and implied by U;czd'W = R and
Urez(W + k) = R with disjoint unions [2]. The translation and dilation plays a vital
role in the construction of wavelets. In 2009, Wu[14] developed the concept of joint
dilation wavelet set. A measurable subset of R is called a joint dilation wavelet set if
it is a wavelet set with dilation factor 2 as well as (-2). In 2006, D. Larson [3] proved
that the measurable subset E; = [‘d%rdl” , %) Ul dffl, %) U [%, jfi’lr ) is a d-wavelet
set of length 27 and {d"FE : n € Z} is a partition of R\{0}. The two measurable sets U
and V are d-dilation congruent if there is a measurable partition {U, € Z} of U such

that V = U;czd'U;. By the similar way we can say the two measurable sets U and
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V are 2n-translation congruent if there is a measurable partition {U,},cz of U such
that V = Uyez(U; + 27t@) (disjoint). In 1999, D. M. Speegle [13] investigated that the
s-elementary wavelets are path-connected by constructing a wavelet sets containing
certain subsets of R. Later in 2009, X. Dai et al. [7] prove the path-connectivity of
s—elementary frame wavelets with frame MRA and discussed normalized tight frame
wavelets with frame MRA structure.

Wavelets and wavelet sets have been significantly studied by multiple wavelet
specialists, with particular attention paying on multiresolution analysis (MRA) and the
path connectivity of wavelets [7, 9]. In 2018, X. Zhou and B. Wang [5] have studied
Wavelet analysis on some smooth surface with nonzero constant Gaussian curvature
with topological properties. The construction of new wavelets is major concern in the
recent year. The area of study in wavelets theory extended with the help of topological
properties. Dai and Larson in [10] demonstrated that two wavelet sets of a comparable
kind may interpolate between the corresponding s-elementary wavelets. They were
able to rebuild Meyer’s wavelet in this fashion. In 2004, Dai, X. et al.[9] analyzed that
the path-connectedness of s-elementary frame wavelets cannot be improved to uniform
path-connectedness. Consequently neither the sets of normalized tight frame wavelets
nor the sets of frame wavelets are uniformly path-connected. The issue of the path-
connectedness of the set of all orthonormal wavelets was highlighted in [10]. Similar
problems regarding the set of all MRA-wavelets, tight frame wavelets, and MRA tight
frame wavelets were posed and investigated in [15, 16].

The topological properties of various kinds of wavelets are an exciting topic in
wavelet theory. In this paper, we will prove that the collection of s—elementary d-
wavelets is path-connected subset of L?(R) by proving the the collection d-wavelet
sets is path-connected in the symmetric difference metric.

2. Preliminaries

DeriniTION 2.1, [1] A subset ‘W of L2(R) is path-connected if there exists a continuous
map y : [0, 1] — ‘W such that y(0) = v, y(1) = ¢, for Yo, ¥ € W.
Lemma 2.2. [13] Let A be sub-wavelet set. Suppose

(i) thereis an € > 0 such that A C [-2n+ €,—m) U [1,21 — €).
(i) S = (=27, —m) U [r,2m)\A? has non-empty interior.

Then there is wavelet set W such that A Cc W.

Lemma 2.3. [13] Let E be a subset of [-2n, —m)U[r, 21) which has non-empty interior.
Let F be any subset of [-2n, —m) U [rr,2n). Then there is set G such that the following
conditions holds:

(i) G is 2-dilation congruent to a subset of E.
(1) G is 2n-translation congruent to F.

DerintTiON 2.4, [11] A measurable set W of R is called joint-(d, —d)-dilation wavelet
set if it is d-dilation wavelet set as well as d-dilation wavelet set.
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THeEOREM 2.5. [11] If W is a d-dilation wavelet set, then there is a partition {Ay}rez Of
[0, 1]) and a bijective map i’%v :[0,1) — [0, 1) given by

hiy(0) = ld"Eax)), x€ A
Conversely, if there is a bijective map h : [0,1) — [0, 1) defined by
h(x) = |d“Ea(x)),  x €A

where {Ai ez is a partition of [0, 1), then there is d-dilation wavelet set W such that
7d _

hy, = h.

DEeriniTION 2.6. [12] A measurable set W C R is d-dilation multiwavelet set of order L
ifW= UiL= o Wi, for some measurable subsets Wy, Ws, - - -, Wy, satisfying

O Zkezxw (& +K) - xw, (€ +k)=6mae. §€R,Lm=12,--- L and
(11) ZjGZZIL:1 Xw,(d]f) =1,ae. f e R.

TueEOREM 2.7. [1] For any two A-dilation MRA wavelets o and 1, there exists a
continuous map y : [0,1] — W such that y(0) = Yo, y(1) = Y1 and y(t) is an
A-dilation MRA wavelet for all t € [0, 1].

For given a Lebesgue measure A and u let us denote the symmetric difference
metric d,(A,B) = u(A @ B) and d;(A,B) = u(A @ B). Then further we have the
following lemma:

Lemma 2.8. [13] Let V be a measurable subset of R\{0} such that I : (M(V),d,) —
(M(V),d,) is homeomorphism.

THEOREM 2.9. [13] The wavelet sets are path-connected in the symmetric difference
metric.

THeEOREM 2.10. [13] The s—elementary wavelets form a path-connected subset of
L*(R).

3. Sub-wavelet set of d-wavelet set

Throughout this section E; denotes the d-wavelet set [‘d%:il”, {;—f’f) Ul dffl, %) U

(242, jﬁ’i’{) and I¢ denotes the set [—e, %) U [, (d_%) U (%,e), for d > 2.
Define the translation by integer and dilation by d through the maps 7 : R — E,; and

0 : (R\{0}) — E, respectively, defined as

) =x+k  S(x)=d'x jkeZ

The measurable set E is d-wavelet set if and only if 8| and 7|g are one-one-onto
mapping (modulo null sets). Set E is sub-wavelet set if d|g and 7|g are one-one
mapping (modulo null set).
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LemMma 3.1. Consider the subset X of[_derdl”, ;i’lr) U [d2 T d+1) U [jf’lr, Zfz’{)f rd>?2

having non-empty interior and Y be any subset of [—€, == 1)E) U[s, @ 1)6) U ((d D o)
for € > 0. Then there is a measurable subset F of R such that Fis d dllatzon congruent
to X and integer translation congruent to Y.

Proor. Consider X having non-empty interior then for € > 0 and x € X there exists
N(x,€)such x € N(x, €) C X. Let n be an integer such that d"e > 2(d + 1)n. Thzen there
exists k such that d"N(x, €) is superset of ([=24% {ﬁ’lr) U [d2 T d+1) U2z, 2dnyy ok

d+1° d+1° d?-1
2dn =2 2dx 242
Therefore, for subset Y of [, d+’1’)u[d2 T d+1)u[d+’1’, Zi-1), consider F = Y +n,n €
Z which is d—dilation congruent to X and integer translation congruent to Y. m|

2
)U [ddlr 2d°m

Lemma 3.2. For any € > 0 and d > 2. The sets [ 4%, 722) U [ 3~ T o1

d+1°

-1’ d+1

and [—€, ~4= 1)E) U [4, @ 1)E) U ((d V< &) are d—dilation congruent. Consequently
if X is subset of [ dzfl”, ;f’f) U [d2 1,d+1) U [ﬁi’{, ﬁf 7). Then there is a subset F of

[—e, _(d(;l)f) U, (d_dl)f) U dl)e, €) such that F is d—dilation congruent to P.

Proor. To prove the lemma, it is sufficient to show that

2dx =2 2dn 2 ~(d-1 d-1
Uiezd'([ 28, 220y y [ £, 20y y (28 20)) = Gipdi([—e, "5 U [5, 1) U
(d- 1)e

= 9).

-2 2 2dx 2 d-1 d-1 d-1
Smce[mf’dﬁf [ 78 U L35 355 and [-e, 2GR U 5. P9 U (. )
are wavelet sets. Therefore, U;czd ([ d%rdl”, ;f’lr) U [d,_l, d+1) U [d+’{, fif )
= R and Uiezdi([—€, 2= 1)E) U 5, @ 1)E) U ((d De ¢)) = R. Hence we have

2dx -2 2 —(d-1 d-1
Uiezd'([Z24, 220y U [ 1,dH)u [2dx, 20y = ,-Ezdl([—e, @Dey g [, 4209y U
(d=D)e

(==, ).
O
THEOREM 3.3. Let P be a sub-wavelet set of d—wavelet set. If T(P) is subset of [ d2+dl”
—2r 2dn 2dz 2dn =2n 2dn 2d’n
’d+1)U[!2 1’d+1) (1> =1 T€) and the set [ 5 ’d+l)U[d7 1’d+l)U[d+l’d2—1)\6(P)

has non-empty interior. Then there is a wavelet set W D P.

Proor. Consider a set M = U;enX; for disjoint {X;};en with non-empty interior. Let
— 2

Yo = (37 7D Y 75, 25 U [E5, Z5)\t(P). Therefore by lemma(3.1) there

is a subset F'; which is integer translation congruent to Y; and d—dilation congruent

to some subset of X;. Now using lemma(3.2) to obtain F, subset of [—e, e l)E) U

(5. @ 1)6) U ((d <€) such that F, is d—dilation congruent to X = X;\(6(F; U P)).
Next in order to construct (P U F{ U F») it is noted that (P UFU Fz) is sub-wavelet

satisfying 7(P) is contained in [_dzfl” + €, dz”) U [[[Z T d+1 =Ly y [dsz’lr, 551 T — &) for some

_ 2 .
€ = 5,and for M = ([ dzfl” , di’f YU[ -2 o d o )U[%’ 52151 I)\7(P) has non-empty interior

along with M = U2, X;.

. _ 2
Next, let us consider Y, = [dzfl” <, di’lr)u[d2 l,dﬂ)u[jf’lr,jfl 5)\T(PUF1UF2).

Then by lemma 3.1, there exists a set F3 such that it is integer translation equivalent
to Y, and d—dilation congruent to X;. Now consider X = X,\6(P U F; U F U F3)
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to obtain F,4 which is contained in (=, i l)6) U (%, @ 1)5) U ((d Ve ) and by
lemma3.2, it is d—dilation congruent to X. By using 51m11ar argument we can obtain
P C (UienFi)(= W) a d—wavelet set. O

4. Path-connectivity of d—wavelet sets

Now we are ready to show the connectivity of d—wavelet sets. Consider ‘W be the
collection of d—wavelet sets. Then we will show there is a continuous path from [0, 1]
to ‘W under the metric d,(P, Q) = u(P & Q), here u stands for Lebesgue measure in R
and @ denotes the symmetric difference of sets.

In order to show our main claim first we will prove some lemmas.

Lemma 4.1. If E be a sub-wavelet set of d-wavelet set. Then the function 6|g and T|g
from (M(E), d)) to (ME,,d,) are homeomorphism.

Proor. Since the mapping d|g and 7|g are distance preserving in the sense of measure
of symmetric difference of sets. Therefore, this lemma follows from lemma (2.8). O

Lemma 4.2. Consider P C E; and for s > 0, B = B(P, s) be the unique subset of
(—s, 2= 1)s)U(A @ 1)S)U((d DS &) which is d-dilation congruent to P. Then B depends
com‘muously on P and s wzth respect to symmetric difference metric d,.

Proor. Since by lemma (3.2), for any subset X of Ej, there exists a subset F of 1;’ such
that 6(F) = X. Thus, in case of F = I¢ we have §(F) = E,.

Now, our aim to prove (i) B(PN(6(Fs,NFy,)), s1) = B(PN(S(Fs,NFy,)), s2) and (ii)
B(PN(6(Fs,NFy,)), s1) C Fs \Fs,. To prove (i) let PNO(F5, NF,) be subset of E, then
for sy, 52 > 0 we have a unique subset B(P N (6(F, N Fy,)), s2) of F, such that it is d-
dilation congruent to PNS(F;,NF,). Itis sufficient to prove that B(PN(6(F5,NFy,)), 52)
is subset of F, and this holds just from B(PN(6(F, NFy,)), s2) = Fs, NF, C F &F,
this proves (i). Next, for (ii) it is sufficient to show B(6(F\Fy,), s1) = Fg\F,.
Since F \Fy, is d-dilation congruent to 6(F, \F,) and is a subset of F,. Consider
K* = K U (6(F,\Fy,))) therefore, for K = P, Q we have P*(P N 6(F\Fy,),s) = P. By

the definition of B and B(Pb(alé,(slf 3 yé(z]},;ks@)@ ﬁséz‘ﬁglz\‘ﬁ%?)l?tﬂijl:
:B(P*’ Sl) U B(P m 5(FS| \Fsz)’ Sl)'
Similarlys B(Q9 s2) =B(Q* U (Q N é‘(];'Sl \Fé'z))7 SZ)
=B(Q", 52) U B(Q N 0(Fy,\Fy,), 52).
Here B(PNS(F\Fs,), s1))NB(QNO(Fs \Fs,), s2) = 0, so for R =symmetric difference
of B(P,s;) and B(P,s) i.e. R = B(P,s;) @ B(P,s;) and by using the values of

B(P, 51), B(Q, 52), we get
R =B(P,5) ® B(P, 5)

R =(B(P", 51) U B(P N 6(F,\Fy,)), s1)) © (B(Q", 52) U(Q N O(Fy,\Fy,)), 52))
R C(B(P*, s1) ® (B(Q", $2)) U B(P N 6(F,\Fy,), s1) U B(Q N 6(F,\Fy,), 82)
C(F5\Fy,) U (B(P, 51) © B(Q", 52)).
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Therefore, if P — Q then B(P,s;) & B(P,s;) — (. By definition of F¢, if
s; — s then F,, & F;, — 0. Also, by lemma (4.1) with E = F. we have
B(P*,s1) ® B(Q*,s;) — 0 as P — Q. Hence the mapping (P,e) — B(P,€) is
continuous for € > 0. m]

Lemma 4.3. Let P be a subset of E;. Consider a sequence of real number {t,}en
bounded below by = 2"” and bounded above by 3 2”. If € > 0 be a real number
and n = n(e) be the smallest integer such that tye < :i%rdl” + €. Then there is a
function T = T(P, €) such that T is integer translation congruent to P and d-dilation
congruent to some subset of [tye)+1, 7 :’1 + €). Also, T is continuous function of (P, €)
with respect to symmetric difference metric d, and if Py N\ P, = 0, €,6 > 0 then

O(T(P1,e)) NO(T(P2,6)) =0

Proor. Let us consider an explicit way to construct 7. Let k,, [, be smallest integer for
each n such that E; + k, is contained in d"[t,.1, t,), where k,, [, does not depends on
Pand e. Assume Ty = T1(P,€) = (P + kije-1) N dlio [fice)» ;% +e€)and Q = Q(P,s) =
P\t(Ty), T, = T2(P,e) = Q + kiiy. Now we show that T = T, U T satisfies the
condition stated in this lemma. Since (Q + ki) C (E4 + ki) C d'e [Zie)+1, tiey) and
[Lie)+15 tie)) N [tie)s %{ + €) = 0. Therefore, by lemma (3.2), T is integer translation
congruent to P and d-dilation congruent to some subset of [t,(E), =1 te.

Next, to prove T is continuous function of P and €. Let P, — P and ¢, — ¢,
for an integer valued function i such that i(e,) — i(e) . Thus, it is sufficient to show
that T\ (P, €,) — T1(P,€) and T»(P,,€,) — T2(P, €). Since by the definition of T,
we have T1(Py, €) =(Py + kigey-1) N d" [, dZdT *e)

=T1(P,e), as € — € forn — oo.

So, Q(Py, &) = Py\T(T1(Py, €)) — P\1(T1(P, €)) = Q(P, €). Therefore, T2(Py, €) =

O(P,, €,) +i(,) — Q(P,e) + i(e) = To(P,€). Next, consider i(e,) — i(€) then by

definition of i this happens only when _dadl” + € = t,,, for some m € Z. If ¢, — € then

i(e,) — i(€) this gives ¢, decreases to €. Thus, by choosing i(e,) = i(¢€) — 1, we obtain
2dn

Ti(Py, &) =(Py +i(€) = 1) N d" 1), == + &)
—2dn
=(P, +i(€) = 2) Nd"2[t o\, —— +
( n l(f) ) [1(5,,) 1 d+1 En)
as €, — € then
Ti(Py, €) —0.
As i(€) is the smallest integer depends on € and #;) < — T +€. Therefore, [#,)-1, dzfl” +

€,) = 0 (modulo null set). Hence we have, T|(P,, €,) = TZ(P,,, €) = (P \T(T1))+kie)-1
and therefore, T'(P,,€,) — T(P,€) as T(P,e) = T\(P,e) = P + lj9-1. Also, by the
construction of T(Py,€) = Ul" oKi» T(P2, &) = U2, L; with the condition K;, L; C
[€41,€) and g = df’lr we conclude that (T'(Pq, €)) N (T (P>, 62)) = U2, (K; U Ly).
Thus, it is sufficient to show K; N L; = 0, for each i. Since (d“K; — m;) ¢ P; and
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(d“L; — m;) c P, for some m; € Z this gives P N P, = 0, hence K; N L; = 0. This
proves the lemma. O

THEOREM 4.4. The collection of s-elementary d-wavelet sets are path connected in the
symmetric difference metric.

Proor. Let C. and D, be subsets of wavelet set W, for ¢t € [0,7] which are 27

translation congruent to [-7—¢€, —m)U[x, m+€] and d-dilation congruent to [‘i‘[l” , ;2;’1” +

e)U[d2 Ts d+1)U[§2d2’1‘ €, 5;1 ’1‘) Consider the set F. = [ dzfl”+e, ;TQ’f—e)U[d , d+1)U
[5‘1’1’ €, ﬁﬁi Z — ¢€) then there will form a path for subsets of d-wavelet sets W. Since
dilation(d), translatlon(r) and sets operations are continuous functions with respect to
symmetric difference metric d,.

Next, we will construct a set of continuous function 7, of € such that Gc U (U (T),)
forms a d-wavelet set for all € € [O nr]. For fix t,, and functlon i as defined in lemma

(4.3). Define V; = Vi(e) = [ P& + £, 2% + ) U [ 5, ZHU[FE - £ 24° x4+ 5

&2 1’ d+1 &> a-
fori=0,1,2,3,.... By definitions of B and T discussed in lemma (4 2), lemma (4 3)

we have 6(G¢) C Vy(€'), 7(G.) € Vy(€') and by lemma (4.2), consider Py = Py(e) =
Vo(e)\6(Ge) and define Ty = B(Py, ty) for ty = ty(€) = € which is function of € and
is continuous for each €. Here we note that by lemma (4.3), Vy(€¢’) € 6(Ty U G¢) C
[tiey+1, =] U [, =tjey+1) and 7(To U G¢) C Vp(€') U Vi(€'). Then consider Uy =
Uo(e) = Vo(e)\1(Ty U G,) and define T = T(Uy, lp) for [y = €', which is continuous
function of e. Also note that Vo(e') C 6(To U T UG,) C [tiey+1, —m] U [, —tiey+1) and
Vo(€') € 7(To U T; UG, C Vy(e') U Vi(€). Next, let us assume T4, 75, ... s Topi
are continuous functions of € and for each [ lies between O and (p — 1), satisfies
two conditions: (i) U’ WVie) 6(U2’ TjUGo) C Iy f)+1,—7r) U [, ~lics 1) and

Ul Vi) c T(U2 T,UG,) C u+1 LViey. (i) U LoVile) ¢ 6(U2”1) c [zl( W
[7r, ~t¢),;) and Uj:ij(f) c T(U?l:bl T; UG, C UlJrl Vi(€') then we need to define
d

—m) U

function T3, and T, with the same properties. Let P, = V (€ )\6(U TV Ge)

and T, = B(P,s,) be a continuous function of € for s,, = 5. Next, let us define
= V(¢ )\T(U2p T;UG,) and Typy = T(Up, 1y), forl, = 5 _ be continuous functlon

of €. By lemma (4 3) for odd and even values of j we 6({ i} i=2p+1) NOUT j} j=2p) =

Thus by the condition Vy(¢') C 7(Ge Uz” T ;) and the definition of V;, we have a

d-wavelet sets W, = G, U;" where u(U] 1 T < ;—;. This entire process for
the construction of 7'; sets gives the1r continuity and hence the continuity of d-wavelet
sets. Now by using the above discussion and the fact that metric d, restricted to s-
elementary d-wavelet, proves the path-connectedness of s-elementary d-wavelets in
L*(R). ]
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