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SOME FAMILIES OF MEROMORPHIC FUNCTIONS
ASSOCIATED WITH FRACTIONAL INTEGRAL OPERATOR

S. G. HIWALE ) and D. D. PAWAR

Abstract

In the present investigation, we introduce and study a new subclass of meromorphic functions defined 
in the punctured unit disk ∆∗ = {z ∈ C : 0 < |z| < 1} associated with the Erdelyi- Kober fractional 
integral operator. This class unifies and generalizes several known subclasses of meromorphic starlike 
and convex functions with positive coefficients. We obtain sharp coefficient inequalities, growth and 
distortion bounds, and extreme point results. Further, we establish results concerning partial sums and 
neighborhoods of functions belonging to this class.
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1. Introduction

Let A specify the category of analytic functions f represent on the unit disc U = {z : 
|z| < 1} with normalization f (0) = 0 and f ′(0) = 1, such a function has the extension 
of the Taylor series on the origin in the form

f (z) = z +

∞∑
n=2

anzn. (1.1)

Indicated by S , the subclass of A be composed of functions that are univalent in U.
Then a f (z) function of A is known as starlike and convex of order α if it delights

the pursing

<

{
z f ′(z)
f (z)

}
> α, (z ∈ U), (1.2)

and

<

{
1 +

z f ′′(z)
f ′(z)

}
> α, (z ∈ U), (1.3)

for specific α (0 ≤ α < 1) respectively and we express by S ∗(α) and K(α) the subclass
of A be expressed by aforesaid functions respectively. Also, indicate by T the subclass
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of A made up of functions of this form

f (z) = z −
∞∑

n=2

anzn, (an ≥ 0, z ∈ U) (1.4)

and let T ∗(α) = T ∩ S ∗(α), C(α) = T ∩ K(α). There are interesting properties in the
T ∗(α) and C(α) classes and were thoroughly studied by Silverman [28].
Goodman [10, 11], defined two new functions classes, namely, uniformly starlike and
uniformly convex functions. Inspired by this study, in [25, 26], Ronning introduced
and studied the following subclasses of A called ~ -starlike functions of order −1 <
℘ ≤ 1 if

Sp(℘, ~) =

{
f ∈ A : <

(
z f ′(z)
f (z)

− ℘

)
> ~

∣∣∣∣∣z f ′(z)
f (z)

− 1
∣∣∣∣∣ , (~ ≥ 0; z ∈ U)

}
(1.5)

and uniformly ~ convex functions −1 < ℘ ≤ 1 if

UCV(℘, ~) =

{
f ∈ A : <

(
(z f ′(z))′

f ′(z)
− ℘

)
> ~

∣∣∣∣∣z f ′′(z)
f ′(z)

∣∣∣∣∣ , (~ ≥ 0; z ∈ U)
}
. (1.6)

Indeed, it follows from (1.5) and (1.6) that

f ∈ UCV(℘, ~)⇔ z f ′ ∈ Sp(℘, ~).

The interesting geometric properties of these function classes were extensively
studied by Kanas et al. [15–18] and Murugusundaramoorthy et al. [22] studied
and investigated interesting properties for the subclass of Ronning-type ~ -starlike
functions associated with certain fractional calculus operators.
Let Σ represent the class of functions f being of the form given by

f (z) =
1
z

+

∞∑
n=1

anzn, (1.7)

defined on the punctured unit disk ∆∗ := {z ∈ C : 0 < |z| < 1} with a simple pole at the
origin with one residue there. Denote by means of Σp ⊂ Σ consisting of the functions
of the form

f (z) =
1
z

+

∞∑
n=1

anzn, an ≥ 0. (1.8)

The class of meromorphic starlike and meromorphic convex of order ℘ (0 ≤ ℘ < 1)
are defined as below:

Σ∗p(℘) =

{
f ∈ Σp : −<

(
z f ′(z)
f (z)

)
> ℘, z ∈ ∆ := ∆∗ ∪ {0}

}
and

ΣK
p (℘) =

{
f ∈ Σp : −<

( (z f ′(z))′

f ′(z)

)
> ℘, z ∈ ∆ := ∆∗ ∪ {0}

}
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respectively. Since, to a certain extent, the work in the meromorphic univalent case
has paralleled that of a regular univalent case, it is natural to search for a subclass of
Σp that has properties analogous to those of class of analytic univalent functions with
negative coefficients [28]. Juneja and Reddy [14] introduced the class Σp of functions
of the form (1.8) that are meromorphic and univalent in ∆. They showed that the class
possesses properties analogous to those of analytic univalent functions with negative
coefficients, and also pointed out the subtle differences between the two classes.

Erdelyi-Kober Operator (EK)
The fractional calculus plan has currently acquired filled-intensity attention by way
of the applications of fractional derivative operators (FD) in analytical functions
[5, 7, 12, 13, 19]. In the literature, many studies on fractional derivative operators
and fractional differential equations, involving different operators such as Riemann-
Liouville, Hadamard, Caputo the Erdelyi-Kober fractional operator (EKF), Weyl-
Riesz operators, Caputo operators, and Grunwald-Letnikov operators, were designed
and implemented during the past three decades with applications in other fields. The
Riemann-Liouville fractional operator (RLF) has been most frequently used and inten-
tional for information (see [5, 8, 12, 13, 19, 23]). Some requirements and features of
EKF operators and FD in the study of analytic functions (Geometric Function Theory)
can be found in [1, 2, 23].

Now, we recall the Erdelyi-Kober-type [7] (also see [20], Ch.5) integral operator
definition, which will be used throughout the paper as below:

Definition 1.1. [6]. Let for ζ > 0, τ, κ ∈ C, be such that <(κ − τ) ≥ 0 an Erdelyi-
Kober-type integral operator by

V
τ,κ
ζ : Σp → Σp

is defined for<(κ − τ) > 0 and<(τ) > −ζ by

V
τ,κ
ζ f (z) =

Γ(κ − ζ)
Γ(τ − ζ)

1
Γ(κ − τ)

1∫
0

(1 − t)κ−τ−1tτ−1 f (ztζ)dt, ζ > 0. (1.9)

For ζ > 0,<(κ − τ) ≥ 0,<(τ) > −ζ and f ∈ Σp of the form (1.8), we have

V
τ,κ
ζ f (z) =

1
z

+

∞∑
n=1

Γ(κ − ζ)Γ(τ + nζ)
Γ(τ − ζ)Γ(κ + nζ)

anzn (z ∈ ∆)

=
1
z

+

∞∑
n=1

Yτ,κ
ζ (n)anzn (z ∈ ∆),

where
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Yτ,κ
ζ (n) =

Γ(κ − ζ)Γ(τ + nζ)
Γ(τ − ζ)Γ(κ + nζ)

.

Note that by fixing κ = τ, we obtain

V
τ,τ
ζ f (z) = f (z).

Inspired by the work of [24, 31–33], we introduce the new subclass involving
meromorphic functions with Erdelyi-Kober type fractional integral operator as below:

Definition 1.2. For 0 ≤ η < 1 and k ≥ 0, we let Σ∗p(η, k, ζ, τ, κ) be the subclass of Σp

consisting of functions of the form (1.8) and satisfying the analytic criterion

−<

z(Vτ,κ
ζ f (z))′

V
τ,κ
ζ f (z)

+ η

 > k

∣∣∣∣∣∣∣z(Vτ,κ
ζ f (z))′

V
τ,κ
ζ f (z)

+ 1

∣∣∣∣∣∣∣ . (1.10)

In order to prove our results we need the following lemmas [4].

Lemma 1.3. If η is a real number and ω = −(u + iv) is a complex number then

<(ω) ≥ η⇔ |ω + (1 − η)| − |ω − (1 − η)| ≥ 0.

Lemma 1.4. If ω = u + iv is a complex number and η is a real number then

−<(ω) ≥ k|ω + 1| + η⇔ −<
(
ω(1 + keiθ) + keiθ

)
≥ η,−π ≤ θ ≤ π.

The main object of this paper is to study some usual properties of the geometric
function theory such as the coefficient bounds, extreme points, radii of meromorphic
starlikeness and convexity for the class Σ∗p(η, k, ζ, τ, κ). Further, we obtain partial sums
and neighborhood properties for the class also.

2. Coefficient estimates

In this section, we obtain necessary and sufficient condition for a function f to be
in the class Σ∗p(η, k, ζ, τ, κ).

Theorem 2.1. Let f ∈ Σ be given by (1.8). Then f ∈ Σ∗p(η, k, ζ, τ, κ) if and only if

∞∑
n=1

[n(k + 1) + (k + η)]Yτ,κ
ζ (n)an ≤ (1 − η). (2.1)

Proof. Let f ∈ Σ∗p(η, k, ζ, τ, κ). Then by definition (1.8) and using Lemma 1.4, it is
enough to show that

−<


z(Vτ,κ

ζ f (z))′

V
τ,κ
ζ f (z)

+

 (1 + keiθ) + keiθ

 > η,−π ≤ θ ≤ π (2.2)
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For convenience

E(z) = −
[
z(Vτ,κ

ζ f (z))′
]

(1 + keiθ) − keiθ(Vτ,κ
ζ f (z))

G(z) = V
τ,κ
ζ f (z)

That is, the equation (2.2) is equivalent to

−<

(
E(z)
G(z)

)
≥ η.

In view of Lemma 1.3, we only need to prove that

|E(z) + (1 − η)G(z)| − |E(z) − (1 − η)G(z)| ≥ 0.

Therefore,

|E(z) + (1 − η)G(z)|

≥(2 − η)
1
|z|
−

∞∑
n=1

[n(k + 1) + (k + η − 1)]Yτ,κ
ζ (n)an|z|n

and |E(z) − (1 − η)G(z)|

≤
1
|z|

+

∞∑
n=1

[n(k + 1) + (k + η + 1)]Yτ,κ
ζ (n)an|z|n.

It is to show that

|E(z) + (1 − η)G(z)| − |E(z) − (1 + η)G(z)|

≥2(1 − η)
1
|z|
− 2

∞∑
n=1

[n(k + 1) + (k + η)]Yτ,κ
ζ (n)an|z|n

≥0, by the given condition (2.1).

Conversely, suppose f ∈ Σ∗p(η, k, ζ, τ, κ). Then by Lemma 1.3, we have (2.2).
Choosing the values of z on the positive real axis the inequality (2.2) reduces to

<


[1 − η] 1

z2 +
∞∑

n=1
[n(1 + keiθ) + (η + keiθ)]Yτ,κ

ζ (n)zn−1

1
z2 +

∞∑
n=1

Yτ,κ
ζ (n)anzn−1

 ≥ 0.

Since<(−eiθ) ≥ −|eiθ| = −1, the above inequality reduces to

<


[1 − η] 1

r2 +
∞∑

n=1
[n(1 + k) + (η + k)]Yτ,κ

ζ (n)anrn−1

1
r2 +

∞∑
n=1

Yτ,κ
ζ (n)rn−1

 ≥ 0.

Letting r → 1− and by the mean value theorem, we have obtained the inequality
(2.1). �
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Corollary 2.2. If f ∈ Σ∗p(η, k, ζ, τ, κ) then

an ≤
(1 − η)

[n(1 + k) + (η + k)]Yτ,κ
ζ (n)

. (2.3)

3. Distortion Properties

Theorem 3.1. If f ∈ Σ∗p(η, k, ζ, τ, κ) then for 0 < |z| = r < 1,

1
r
−

(1 − η)
(2k + η + 1)Yτ,κ

ζ (1)
r ≤ | f (z)| ≤

1
r

+
(1 − η)

(2k + η + 1)Yτ,κ
ζ (1)

r. (3.1)

This result is sharp for the function

f (z) =
1
z

+
(1 − η)

(2k + η + 1)Yτ,κ
ζ (1)

z. (3.2)

Proof. Since f (z) = 1
z +

∞∑
n=2

anzn, we have

| f (z)| =
1
r

+

∞∑
n=1

anrn ≤
1
r

+ r
∞∑

n=2

an. (3.3)

Since n ≥ 1, (2k + η + 1) ≤ n(k + 1)(k + η)Yτ,κ
ζ (n), using Theorem 2.1, we have

(2k + η + 1)
∞∑

n=1

an ≤

∞∑
n=1

n(k + 1)(k + η)Yτ,κ
ζ (n)

≤ (1 − η)

⇒

∞∑
n=1

an ≤
(1 − η)

(2k + η + 1)Yτ,κ
ζ (1)

.

Using the above inequality in (3.3), we have

| f (z)| ≤
1
r

+
(1 − η)

(2k + η + 1)Yτ,κ
ζ (1)

r

and | f (z)| ≥
1
r
−

(1 − η)
(2k + η + 1)Yτ,κ

ζ (1)
r.

The result is sharp for the function f (z) = 1
z +

(1−η)
(2k+η+1)Yτ,κ

ζ (1) z. �

Corollary 3.2. If f ∈ Σ∗p(η, k, ζ, τ, κ) then

1
r2 −

(1 − η)
(2k + η + 1)Yτ,κ

ζ (1)
≤ | f ′(z)| ≤

1
r2 +

(1 − η)
(2k + η + 1)Yτ,κ

ζ (1)
.

The result is sharp for the function given by (3.2)
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4. Extreme points

Theorem 4.1. Let f0(z) = 1
z and

fn(z) =
1
z

+
(1 − η)

[n(1 + k) + (k + η)]Yτ,κ
ζ (n)

zn, n ≥ 1. (4.1)

Then f ∈ Σ∗p(η, k, ζ, τ, κ) if and only if it can be expressed in the form

f (z) =

∞∑
n=0

un fn(z), un ≥ 0 and
∞∑

n=1

un = 1. (4.2)

Proof. Suppose f (z) can be expressed as in (4.2). Then

f (z) =

∞∑
n=0

un fn(z) = u0 f0(z) +

∞∑
n=1

un fn(z)

=
1
z

+

∞∑
n=1

un
(1 − η)

[n(1 + k) + (η + k)]Yτ,κ
ζ (n)

zn.

Therefore
∞∑

n=1

un
(1 − η)

[n(1 + k) + (η + k)]Yτ,κ
ζ (n)

×
[n(1 + k) + (η + k)]Yτ,κ

ζ (n)

(1 − η)
zn

=

∞∑
n=1

un = 1 − u0 ≤ 1.

So by Theorem 2.1, f ∈ Σ∗p(η, k, ζ, τ, κ).
Conversely suppose that f ∈ Σ∗p(η, k, ζ, τ, κ). Since

an ≤
(1 − η)

[n(1 + k) + (η + k)]Yτ,κ
ζ (n)

, n ≥ 1.

We set

un =
[n(1 + k) + (η + k)]Yτ,κ

ζ (n)

(1 − η)
an, n ≥ 1

and u0 = 1 −
∞∑

n=1
un.

Then we have f (z) =
∞∑

n=0
un fn(z) = u0 f0(z) +

∞∑
n=1

un fn(z).

Hence the results follow. �
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5. Radii of starlikeness and convexity

Theorem 5.1. Let f ∈ Σ∗p(η, k, ζ, τ, κ). Then f is meromorphically starlike of order
δ, (0 ≤ δ ≤ 1) in the unit disc |z| < r1, where

r1 = inf
n≥1

 (1 − δ)
(n + 2 − δ)

[n(1 + k) + (η + k)]Yτ,κ
ζ (n)

(1 − η)


1

n+1

, n ≥ 1.

The result is sharp for the extremal function f (z) given by (4.1).

Proof. The function f ∈ Σ∗p(η, k, ζ, τ, κ) of the form (1.8) is meromorphically starlike
of order δ is the disc |z| < r1 if and only if it satisfies the condition∣∣∣∣∣z f ′(z)

f (z)
+ 1

∣∣∣∣∣ < (1 − δ). (5.1)

Since ∣∣∣∣∣z f ′(z)
f (z)

+ 1
∣∣∣∣∣ ≤

∣∣∣∣∣∣∣∣∣∣∣
∞∑

n=1
(n + 1)anzn+1

1 +
∞∑

n=1
anzn+1

∣∣∣∣∣∣∣∣∣∣∣ ≤
∞∑

n=1
(n + 1)|an||z|n+1

1 −
∞∑

n=1
|an||z|n+1

.

The above expression is less than (1 − δ) if
∞∑

n=1

(n+2−δ)
(1−δ) an|z|n+1 < 1.

Using the fact that f (z) ∈ Σ∗p(η, k, ζ, τ, κ) if and only if

∞∑
n=1

[n(1 + k) + (η + k)]Yτ,κ
ζ (n)

(1 − η)
an ≤ 1.

Thus, (5.1) will be true if

(n + 2 − δ)
(1 − δ)

|z|n+1 <
[n(1 + k) + (η + k)]Yτ,κ

ζ (n)

(1 − η)

or equivalently

|z|n+1 <
(1 − δ)

(n + 2 − δ)

[n(1 + k) + (η + k)]Yτ,κ
ζ (n)

(1 − η)

which yields the starlikeness of the family. �

The proof of the following theorem is analogous to that of Theorem 5.1, and so we
omit the proof.

Theorem 5.2. Let f ∈ Σ∗p(η, k, ζ, τ, κ). Then f is meromorphically convex of order
δ, (0 ≤ δ ≤ 1) in the unit disc |z| < r2, where

r2 = inf
n≥1

 (1 − δ)
n(n + 2 − δ)

[n(1 + k) + (η + k)]Yτ,κ
ζ (n)

(1 − η)


1

n+1

, n ≥ 1.

The result is sharp for the extremal function f (z) given by (4.1).
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6. Partial Sums

Let f ∈ Σp be a function of the form (1.8). Motivated by Silverman [29] and Silvia
[30] and also see [3], we define the partial sums fq defined by

fq(z) =
1
z

+

q∑
n=1

anzn, (q ∈ N). (6.1)

In this section, we consider partial sums of function from the class Σ∗p(η, k, ζ, τ, κ)
and obtain sharp lower bounds for the real part of the ratios of f to fq and f ′ to f ′q .

Theorem 6.1. Let f ∈ Σ∗p(η, k, ζ, τ, κ) be given by (1.8) and define the partial sums
f1(z) and fq(z) by

f1(z) =
1
z

and fq(z) =
1
z

+

q∑
n=1

|an|zn, (q ∈ N \ {1}). (6.2)

Suppose also that
∞∑

n=1
dn|an| ≤ 1, where

dn ≥

1 , if n = 1, 2, · · · , q
[n(1+k)+(η+k)]Yτ,κ

ζ (n)
(1−η) , if n = q + 1, q + 2, · · ·

. (6.3)

Then f ∈ Σ∗p(η, k, ζ, τ, κ). Furthermore

<

(
f (z)
fq(z)

)
> 1 −

1
dq+1

(6.4)

and <
(

fq(z)
f (z)

)
>

dq+1

1 + dq+1
. (6.5)

Proof. For the coefficient dn given by (6.3) it is not difficult to verify that

dq+1 > dq > 1. (6.6)

Therefore we have
q∑

n=1

|an| + dq+1

∞∑
n=q+1

|an| ≤

∞∑
n=1

|an|dq ≤ 1 (6.7)

by using the hypothesis (6.3). By setting

g1(z) = dq+1

(
f (z)
fq(z)

−

(
1 −

1
dq+1

))
= 1 +

dq+1
∞∑

n=q+1
anzn−1

1 +
∞∑

n=1
|an|zn−1

then it sufficient to show that

<
(
g1(z)

)
≥ 0, (z ∈ E) or

∣∣∣∣∣g1(z) − 1
g1(z) + 1

∣∣∣∣∣ ≤ 1, (z ∈ E)
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and applying (6.7), we find that

∣∣∣∣∣g1(z) − 1
g1(z) + 1

∣∣∣∣∣ ≤
dq+1

∞∑
n=q+1

|an|

2 − 2
q∑

n=1
|an| − dq+1

∞∑
n=q+1

|an|

≤ 1, (z ∈ E)

which ready yields the assertion (6.4) of Theorem 6.1. In order to see that

f (z) =
1
z

+
zq+1

dq+1
(6.8)

gives sharp result, we observe that for

z = re
iπ
q that

f (z)
fq(z)

= 1 −
rq+2

dq+1
→ 1 −

1
dq+1

as r → 1−.

Similarly, if we takes g2(z) = (1 + dq+1)
(

fq(z)
f (z) −

dq+1

1+dq+1

)
and making use of (6.7), we denote that

∣∣∣∣∣g2(z) − 1
g2(z) + 1

∣∣∣∣∣ <
(1 + dq+1)

∞∑
n=q+1

|an|

2 − 2
q∑

n=1
|an| − (1 − dq+1)

∞∑
n=q+1

|an|

which leads us immediately to the assertion (6.5) of Theorem 6.1.
The bound in (6.5) is sharp for each q ∈ N with extremal function f (z) given by (6.8)
. �

The proof of the following theorem is analogous to that of Theorem 6.1, so we
omit the proof.

Theorem 6.2. If f ∈ Σ∗p(η, k, ζ, τ, κ) be given by (1.1) and satisfies the condition (2.1)
then

<

(
f ′(z)
f ′q(z)

)
> 1 −

q + 1
dq+1

and <
( f ′q(z)

f ′(z)

)
>

dq+1

q + 1 + dq+1
,

where dn ≥

n , if n = 2, 3, · · · , q
[n(1+k)+(η+k)]Yτ,κ

ζ (n)
(1−η) , if n = q + 1, q + 2, · · ·

.

The bounds are sharp.
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7. Neighbourhood results

In this section, we determine the neighborhood for the class Σ
∗ξ
p (η, k, ζ, τ, κ) which

we define as follows

Definition 7.1. A function f ∈ Σp is said to be in the class Σ
∗ξ
p (η, k, ζ, τ, κ) if there exits

a function g ∈ Σ∗p(η, k, ζ, τ, κ) such that∣∣∣∣∣∣ f (z)
g(z)

− 1

∣∣∣∣∣∣ < 1 − ξ, (z ∈ ∆, 0 ≤ ξ < 1). (7.1)

Following the earlier works on neighbourhoods of analytic functions by Goodman [9]
and Ruscheweyh [27], we define the δ−neighbourhoods of function f ∈ Σp by

Nδ( f ) =
{
g ∈ Σp : g(z) =

1
z

+

∞∑
n=1

bnzn and
∞∑

n=1

n|an − bn| ≤ δ
}
. (7.2)

Theorem 7.2. If g ∈ Σ∗p(η, k, ζ, τ, κ) and

ξ = 1 −
δ(2k + η + 1)Yτ,κ

ζ (n)

(2k + η + 1)Yτ,κ
ζ (n) − (1 − η)

(7.3)

then Nδ(g) ⊂ Σ
∗ξ
p (η, k, ζ, τ, κ).

Proof. Let f ∈ Nδ(g). Then we find from (7.2) that
∞∑

n=1

n|an − bn| ≤ δ (7.4)

which implies the coefficient inequality
∞∑

n=1

|an − bn| ≤ δ (n ∈ N). (7.5)

Since g ∈ Σ∗p(η, k, ζ, τ, κ), we have
∞∑

n=1

bn ≤
(1 − η)

(2k + η + 1)Yτ,κ
ζ (1)

. (7.6)

So that ∣∣∣∣∣∣ f (z)
g(z)

− 1

∣∣∣∣∣∣ <
∞∑

n=1
|an − bn|

1 −
∞∑

n=1
bn

=
δ(2k + η + 1)Yτ,κ

ζ (1)

(2k + η + 1)Yτ,κ
ζ (1) − (1 − η)

= 1 − ξ.

The proof of the theorem is completed. �
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