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s-ELEMENTARY PATH-CONNECTED d-WAVELET SET IN
L2(R)

ARUN KUMAR ) and G. C. S. YADAV

Abstract

The study of wavelet analysis can be extended with the help of topological properties. In this paper, we 
prove that the collection of s-elementary d-wavelets is path-connected subset of L2(R) by proving the 
collection of d-wavelet sets is path-connected through the symmetric difference metric.
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1. Introduction

Let L2(R) be the set of Lebesgue integrable functions on R. Let ψ ∈ L2(R) ∩ L1(R) 
then the Fourier transform of ψ is denoted by F ψ or ψ̂ and is defined by

1
√

2π

∫
R

e−istψ(t)dt.

The Fourier transform can be uniquely extended to unitary operator on L2(R). For
d ≥ 2, let Dd be the dilation and Tl be the translation operator defined on L2(R)
such that Ddψ(x) =

√
dψ(dx), Tlψ(x) = ψ(x + l) for any ψ ∈ L2(R). A function

ψ ∈ L2(R) is d-wavelet if {d j/2ψ(d jt − k)} j,k∈Z is an orthonormal basis for L2(R). For
d = 2, it is known as 2-wavelet or simply a wavelet. A measurable subset W of R is
called d-wavelet set if ψ̂ = 1

√
2π
χW . In this case ψ is called an s-elementary d-wavelet.

It is easy to see that W is d- wavelet set implies and implied by ∪i∈ZdiW = R and
∪k∈Z(W + k) = R with disjoint unions [2]. The translation and dilation plays a vital
role in the construction of wavelets. In 2009, Wu[14] developed the concept of joint
dilation wavelet set. A measurable subset of R is called a joint dilation wavelet set if
it is a wavelet set with dilation factor 2 as well as (-2). In 2006, D. Larson [3] proved
that the measurable subset Ed = [−2dπ

d+1 ,
−2π
d+1 ) ∪ [ 2π

d2−1 ,
2π

d+1 ) ∪ [ 2dπ
d+1 ,

2d2π
d2−1 ) is a d-wavelet

set of length 2π and {dnE : n ∈ Z} is a partition of R\{0}. The two measurable sets U
and V are d-dilation congruent if there is a measurable partition {Uα ∈ Z} of U such
that V = ∪i∈ZdiUi. By the similar way we can say the two measurable sets U and
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V are 2π-translation congruent if there is a measurable partition {Uα}α∈Z of U such
that V = ∪α∈Z(Ui + 2πα) (disjoint). In 1999, D. M. Speegle [13] investigated that the
s-elementary wavelets are path-connected by constructing a wavelet sets containing
certain subsets of R. Later in 2009, X. Dai et al. [7] prove the path-connectivity of
s−elementary frame wavelets with frame MRA and discussed normalized tight frame
wavelets with frame MRA structure.

Wavelets and wavelet sets have been significantly studied by multiple wavelet
specialists, with particular attention paying on multiresolution analysis (MRA) and the
path connectivity of wavelets [7, 9]. In 2018, X. Zhou and B. Wang [5] have studied
Wavelet analysis on some smooth surface with nonzero constant Gaussian curvature
with topological properties. The construction of new wavelets is major concern in the
recent year. The area of study in wavelets theory extended with the help of topological
properties. Dai and Larson in [10] demonstrated that two wavelet sets of a comparable
kind may interpolate between the corresponding s-elementary wavelets. They were
able to rebuild Meyer’s wavelet in this fashion. In 2004, Dai, X. et al.[9] analyzed that
the path-connectedness of s-elementary frame wavelets cannot be improved to uniform
path-connectedness. Consequently neither the sets of normalized tight frame wavelets
nor the sets of frame wavelets are uniformly path-connected. The issue of the path-
connectedness of the set of all orthonormal wavelets was highlighted in [10]. Similar
problems regarding the set of all MRA-wavelets, tight frame wavelets, and MRA tight
frame wavelets were posed and investigated in [15, 16].

The topological properties of various kinds of wavelets are an exciting topic in
wavelet theory. In this paper, we will prove that the collection of s−elementary d-
wavelets is path-connected subset of L2(R) by proving the the collection d-wavelet
sets is path-connected in the symmetric difference metric.

2. Preliminaries

Definition 2.1. [1] A subsetW of L2(R) is path-connected if there exists a continuous
map γ : [0, 1] −→W such that γ(0) = ψ0, γ(1) = ψ1, for ψ0, ψ1 ∈ W.

Lemma 2.2. [13] Let A be sub-wavelet set. Suppose

(i) there is an ε > 0 such that Aτ ⊂ [−2π + ε,−π) ∪ [π, 2π − ε).
(ii) S = ([−2π,−π) ∪ [π, 2π))\Ad has non-empty interior.

Then there is wavelet set W such that A ⊂ W.

Lemma 2.3. [13] Let E be a subset of [−2π,−π)∪[π, 2π) which has non-empty interior.
Let F be any subset of [−2π,−π) ∪ [π, 2π). Then there is set G such that the following
conditions holds:

(i) G is 2-dilation congruent to a subset of E.
(ii) G is 2π-translation congruent to F.

Definition 2.4. [11] A measurable set W of R is called joint-(d,−d)-dilation wavelet
set if it is d-dilation wavelet set as well as d-dilation wavelet set.
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Theorem 2.5. [11] If W is a d-dilation wavelet set, then there is a partition {Ak}k∈Z of
[0, 1]) and a bijective map h̃d

W : [0, 1) −→ [0, 1) given by

h̃d
W(x) = bdk(ξd(x))c, x ∈ Ak.

Conversely, if there is a bijective map h : [0, 1) −→ [0, 1) defined by

h(x) = bdk(ξd(x))c, x ∈ Ak,

where {Ak}k∈Z is a partition of [0, 1), then there is d-dilation wavelet set W such that
h̃d

W = h.

Definition 2.6. [12] A measurable set W ⊂ R is d-dilation multiwavelet set of order L
if W = ∪L

i=0Wi, for some measurable subsets W1,W2, · · · ,WL, satisfying

(i)
∑

k∈Z χWl (ξ + k) · χWm (ξ + k) = δl,m, a.e. ξ ∈ R, l,m = 1, 2, · · · , L. and
(ii)

∑
j∈Z
∑L

l=1
χWl (d

jξ) = 1, a.e. ξ ∈ R.

Theorem 2.7. [1] For any two A-dilation MRA wavelets ψ0 and ψ1, there exists a
continuous map γ : [0, 1] −→ W such that γ(0) = ψ0, γ(1) = ψ1 and γ(t) is an
A-dilation MRA wavelet for all t ∈ [0, 1].

For given a Lebesgue measure λ and µ let us denote the symmetric difference
metric dµ(A, B) = µ(A ⊕ B) and dλ(A, B) = µ(A ⊕ B). Then further we have the
following lemma:

Lemma 2.8. [13] Let V be a measurable subset of R\{0} such that I : (M(V), dλ) −→
(M(V), dµ) is homeomorphism.

Theorem 2.9. [13] The wavelet sets are path-connected in the symmetric difference
metric.

Theorem 2.10. [13] The s−elementary wavelets form a path-connected subset of
L2(R).

3. Sub-wavelet set of d-wavelet set

Throughout this section Ed denotes the d-wavelet set [−2dπ
d+1 ,

−2π
d+1 ) ∪ [ 2π

d2−1 ,
2π

d+1 ) ∪
[ 2dπ

d+1 ,
2d2π
d2−1 ) and Id

ε denotes the set [−ε, −(d−1)ε
d ) ∪ [ εd ,

(d−1)ε
d ) ∪ ( (d−1)ε

d , ε), for d ≥ 2.
Define the translation by integer and dilation by d through the maps τ : R −→ Ed and
δ : (R\{0}) −→ Ed respectively, defined as

τ(x) = x + k, δ(x) = d jx j, k ∈ Z.

The measurable set E is d-wavelet set if and only if δ|E and τ|E are one-one-onto
mapping (modulo null sets). Set E is sub-wavelet set if δ|E and τ|E are one-one
mapping (modulo null set).
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Lemma 3.1. Consider the subset X of [−2dπ
d+1 ,

−2π
d+1 ) ∪ [ 2π

d2−1 ,
2π

d+1 ) ∪ [ 2dπ
d+1 ,

2d2π
d2−1 ) for d ≥ 2

having non-empty interior and Y be any subset of [−ε, −(d−1)ε
d )∪ [ εd ,

(d−1)ε
d )∪ ( (d−1)ε

d , ε)
for ε > 0. Then there is a measurable subset F ofR such that F is d−dilation congruent
to X and integer translation congruent to Y.

Proof. Consider X having non-empty interior then for ε > 0 and x ∈ X there exists
N(x, ε) such x ∈ N(x, ε) ⊂ X. Let n be an integer such that dnε > 2(d + 1)π. Then there
exists k such that dnN(x, ε) is superset of ([−2dπ

d+1 ,
−2π
d+1 ) ∪ [ 2π

d2−1 ,
2π

d+1 ) ∪ [ 2dπ
d+1 ,

2d2π
d2−1 )) + k.

Therefore, for subset Y of [−2dπ
d+1 ,

−2π
d+1 )∪[ 2π

d2−1 ,
2π

d+1 )∪[ 2dπ
d+1 ,

2d2π
d2−1 ), consider F = Y +n, n ∈

Z which is d−dilation congruent to X and integer translation congruent to Y . �

Lemma 3.2. For any ε > 0 and d ≥ 2. The sets [−2dπ
d+1 ,

−2π
d+1 ) ∪ [ 2π

d2−1 ,
2π

d+1 ) ∪ [ 2dπ
d+1 ,

2d2π
d2−1 )

and [−ε, −(d−1)ε
d ) ∪ [ εd ,

(d−1)ε
d ) ∪ ( (d−1)ε

d , ε) are d−dilation congruent. Consequently
if X is subset of [−2dπ

d+1 ,
−2π
d+1 ) ∪ [ 2π

d2−1 ,
2π

d+1 ) ∪ [ 2dπ
d+1 ,

2d2π
d2−1 ). Then there is a subset F of

[−ε, −(d−1)ε
d ) ∪ [ εd ,

(d−1)ε
d ) ∪ ( (d−1)ε

d , ε) such that F is d−dilation congruent to P.

Proof. To prove the lemma, it is sufficient to show that
∪i∈Zdi([−2dπ

d+1 ,
−2π
d+1 ) ∪ [ 2π

d2−1 ,
2π

d+1 ) ∪ [ 2dπ
d+1 ,

2d2π
d2−1 )) = ∪i∈Zdi([−ε, −(d−1)ε

d ) ∪ [ εd ,
(d−1)ε

d ) ∪
( (d−1)ε

d , ε)).
Since [−2dπ

d+1 ,
−2π
d+1 ) ∪ [ 2π

d2−1 ,
2π

d+1 ) ∪ [ 2dπ
d+1 ,

2d2π
d2−1 ) and [−ε, −(d−1)ε

d ) ∪ [ εd ,
(d−1)ε

d ) ∪ ( (d−1)ε
d , ε)

are wavelet sets. Therefore, ∪i∈Zdi([−2dπ
d+1 ,

−2π
d+1 ) ∪ [ 2π

d2−1 ,
2π

d+1 ) ∪ [ 2dπ
d+1 ,

2d2π
d2−1 ))

= R and ∪i∈Zdi([−ε, −(d−1)ε
d ) ∪ [ εd ,

(d−1)ε
d ) ∪ ( (d−1)ε

d , ε)) = R. Hence we have
∪i∈Zdi([−2dπ

d+1 ,
−2π
d+1 ) ∪ [ 2π

d2−1 ,
2π

d+1 ) ∪ [ 2dπ
d+1 ,

2d2π
d2−1 )) = ∪i∈Zdi([−ε, −(d−1)ε

d ) ∪ [ εd ,
(d−1)ε

d ) ∪
( (d−1)ε

d , ε)).
�

Theorem 3.3. Let P be a sub-wavelet set of d−wavelet set. If τ(P) is subset of [−2dπ
d+1 +

ε, −2π
d+1 )∪[ 2π

d2−1 ,
2π

d+1 )∪[ 2dπ
d+1 ,

2d2π
d2−1 +ε) and the set [−2dπ

d+1 ,
−2π
d+1 )∪[ 2π

d2−1 ,
2π

d+1 )∪[ 2dπ
d+1 ,

2d2π
d2−1 )\δ(P)

has non-empty interior. Then there is a wavelet set W ⊃ P.

Proof. Consider a set M = ∪i∈NXi for disjoint {Xi}i∈N with non-empty interior. Let
Y1 = ([−2dπ

d+1 ,
−2π
d+1 ) ∪ [ 2π

d2−1 ,
2π

d+1 ) ∪ [ 2dπ
d+1 ,

2d2π
d2−1 ))\τ(P). Therefore by lemma(3.1) there

is a subset F1 which is integer translation congruent to Y1 and d−dilation congruent
to some subset of X1. Now using lemma(3.2) to obtain F2 subset of [−ε, −(d−1)ε

d ) ∪
[ εd ,

(d−1)ε
d ) ∪ ( (d−1)ε

d , ε) such that F2 is d−dilation congruent to X = X1\(δ(F1 ∪ P)).
Next, in order to construct (P ∪ F1 ∪ F2) it is noted that (P ∪ F1 ∪ F2) is sub-wavelet
satisfying τ(P) is contained in [−2dπ

d+1 + ε1,
−2π
d+1 ) ∪ [ 2π

d2−1 ,
2π

d+1 ) ∪ [ 2dπ
d+1 ,

2d2π
d2−1 − ε1) for some

ε1 = ε
d , and for M = ([−2dπ

d+1 ,
−2π
d+1 )∪[ 2π

d2−1 ,
2π

d+1 )∪[ 2dπ
d+1 ,

2d2π
d2−1 ))\τ(P) has non-empty interior

along with M = ∪∞i=2Xi.
Next, let us consider Y2 = [−2dπ

d+1 + ε
d ,
−2π
d+1 )∪[ 2π

d2−1 ,
2π

d+1 )∪[ 2dπ
d+1 ,

2d2π
d2−1−

ε
d )\τ(P∪F1∪F2).

Then by lemma 3.1, there exists a set F3 such that it is integer translation equivalent
to Y2 and d−dilation congruent to X2. Now consider X = X2\δ(P ∪ F1 ∪ F2 ∪ F3)
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to obtain F4 which is contained in (−εd ,
−(d−1)ε

d2 ) ∪ ( ε
d2 ,

(d−1)ε
d2 ) ∪ ( (d−1)ε

d2 , εd ) and by
lemma3.2, it is d−dilation congruent to X. By using similar argument we can obtain
P ⊂ (∪i∈NFi)(= W) a d−wavelet set. �

4. Path-connectivity of d−wavelet sets

Now we are ready to show the connectivity of d−wavelet sets. ConsiderW be the
collection of d−wavelet sets. Then we will show there is a continuous path from [0, 1]
toW under the metric dµ(P,Q) = µ(P ⊕ Q), here µ stands for Lebesgue measure in R
and ⊕ denotes the symmetric difference of sets.

In order to show our main claim first we will prove some lemmas.

Lemma 4.1. If E be a sub-wavelet set of d-wavelet set. Then the function δ|E and τ|E
from (M(E), dλ) to (MEd, dλ) are homeomorphism.

Proof. Since the mapping δ|E and τ|E are distance preserving in the sense of measure
of symmetric difference of sets. Therefore, this lemma follows from lemma (2.8). �

Lemma 4.2. Consider P ⊂ Ed and for s > 0, B = B(P, s) be the unique subset of
(−s, −(d−1)s

d )∪( s
d ,

(d−1)s
d )∪( (d−1)s

d , s) which is d-dilation congruent to P. Then B depends
continuously on P and s with respect to symmetric difference metric dλ.

Proof. Since by lemma (3.2), for any subset X of Ed, there exists a subset F of Id
ε such

that δ(F) = X. Thus, in case of F = Id
ε we have δ(F) = Ed.

Now, our aim to prove (i) B(P∩(δ(Fs1∩Fs2 )), s1) = B(P∩(δ(Fs1∩Fs2 )), s2) and (ii)
B(P∩(δ(Fs1∩Fs2 )), s1) ⊂ Fs1\Fs2 . To prove (i) let P∩δ(Fs1∩Fs2 ) be subset of Ed then
for s1, s2 > 0 we have a unique subset B(P∩ (δ(Fs1 ∩ Fs2 )), s2) of Fs1 such that it is d-
dilation congruent to P∩δ(Fs1∩Fs2 ). It is sufficient to prove that B(P∩(δ(Fs1∩Fs2 )), s2)
is subset of Fs1 and this holds just from B(P∩(δ(Fs1∩Fs2 )), s2) = Fs1∩Fs2 ⊂ Fs1 &Fs2

this proves (i). Next, for (ii) it is sufficient to show B(δ(Fs1\Fs2 ), s1) = Fs1\Fs2 .
Since Fs1\Fs2 is d-dilation congruent to δ(Fs1\Fs2 ) and is a subset of Fs1 . Consider
K∗ = K ∪ (δ(Fs1\Fs2 )) therefore, for K = P,Q we have P∗(P ∩ δ(Fs1\Fs2 ), s) = P. By
the definition of B and B(P ∩ δ(Fs1\Fs2 ), s1) ⊂ Fs1\Fs2 we obtain:B(P, s1) =B(P∗ ∪ (P ∩ δ(Fs1\Fs2 )), s1)

=B(P∗, s1) ∪ B(P ∩ δ(Fs1\Fs2 ), s1).
Similarly, B(Q, s2) =B(Q∗ ∪ (Q ∩ δ(Fs1\Fs2 )), s2)

=B(Q∗, s2) ∪ B(Q ∩ δ(Fs1\Fs2 ), s2).

Here B(P∩δ(Fs1\Fs2 ), s1)∩B(Q∩δ(Fs1\Fs2 ), s2) = ∅, so for R =symmetric difference
of B(P, s1) and B(P, s2) i.e. R = B(P, s1) ⊕ B(P, s2) and by using the values of
B(P, s1), B(Q, s2), we get

R =B(P, s1) ⊕ B(P, s2)
R =(B(P∗, s1) ∪ B(P ∩ δ(Fs1\Fs2 )), s1)) ⊕ (B(Q∗, s2) ∪ (Q ∩ δ(Fs1\Fs2 )), s2))
R ⊂(B(P∗, s1) ⊕ (B(Q∗, s2)) ∪ B(P ∩ δ(Fs1\Fs2 ), s1) ∪ B(Q ∩ δ(Fs1\Fs2 ), s2)
⊂(Fs1\Fs2 ) ∪ (B(P∗, s1) ⊕ B(Q∗, s2)).



36 Arun Kumar and G.C.S. Yadav

Therefore, if P −→ Q then B(P, s1) ⊕ B(P, s2) −→ ∅. By definition of Fε , if
s1 −→ s2 then Fs1 ⊕ Fs2 −→ ∅. Also, by lemma (4.1) with E = Fε we have
B(P∗, s1) ⊕ B(Q∗, s2) → ∅ as P → Q. Hence the mapping (P, ε) −→ B(P, ε) is
continuous for ε > 0. �

Lemma 4.3. Let P be a subset of Ed. Consider a sequence of real number {tn}t∈N
bounded below by −2dπ

d+1 and bounded above by −2π
d+1 . If ε > 0 be a real number

and n = n(ε) be the smallest integer such that tn(ε) < −2dπ
d+1 + ε. Then there is a

function T = T (P, ε) such that T is integer translation congruent to P and d-dilation
congruent to some subset of [tn(ε)+1,

−2dπ
d+1 + ε). Also, T is continuous function of (P, ε)

with respect to symmetric difference metric dλ and if P1 ∩ P2 = ∅, ε1, ε2 > 0 then
δ(T (P1, ε1)) ∩ δ(T (P2, ε2)) = ∅.

Proof. Let us consider an explicit way to construct T . Let kn, ln be smallest integer for
each n such that Ed + kn is contained in dn[tn+1, tn), where kn, ln does not depends on
P and ε. Assume T1 = T1(P, ε) = (P + ki(ε)−1) ∩ dli(ε)−1 [ti(ε), −2π

d+1 + ε) and Q = Q(P, s) =

P\τ(T1), T2 = T2(P, ε) = Q + ki(ε). Now we show that T = T1 ∪ T2 satisfies the
condition stated in this lemma. Since (Q + ki(ε)) ⊂ (Ed + ki(ε)) ⊂ dli(ε) [ti(ε)+1, ti(ε)) and
[ti(ε)+1, ti(ε)) ∩ [ti(ε), −2π

d+1 + ε) = ∅. Therefore, by lemma (3.2), T is integer translation
congruent to P and d-dilation congruent to some subset of [ti(ε), −2π

d+1 + ε).
Next, to prove T is continuous function of P and ε. Let Pn −→ P and εn −→ ε,

for an integer valued function i such that i(εn) −→ i(ε) . Thus, it is sufficient to show
that T1(Pn, εn) −→ T1(P, ε) and T2(Pn, εn) −→ T2(P, ε). Since by the definition of T ,
we have T1(Pn, εn) =(Pn + ki(εn)−1) ∩ dli(εn)−1 [ti(εn),

−2dπ
d + 1

+ εn)

=T1(P, ε), as εn −→ ε for n −→ ∞.

So, Q(Pn, εn) = Pn\τ(T1(Pn, εn)) −→ P\τ(T1(P, ε)) = Q(P, ε). Therefore, T2(Pn, εn) =

Q(Pn, εn) + i(εn) −→ Q(P, ε) + i(ε) = T2(P, ε). Next, consider i(εn) −→ i(ε) then by
definition of i this happens only when −2dπ

d+1 + ε = tm, for some m ∈ Z. If εn −→ ε then
i(εn) −→ i(ε) this gives εn decreases to ε. Thus, by choosing i(εn) = i(ε)− 1, we obtain

T1(Pn, εn) =(Pn + i(ε) − 1) ∩ dli(εn)−1 [ti(εn),
−2dπ
d + 1

+ εn)

=(Pn + i(ε) − 2) ∩ dli(εn)−2 [ti(εn)−1,
−2dπ
d + 1

+ εn)

as εn −→ ε then
T1(Pn, εn) −→∅.

As i(ε) is the smallest integer depends on ε and ti(ε) < −2dπ
d+1 +ε. Therefore, [ti(εn)−1,

−2dπ
d+1 +

εn) = ∅ (modulo null set). Hence we have, T1(Pn, εn) = T2(Pn, εn) = (Pn\τ(T1))+ki(ε)−1
and therefore, T (Pn, εn) −→ T (P, ε) as T (P, ε) = T1(P, ε) = P + li(ε)−1. Also, by the
construction of T (P1, ε1) = ∪

li
i=0Ki, T (P2, ε2) = ∪∞i=0Li with the condition Ki, Li ⊂

[εi+1, εi) and ε0 = −2π
d+1 we conclude that δ(T (P1, ε1)) ∩ δ(T (P2, ε2)) = ∪∞i=0(Ki ∪ Li).

Thus, it is sufficient to show Ki ∩ Li = ∅, for each i. Since (dli Ki − mi) ⊂ P1 and
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(dli Li − mi) ⊂ P2 for some mi ∈ Z this gives P1 ∩ P2 = ∅, hence Ki ∩ Li = ∅. This
proves the lemma. �

Theorem 4.4. The collection of s-elementary d-wavelet sets are path connected in the
symmetric difference metric.

Proof. Let Cε and Dε be subsets of wavelet set W, for t ∈ [0, π] which are 2π
translation congruent to [−π−ε,−π)∪[π, π+ε] and d-dilation congruent to [−2dπ

d+1 ,
−2dπ
d+1 +

ε)∪ [ 2π
d2−1 ,

2π
d+1 )∪ [ 2d2π

d2−1 −ε,
2d2π
d2−1 ). Consider the set Fε = [−2dπ

d+1 +ε, −2π
d+1 −ε)∪ [ 2π

d2−1 ,
2π

d+1 )∪
[ 2dπ

d+1 + ε, 2d2π
d2−1 − ε) then there will form a path for subsets of d-wavelet sets W. Since

dilation(δ), translation(τ) and sets operations are continuous functions with respect to
symmetric difference metric dλ.

Next, we will construct a set of continuous function Tn of ε such that Gε ∪ (∪∞n=0Tn)
forms a d-wavelet set for all ε ∈ [0, π]. For fix tm and function i as defined in lemma
(4.3). Define Vi = Vi(ε) ≡ [−2dπ

d+1 + ε
di ,
−2dπ
d+1 + ε

di−1 )∪ [ 2π
d2−1 ,

2π
d+1 )∪ [ 2dπ

d2−1 −
ε
di ,

2d2π
d2−1 + ε

di−1 )
for i = 0, 1, 2, 3, . . . . By definitions of B and T discussed in lemma (4.2), lemma (4.3)
we have δ(Gε) ⊂ V0(ε′), τ(Gε) ⊂ V0(ε′) and by lemma (4.2), consider P0 = P0(ε) =

V0(ε′)\δ(Gε) and define T0 = B(P0, t0) for t0 = t0(ε) = ε′ which is function of ε and
is continuous for each ε. Here we note that by lemma (4.3), V0(ε′) ⊂ δ(T0 ∪ Gε) ⊂
[ti(ε′)+1,−π] ∪ [π,−ti(ε′)+1) and τ(T0 ∪ Gε) ⊂ V0(ε′) ∪ V1(ε′). Then consider U0 =

U0(ε) = V0(ε′)\τ(T0 ∪Gε) and define T1 = T (U0, l0) for l0 = ε′, which is continuous
function of ε. Also note that V0(ε′) ⊂ δ(T0 ∪ T1 ∪Gε) ⊂ [ti(ε′)+1,−π]∪ [π,−ti(ε′)+1) and
V0(ε′) ⊂ τ(T0 ∪ T1 ∪ Gε) ⊂ V0(ε′) ∪ V1(ε′). Next, let us assume T1,T2, . . . ,T2p−1
are continuous functions of ε and for each l lies between 0 and (p − 1), satisfies
two conditions: (i) ∪l

j=0V j(ε′) ⊂ δ(∪2l
j=0T j ∪ Gε) ⊂ [ti( ε′

dl )+1,−π) ∪ [π,−ti( ε′
dl )+1) and

∪l−1
j=0V j(ε′) ⊂ τ(∪2l

j=0T j ∪ Gε) ⊂ ∪l+1
j=0V j(ε′). (ii) ∪l

j=0V j(ε′) ⊂ δ(∪2l+1
j=0 ) ⊂ [ti( ε′

dl )+1,−π) ∪

[π,−ti( ε′
dl )+1) and ∪l

j=0V j(ε′) ⊂ τ(∪2l+1
j=0 T j ∪ Gε) ⊂ ∪l+1

j=0V j(ε′) then we need to define

function T2p and T2p+1 with the same properties. Let Pp = Vp(ε′)\δ(∪2p
j=1T j ∪ Gε)

and T2p = B(Pp, sp) be a continuous function of ε for sp = ε′

dp . Next, let us define
Up = Vp(ε′)\τ(∪2p

j=1T j ∪Gε) and T2p+1 = T (Up, lp), for lp = ε′

dp be continuous function
of ε. By lemma (4.3), for odd and even values of j we δ({T j} j=2p+1) ∩ δ({T j} j=2p) = ∅.

Thus by the condition V0(ε′) ⊂ τ(Gε ∪
2p+1
j=0 T j) and the definition of V j, we have a

d-wavelet sets Wε = Gε ∪
∞
j=0 T j, where µ(∪∞j=2l+1T j) ≤ ε′

dl . This entire process for
the construction of T j sets gives their continuity and hence the continuity of d-wavelet
sets. Now by using the above discussion and the fact that metric dλ restricted to s-
elementary d-wavelet, proves the path-connectedness of s-elementary d-wavelets in
L2(R). �
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