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LAGRANGE INTERPOLATION WITH HERMITE
CONDITION AT AN INTERIOR POINT
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Abstract

In this paper, we investigate an interpolation scheme based on the zeros of even degree Jacobi polynomials
subject to a Hermite condition imposed at an interior point. We establish the regularity of the constructed
interpolatory polynomials, derive their explicit representation, and prove a convergence theorem that
characterizes their approximation properties. To complement the theoretical results, numerical examples
are provided, which illustrate the accuracy and behavior of the proposed interpolation scheme.
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1. Introduction

The theory of polynomial interpolation is a cornerstone of classical analysis, providing
fundamental tools for approximating complex functions with simpler algebraic forms.
At its core, interpolation seeks to construct a polynomial that agrees with a given
function at a specified set of points. The historical roots of this problem trace back to
the work of Newton and Lagrange, whose formulations laid the groundwork for what
is now known as Lagrange interpolation [2, 7]. For any set of n distinct points, there
exists a unique polynomial of degree at most n — 1 that passes through them.

While elegant and powerful, the choice of interpolation nodes is critical for the
convergence of the interpolating polynomial to the function it approximates. A
famous counterexample by Runge demonstrated that for certain functions, even when
increasing the number of equidistant nodes, the interpolating polynomial can diverge
dramatically, a phenomenon that bears his name [9]. This discovery highlighted
the necessity of carefully choosing interpolation nodes, with the zeros of orthogonal
polynomials, such as Chebyshev or Jacobi polynomials, being established as optimal
choices for mitigating such divergence and ensuring stable, convergent approximations
[4, 8]. Work on explicit formulae and mean convergence properties has been central
to understanding the limitations and extensions of these approximation processes [1].
Furthermore, methods like barycentric Lagrange interpolation have been developed to
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enhance the numerical stability of the approximation, particularly at high degrees, by
presenting the Lagrange polynomial as a rational function [10-12].

An important and powerful extension of this concept is Hermite interpolation,
which seeks a higher degree of contact between the function and the approximating
polynomial. Instead of only matching function values, Hermite interpolation also
called osculating interpolation prescribes the values of the function and its derivatives
up to a certain order at each node [5, 6]. This added information allows the polyno-
mial to capture the local behavior of the function more accurately. The existence and
uniqueness of the Hermite interpolating polynomial are well understood, and it serves
as a vital tool in fields ranging from computer aided geometric design to the formula-
tion of high order numerical methods for differential equations. A notable variant is
Hermite Fejér interpolation, which prescribes only function values and first derivatives
set to zero, and is particularly studied for its convergence properties [3].

This paper tackles a specific problem: finding a unique polynomial that fits two
different kinds of rules. First, it must pass through a set of points defined by the zeros
of the Jacobi polynomial, PP (x) (Lagrange conditions). Second, the polynomial
and its first few derivatives must all be zero at the origin (Hermite conditions). We
specifically study the problem for even values of n, which is important for symmetry.

2. Problem

This paper addresses a problem of mixed Lagrange and Hermite interpolation. We
seek to establish the existence and uniqueness of a polynomial S ,,(x) of degree at most
n + m that is defined by the following conditions:

Six)=ar, k=1,...,n (Lagrange conditions) @1
S ,(1])(0) =0, j=0,....m (Hermite conditions). '

n
k=1

degree Jacobi polynomial PP (x), for a, B > —1. The values {ay};_, represent a
given set of arbitrary data. The Hermite conditions are imposed at the origin, and the
problem is specifically investigated for the case where n is an even integer.

In this formulation, the Lagrange interpolation nodes {x;}/_, are the zeros of the n

3. Regularity and Explicit Representation of Interpolatory Polynomial

Tueorem 3.1. The polynomial S ,(x) is regular on {x;};_, U {O}.

Proor. It suffices to show that S ,(x) = 0 is the only solution of problem (2.1). Suppose
S ,(x) is of the form
S(x) = ax" PP (%), (3.1)

where a is a constant independent of both 7 and x.
Differentiating m times and using condition (2.1), which requires S (0) = 0, we
obtain
am! PP 0) = 0. (3.2)
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Since m # 0 and P{"?(0) # 0, it follows that
a=0. (3.3)
Hence, S ,(x) = 0, completing the proof. O

THeEOREM 3.2. Let S,(x) be the interpolatory polynomial satisfying the conditions
in (2.1). Then it admits the representation

Sa(x) = > dn(x), (3.4)
k=1
where Ap(x) is a unique polynomial of degree < n + m, given by
m+1
A0 = S L), (3.5)
k

and satisfies the conditions

Ak(x]') = (Skj, k= 1, R (8

3.6)
AP©0)=0, p=0,....m.
Here Li(x) denotes the Lagrange fundamental polynomial
PP )
Li(x) = B 3.7
(x = x) Py (xx)
Proor. Consider
Ar(x) = (@™ L), (3.8)
where a; is a constant to be determined.
From the definition of the Lagrange fundamental polynomials, we know
0, k+j
Li(x)) = 6y, = ’ (3.9)
1, k=]
Ar(x) = (apx™ ) Li(xe). (3.10)
Using equations (3.6) and (3.9), we get
1
axk = — (3.11)
X
Substituting (3.11) into (3.8) yields
xm+l
Ap(x) = —— Li(x). (3.12)

Xk

From (3.8), we have
AP©0)=0, p=0,...,m.

Thus, the expression in (3.12) satisfies all the required conditions in (3.6), which
completes the proof. O
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4. Error Estimation of Fundamental Polynomials

Estimating the growth of fundamental polynomials is essential for analyzing the
convergence behavior of interpolating polynomials.

Lemma 4.1. Let Ay(x) be the fundamental polynomial defined in Theorem (3.2). Then

O(logn), -l<a<-1,
" 1
DAl = O(n“+2 logn), —p<a<i, (4.1)
k=1 1
O(n‘”f), a > %
Proor. From Theorem (3.2), the fundamental polynomials can be written as
xm+1
Ap(x) = —— Li(x). 4.2)
X
Using (3.5) and (3.7), we can write
+1 Pslaﬁ)(x)
A (0] = [ =] - |- (4.3)
X (x = x0) Py (x)
For —1 < x < 1 with @ > 3, the following bounds are known:
PP ()] = 00,
/(@) —a-3 042 “4)
|Pn ’ (xk)l =k “ 2n(1/+ s
From equations (4.3), (4.4) and as xk’”“ # 0 since n is even, we get
1
|Ar(x)| < Ck"" 2, 4.5)

where C is an arbitrary constant.
Lemma (4.1) follows, as we take summation both sides, and perform some calculations
for different ranges of a. |

THEOREM 4.2. Let f(x) be a continuous function on the interval [—1, 1] and differen-
tiable on (—=1,1). Then, the sequence of interpolating polynomials {S ,(x)} is defined
as

Sa(¥) = > AL f(0), (4.6)
and satisfies the following relation: -
O(log n) w.(f,n "), -l<a<-1,
8,00~ £] = 100" 2 ogn)w ().~ <a <, (@)
O(n“%)wr(f,n‘l), a> 1

where w,(f,n") is the r-th modulus of continuity of f(x).
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To prove this theorem, we make use of the following remarks.

Remark 4.3. Let f(x) be continuous on [—1,1] and differentiable on (—1,1), with
f=Y € Lipv for some v > 0. Then, the sequence {S,(x)} converges uniformly to
f(x) on [-1, 1], and we have

w(fin ) = 0om™ 1), v>a+i-r), (4.8)

where w,(f,n~") denotes the r-th order modulus of continuity of f(x), and the param-
eters satisfy (r — % <a<r- %).

RemaArk 4.4. If f(x) is continuous on [—1, 1] and differentiable on (-1, 1), then there
exists a polynomial Q,(x) of degree at most n + m such that the following Jackson
inequality holds:

1040 = f(0] = O(w,(f,n 7)), “9)

where w,(f,n"") is the r-th modulus of continuity of f(x).

Proof of Theorem 4.2. Since S ,(x) is the unique polynomial of degree at most n + m,
and Q,(x) is the best approximating polynomial of the same degree that interpolates
f(x), it also satisfies (4.9). Thus,

On(x) = Z A () Qn(xz). (4.10)
k=1
Then we have
1S 2 (x) = f(O] < 1S 2(x) = @n(X)] + |Qn(x) = f(X)]. 4.11)

Using (4.6) and (4.10), it follows that

1,00 = FOI < " A6 = Qulx0] +10(x) = ()] 4.12)
k=1
Applying the results from Lemma (4.1) together with (4.10), we obtain the desired
estimate and hence complete the proof of Theorem (4.2).

5. Numerical Examples

In this section, we present numerical experiments to demonstrate the accuracy and
convergence of the proposed interpolatory scheme. The interpolation nodes are chosen
as the zeros of even degree Jacobi polynomials, and the corresponding interpolatory
polynomial is constructed with Hermite conditions. For each test function, we
compute the interpolant on a fine grid in [-1, 1] and report the maximum absolute
error

E, = max, 1S 2(s) = f(s)I.

The results are presented in tabular form along with error plots, which confirm the
theoretical convergence behavior.
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Example 1: Smooth function We first consider the smooth function
f(@) = ¢+ arcsin(?),

with Jacobi parameters @ = 8 = —% and Hermite index m = 4. As expected, the
error decreases steadily as n increases, illustrating the convergence of the scheme for
smooth data.

TaBLE 1. Maximum interpolation error

n E,

10 0.091964
20 0.045883
30 0.030554
40  0.022900
50 0.018313
60 0.015256
70 0.013074
80 0.011438
90  0.01067

100 0.013973

Approximation vs. Original Function for n = 100
T T T

Ficure 1. Comparison of the exact function f(f) = t* arcsin(¢) (green solid line) and the interpolatory
polynomial S ,(¢) (red dashed line) for @ = —% =B, m=4,and n = 100.

Example 2: Non-smooth function Next, we consider the non-smooth function
f@) =1t

with Jacobi parameters « = § = 0 and Hermite index m = 3. Table 2 provides
the maximum interpolation errors, Although the convergence is slower due to the
singularity at ¢ = 0, the results still confirm the effectiveness of the method.
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TaBLE 2. Maximum interpolation error

n E,

10 0.384474
20 0.276367
30 0.226774
40 0.196858
50 0.176319
60 0.161102
70  0.149247
80 0.139674
90 0.131735

100 0.125011

vs. Original Function for n = 100
T T

08 08 04 02 o 02 04 06 08
s

Ficure 2. Comparison of the exact function f(f) = |*> (green solid line) and the interpolatory
polynomial S ,(¢) (red dashed line) for @ = 8 =0, m = 3, and n = 100.

6. Conclusion

The study highlights the effectiveness of constructing interpolatory polynomials
using Jacobi polynomial nodes with Hermite conditions. Theoretical analysis sup-
ported by numerical experiments shows that the method achieves stable approxima-
tions and exhibits good convergence behavior. These findings confirm the potential
of this approach as a useful tool in approximation theory and related computational
applications.
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