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PASCU-TYPE HARMONIC FUNCTIONS WITH POSITIVE 
COEFFICIENTS INVOLVING THE SYMMETRIC

DIFFERENTIAL OPERATOR
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Abstract
The symmetric differential operators are used in image processing, spectral theory, statistical studies 
and boundary value problems. Motivated by the vital role played by the modified Salagean operator 
in the development of geometric structure of harmonic functions, we define a new subclass Fk (β, δ, γ),

0 ≤ β, δ ≤ 1, 1 < γ ≤ 4
3
, k ∈ N ∪ {0} of harmonic functions with positive coefficients by using Salagean-

type and Pascu-type method involving the symmetric differential operator. We have obtained the sufficient
conditions for harmonic functions to be in the subclass PSk

H (β, δ, γ) and shown that this condition is
also necessary for harmonic functions with positive coefficients to be in the subclass Fk

H (β, δ, γ) of
PSk
H (β, δ, γ).We have also determined extreme points, convex combination, the class-preserving property

involving the integral operator and other properties for harmonic functions in the class Fk
H (β, δ, γ).
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1. Introduction

Let h = u + iv be a complex valued function which is continuous in domain Ω ⊆ C.
If u and v are real harmonic in Ω, then h is called harmonic in Ω. In any simply
connected domain D ⊂ Ω, we can write the harmonic function h in-terms of two
analytic functions p and q in D as p + q. The functions p and q are called the analytic
part and the co-analytic part of h respectively. A harmonic function h is locally
univalent and sense preserving in D if and only if |p′(z)| > |q′(z)| in D (see [3] for
details). The familyH of harmonic univalent and sense preserving functions h = p+q
defined in unit disk U = {z ∈ C : |z| < 1}, normalized by conditions h(0) = 0, hz(0) = 1
are of the form

h(z) = p(z) + q(z) = z +
∞∑
j=2

a jz j +

∞∑
j=1

b jz j, 0 ≤ |b1| < 1. (1.1)

If q ≡ 0, then the familyH reduces to the well-known class S of normalized analytic
univalent functions.
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The modified Salagean operator [16, 18] on harmonic function h ∈ H defined by

Skh(z) = Sk p(z) + (−1)kSkq(z), (1.2)

where

Sk p(z) = z +
∞∑
j=2

jka jz j, Skq(z) =
∞∑
j=1

jkb jz j (1.3)

and k is a whole number. Ibrahim et al. [9] introduced the symmetric differential
operator for an analytic univalent function h of the form h(z) = z +

∑∞
j=2 a jz j, and a

constant β ∈ [0, 1], as follows:

S0
βh(z) = h(z), S1

βh(z) = βzh′(z) − (1 − β)zh′(−z) . . . Sk
βh(z) = S1

β(S
k−1
β h(z)),

where

Sk
βh(z) = z +

∞∑
j=2

[Ψ j]ka jz j, Ψ j = j(β − (1 − β)(−1) j). (1.4)

Remark 1.1. By replacing β = 1, we have the Salagean differential operator [8, 27]

Sk
1h(z) = z +

∞∑
j=2

jka jz j.

For a function h ∈ H given by (1.1), we define the symmetric differential operator
on harmonic functions by

Sk
βh(z) = Sk

βp(z) + (−1)kSk
βq(z), (1.5)

where

Sk
βp(z) = z +

∞∑
j=2

[Ψ j]ka jz j, Sk
βq(z) =

∞∑
j=1

[Ψ j]kb jz j

and k is a whole number. The problems of class of harmonic functions was studied
in [17, 21, 22, 25, 28]. The subclass of analytic functions and harmonic functions
with negative coefficients was introduced by Silverman in [29, 30]. Uralegaddi et
al. [31] and many researchers [4–6, 23, 24] studied analogous subclasses of starlike,
convex functions with positive coefficients. The idea of subclass of harmonic univalent
functions related to positive coefficients was introduced in [7]. The symmetric
differential operators are utilized in image processing, spectral theory, statistical
studies and boundary value problems. The problems in the class of analytic functions
involving symmetric differential operator were extensively studied in [1, 2, 10–15].
The harmonic functions in the subclass FH ofH are of the form

h(z) = p(z) + q(z) = z +
∞∑
j=2

a jz j +

∞∑
j=1

b jz j (a j ≥ 0, b j ≥ 0, 0 ≤ |b1| < 1). (1.6)

Motivated by the works of Maswan et al. [19], Upadhayay et al. [33], Vijaya et al.
[32] and Ibrahim et al. [9] in this paper, we define a new subclass PSk

H (β, δ, γ) of
Pascu-type harmonic functions using the symmetric differential operator.
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Definition 1.2. For 0 ≤ δ ≤ 1, 1 < γ ≤ 4
3 , we define a new subclass PSk

H (β, δ, γ) of
H consisting of all functions satisfying the condition

ℜ
 (1 − δ)Sk+1

β h(z) + δSk+2
β h(z)

(1 − δ)Sk
βh(z) + δSk+1

β h(z)

 < γ, (1.7)

where Sk
βh(z) is the symmetric differential operator given in (1.5). Also, we define

Fk
H (β, δ, γ) = PSk

H (β, δ, γ) ∩ FH . (1.8)

We obtain coefficient bounds, extreme points, convex combination and other
properties for harmonic functions in Fk

H (β, δ, γ). Also, the class-preserving property
involving the integral operator is discussed.

2. Coefficient Bounds
A sufficient condition for the harmonic function to be in the class PSk

H (β, δ, γ) is
derived in the following theorem.

Theorem 2.1. Let h = p + q̄ be given by (1.1). If
∞∑
j=2

[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]
γ − 1

|a j| +
∞∑
j=1

[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]
γ − 1

|b j| ≤ 1

(2.1)

where a1 = 1, 1 < γ ≤ 4
3 ,Ψ j = j(β − (1 − β)(−1) j) and k is an odd positive integer,

then h ∈ PSk
H (β, δ, γ).

Proof. Assume that (2.1) holds for h = p + q̄. Let

L(z) = (1 − δ)Sk+1
β h(z) + δSk+2

β h(z)

= z +
∞∑
j=2

[Ψ j]k+1[(1 − δ) + δΨ j]a jz j + (−1)k+1
∞∑
j=1

[Ψ j]k+1[(1 − δ) − δΨ j]b̄ jz̄ j (2.2)

G(z) = (1 − δ)Sk
βh(z) + δSk+1

β h(z)

= z +
∞∑
j=2

[Ψ j]k[(1 − δ) + δΨ j]a jz j + (−1)k
∞∑
j=1

[Ψ j]k[(1 − δ) − δΨ j]b̄ jz̄ j (2.3)

It is enough to show that
L(z)/G(z) − 1

L(z)/G(z) − (2γ − 1)
< 1, z ∈ U. (2.4)

Substituting for L(z) and G(z) in (2.4), we get
L(z)/G(z) − 1

L(z)/G(z) − (2γ − 1)

≤
∑∞

j=2 [Ψ j]k[(1 − δ) + δΨ j][Ψ j − 1]|a j | + (−1)k ∑∞
j=1 [Ψ j]k[(1 − δ) − δΨ j][Ψ j + 1]|b̄ j |

(2 − 2γ) +
∑∞

j=2 [Ψ j]k[(1 − δ) + δΨ j][Ψ j − (2γ − 1)]|a j | − (−1)k ∑∞
j=1 [Ψ j]k[(1 − δ) − δΨ j][Ψ j + (2γ − 1)] ¯|b j |

(2.5)
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If

2
∞∑
j=2

|[Ψ j]k[(1−δ)+δΨ j][Ψ j−γ]| |a j|+2
∞∑
j=1

|[Ψ j]k[(1−δ)−δΨ j][Ψ j+γ]| |b̄ j| ≤ 2(γ−1),

then (2.5) is bounded above by 1, which is equivalent to∑∞
j=2[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]

γ − 1
|a j| +

∑∞
j=1[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]

γ − 1
|b̄ j| ≤ 1.

Hence,
L(z)/G(z) − 1

L(z)/G(z) − (2γ − 1)
< 1, z ∈ U. (2.6)

Thus, the proof is complete.
For sharpness, we consider the harmonic mapping of the form

h(z) = z+
∞∑
j=2

γ − 1
[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]

x jz j+

∞∑
j=1

γ − 1
[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]

y jz̄ j

where
∑∞

j=2 |x j| +
∑∞

j=1 |y j| = 1. □

Theorem 2.2. h = p + q̄ ∈ Fk
H (β, δ, γ) if and only if

∞∑
j=2

|[Ψ j]k|
[(1 − δ) + δΨ j][Ψ j − γ]

γ − 1
|a j| +

∞∑
j=1

|[Ψ j]k|
[(1 − δ) − δΨ j][Ψ j + γ]

γ − 1
|b̄ j| ≤ 1,

(2.7)

where a1 = 1 and 1 < γ ≤ 4
3 ,Ψ j = j(β − (1 − β)(−1) j) and k is an odd positive integer.

Proof. In view of theorem 2.1 and (1.8) it is enough to prove the only if part of the
theorem. For h ∈ Fk

H (β, δ, γ) the condition

ℜ
 (1 − δ)Sk+1

β h(z) + δSk+2
β h(z)

(1 − δ)Sk
βh(z) + δSk+1

β h(z)

 < γ (2.8)

becomes

ℜ
 (γ − 1)z −∑∞

j=2[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]a jz j + (−1)k ∑∞
j=1[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]b̄ j z̄ j

z +
∑∞

j=2[Ψ j]k[(1 − δ) + δΨ j]a jz j + (−1)k ∑∞
j=1[Ψ j]k[(1 − δ) − δΨ j]b̄ j z̄ j


= ℜ

 (γ − 1)z −∑∞
j=2[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]a jz j −∑∞

j=1[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]b̄ j z̄ j

z +
∑∞

j=2[Ψ j]k[(1 − δ) + δΨ j]a jz j −∑∞
j=1[Ψ j]k[(1 − δ) − δΨ j]b̄ j z̄ j

 ≥ 0.

(2.9)

The condition (2.9) must hold for all values of z ∈ U. On taking the values of z on the
positive real axis, where 0 ≤ z = r < 1, the above inequality becomes (γ − 1) −∑∞

j=2[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]a jr j−1 −∑∞
j=1[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]b̄ jr j−1

1 +
∑∞

j=2[Ψ j]k[(1 − δ) + δΨ j]a jr j−1 −∑∞
j=1[Ψ j]k[(1 − δ) − δΨ j]b̄ jr j−1

 ≥ 0.

(2.10)
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If the inequality in (2.7) is not valid, in (2.10) the numerator is not positive for r
sufficiently close to 1. Therefore ∃ z0 = r0 in (0, 1) and hence the expression on the
L.H.S. of (2.10) is negative. This is a contradiction to the condition needed for h
belonging to Fk

H (β, δ, γ) and so the theorem is proved. □

3. Distortion bounds and extreme points
Theorem 3.1 (Distortion bounds). Let h ∈ Fk

H (β, δ, γ). Then for |z| = r < 1, we have

|h(z)| ≤ (1 + |b1|)r +
1

[Ψ2]k((1 − δ) + δΨ2)

(
γ − 1
Ψ2 − γ

− (1 − 2δ)(γ + 1)
Ψ2 − γ

|b1|
)

r2 (3.1)

|h(z)| ≥ (1 − |b1|)r −
1

[Ψ2]k((1 − δ) + δΨ2)

(
γ − 1
Ψ2 − γ

− (1 − 2δ)(γ + 1)
Ψ2 − γ

|b1|
)

r2, (3.2)

where Ψ2 = [2(2β − 1)]k and k is an odd positive integer. The bounds are sharp.

Proof. Let h ∈ Fk
H (β, δ, γ). In the view of theorem 2.2, we have

|h(z)| ≤ (1 + |b1|)r +
∞∑
j=2

(|a j| + |b̄ j|)r j ≤ (1 + |b1|)r +
∞∑
j=2

(|a j| + |b̄ j|)r2

≤ (1 + |b1|)r +
γ − 1

[Ψ2]k((1 − δ) + δΨ2)(Ψ2 − γ)

×
∞∑
j=2

(
[Ψ2]k[(1 − δ) + δΨ2][Ψ2 − γ]

γ − 1
|a j| +

[Ψ2]k[(1 − δ) − δΨ2][Ψ2 + γ]
γ − 1

|b̄ j|
)

r2

≤ (1 + |b1|)r +
γ − 1

[Ψ2]k((1 − δ) + δΨ2)(Ψ2 − γ)

×
∞∑
j=2

(
[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]

γ − 1
|a j| +

[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]
γ − 1

|b̄ j|
)

r2

≤ (1 + |b1|)r +
γ − 1

[Ψ2]k((1 − δ) + δΨ2)(Ψ2 − γ)

(
1 − (1 − 2δ)(γ + 1)

γ − 1
|b1|

)
r2

= (1 + |b1|)r +
1

[Ψ2]k((1 − δ) + δΨ2)

(
γ − 1
Ψ2 − γ

− (1 − 2δ)(γ + 1)
Ψ2 − γ

|b1|
)

r2.

Similarly, we have left hand inequality. By setting z = r, the upper bound and lower
bound are sharp for functions

h(z) = z + |b1|z̄ +
1

[Ψ2]k((1 − δ) + δΨ2)

(
γ − 1
Ψ2 − γ

− (1 − 2δ)(γ + 1)
Ψ2 − γ

|b1|
)

z̄2

and

h(z) = z − |b1|z −
1

[Ψ2]k((1 − δ) + δΨ2)

(
γ − 1
Ψ2 − γ

− (1 − 2δ)(γ + 1)
Ψ2 − γ

|b1|
)

z2,

respectively, where |b1| ≤
γ − 1

|1 − 2δ|(γ + 1)
. □
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Corollary 3.2 (Covering result). If h ∈ Fk
H (β, δ, γ), then{

w : |w| < [Ψ2]k((1 − δ) + δΨ2)(Ψ2 − γ) − (γ − 1)
[Ψ2]k((1 − δ) + δΨ2)(Ψ2 − γ)

(3.3)

− [Ψ2]k((1 − δ) + δΨ2)(Ψ2 − γ) − (1 − 2δ)(γ + 1)
[Ψ2]k((1 − δ) + δΨ2)(Ψ2 − γ)

|b1|
}
⊂ f (U). (3.4)

Let clco Fk
H (β, δ, γ) be the closed convex hulls of Fk

H (β, δ, γ). Now, we obtain the
extreme points of clco Fk

H (β, δ, γ).

Theorem 3.3. A function h(z) ∈ Fk
H (β, δ, γ) if and only if

h(z) =
∞∑
j=1

(x j p j(z) + y jq j(z)), (3.5)

where p1(z) = z, p j(z) = z +
γ − 1

[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]
z j, ( j ≥ 2),

q j(z) = z+
γ − 1

[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]
z̄ j, ( j ≥ 1) and

∞∑
j=1

(x j+y j) = 1, x j ≥ 0, y j ≥ 0.

In particular, the extreme points of Fk
H (β, δ, γ) are {p j} and {q j}.

Proof. For a function h(z) is given by (3.5), we have

h(z) =
∞∑
j=1

(x j p j(z) + y jq j(z)) (3.6)

= z+
∞∑
j=2

γ − 1
[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]

x jz j +

∞∑
j=1

γ − 1
[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]

y jz̄ j

(3.7)

In the view of theorem (2.2),
∞∑
j=2

[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]
γ − 1

γ − 1
[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]

x j

+

∞∑
j=1

[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]
γ − 1

γ − 1
[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]

y j

=

∞∑
j=2

x j +

∞∑
j=1

y j = 1 − x1 ≤ 1,

and so h(z) ∈ clco Fk
H (β, δ, γ).

Conversely, suppose h(z) ∈ clco Fk
H (β, δ, γ), then

a j ≤
γ − 1

[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]
, b j ≤

γ − 1
[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]
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and set

x j =
[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]

γ − 1
a j, j ≥ 2, y j =

[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]
γ − 1

b j,

j ≥ 1 then by theorem 2.2, 0 ≤ x j ≤ 1, j ≥ 2 and 0 ≤ y j ≤ 1, j ≥ 1. We define x1 =

1−∑∞j=2 x j−
∑∞

j=1 y j and by theorem 2.2, x1 ≥ 0.We have h(z) =
∑∞

j=1(x j p j(z)+y jq j(z))
as required. □

Theorem 3.4. The family Fk
H (β, δ, γ) is closed under convex combinations.

Proof. Consider the functions hi(z) = z +
∑∞

j=2 |a ji |z j +
∑∞

j=1 |b ji |z̄ j, i = 1, 2, ... in
Fk
H (β, δ, γ). As per theorem 2.2,
∞∑
j=2

[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]
γ − 1

|a ji | +
∞∑
j=1

[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]
γ − 1

|b ji | ≤ 1.

(3.8)

For
∑∞

i=1 ti = 1, 0 ≤ ti ≤ 1 the convex combination of hi is
∞∑

i=1

tihi(z) = z +
∞∑
j=2

∞∑
i=1

ti|a ji |z j +

∞∑
j=1

∞∑
i=1

ti|b ji |z̄ j

Then by (3.8),
∞∑
j=2

[Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]
γ − 1

∞∑
i=1

ti|a ji | +
∞∑
j=1

[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]
γ − 1

∞∑
i=1

ti|b ji |

(3.9)

≤
∞∑

i=1

ti
∞∑
j=2

 [Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ]
γ − 1

|a ji | +
∞∑
j=1

[Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ]
γ − 1

|b ji |


(3.10)

≤
∞∑

i=1

ti = 1. (3.11)

So
∞∑

i=1

tihi(z) ∈ Fk
H (β, δ, γ). □

4. A family of class preserving integral operator

Let h(z) = p(z)+q(z) be defined by (1.6). In the following theorem, we establish the
closure property of the class Fk

H (β, δ, γ) using the Bernardi-Libera-Livingston integral
operator H(z) which is defined by

H(z) =
a + 1

za

∫ z

0
ta−1 p(t)dt +

a + 1
za

∫ z

0
ta−1q(t)dt, a > −1. (4.1)
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Theorem 4.1. Let h = p + q ∈ Fk
H (β, δ, γ), where 1 < γ ≤ 4

3 . Then H(z) defined by
(4.1) is also in the class Fk

H (β, δ, γ).

Proof. Let h = p + q ∈ Fk
H (β, δ, γ). In the view of theorem 2.2, we get

∞∑
j=2

|[Ψ j]k|
[(1 − δ) + δΨ j][Ψ j − γ]

γ − 1
|a j| +

∞∑
j=1

|[Ψ j]k|
[(1 − δ) − δΨ j][Ψ j + γ]

γ − 1
|b̄ j| ≤ 1.

(4.2)

The series representation of H(z) is H(z) = z +
∞∑
j=2

a + 1
a + j

|a j|z j +

∞∑
j=1

a + 1
a + j

|b j|z̄ j.

Now
∞∑
j=2

P
γ − 1

(
a + 1
a + j

)
|a j| +

∞∑
j=1

Q
γ − 1

(
a + 1
a + j

)
|b j| ≤

∞∑
j=2

P
γ − 1

|a j| +
∞∑
j=1

Q
γ − 1

|b j| ≤ 1,

where P = [Ψ j]k[(1 − δ) + δΨ j][Ψ j − γ], Q = [Ψ j]k[(1 − δ) − δΨ j][Ψ j + γ].
Thus H(z) ∈ Fk

H (β, δ, γ). □

5. Convolution properties

Let

f (z) = z +
∞∑
j=2

a jz j +

∞∑
j=1

b jz j, (a j ≥ 0, b j ≥ 0, 0 ≤ |b1| < 1)

and

g(z) = z +
∞∑
j=2

A jz j +

∞∑
j=1

B jz j, (A j ≥ 0, B j ≥ 0, 0 ≤ |B1| < 1)

be two harmonic functions. The convolution of f (z) and g(z) is defined as

f (z) ∗ g(z) = z +
∞∑
j=2

a jA jz j +

∞∑
j=1

b jB jz j. (5.1)

Using this definition, we show that the class Fk
H (β, δ, γ) is closed under convolution.

Theorem 5.1. For 1 < γ2 ≤ γ1 ≤ 4
3 , Let f (z) ∈ Fk

H (β, δ, γ2) and g(z) ∈ Fk
H (β, δ, γ1)

then
f (z) ∗ g(z) ∈ Fk

H (β, δ, γ2) ⊂ Fk
H (β, δ, γ1).

Proof. The convolution of f (z) and g(z) is given by (5.1). To show that the coefficient
of f (z) ∗ g(z) satisfies the condition (2.7).
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For g(z) ∈ Fk
H (β, δ, γ1), note that |A j| < 1 and |B j| < 1 . Now, for f (z) ∗ g(z), we obtain

∞∑
j=2

|[Ψ j]k|
[(1 − δ) + δΨ j][Ψ j − γ1]

γ1 − 1
|a j||A j| +

∞∑
j=1

|[Ψ j]k|
[(1 − δ) − δΨ j][Ψ j + γ1]

γ1 − 1
|b̄ j||B̄ j|

≤
∞∑
j=2

|[Ψ j]k|
[(1 − δ) + δΨ j][Ψ j − γ1]

γ1 − 1
|a j| +

∞∑
j=1

[Ψ j]k [(1 − δ) − δΨ j][Ψ j + γ1]
γ1 − 1

|b̄ j|

≤
∞∑
j=2

|[Ψ j]k|
[(1 − δ) + δΨ j][Ψ j − γ2]

γ2 − 1
|a j| +

∞∑
j=1

|[Ψ j]k|
[(1 − δ) − δΨ j][Ψ j + γ2]

γ2 − 1
|b̄ j| ≤ 1,

since 1 < γ2 ≤ γ1 ≤ 4
3 and f (z) ∈ Fk

H (β, δ, γ2).
Therefore f (z) ∗ g(z) ∈ Fk

H (β, δ, γ2) ⊂ Fk
H (β, δ, γ1). □

6. Conclusion

The symmetric differential operators have many applications in image processing,
spectral theory, statistical studies and boundary value problems. In the present inves-
tigation, a new Pascu-type subclass Fk

H (β, δ, γ) of harmonic functions with positive
coefficients involving symmetric differential operator has been defined and proper-
ties such as coefficient bounds, distortion bound, extreme points, convex combination,
class preserving property and convolution property are obtained for functions in this
new class. We believe these results will be of motivation for researchers working in
this field for future study on harmonic functions in quantum calculus investigated in
[20, 26] by applying to symmetric differential operators.
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