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GROWTH PROPERTIES OF COMPOSITE ANALYTIC
FUNCTION IN THE UNIT POLYDISC BASED ON (p, q, t)L-TH 

RELATIVE GOL’DBERG ORDER

JYOTI RANI ) and ANUPMA RASTOGI

Abstract

This article is devoted to exploring the properties of the growth of analytic functions in the unit polydisc 
of the (p, q, t)L-th relative Gol’dberg order. We introduce some concepts related to the function M f ,D(R), 
which is strictly increasing, and its inverse M−1 . We establish some new inequalities focusing on the
(p, q, t)L-th relative Gol’dberg order and the (p, q, t)L-th relative Gol’dberg lower order.
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1. Introduction

([5],[6]) Let Cn and Rn respectively denote the complex and real n-spaces. Also let us
indicate the point (z1, z2, ..., zn) and (m1,m2, ...,mn) of Cn or In by their corresponding
unsuffixed symbols z and m respectively, where I denotes the set of non-negative
integers. The modulus of z, denoted by |z|, is defined as

|z| =
(
|z1|

2 + ... + |zn|
2
) 1

2 .,

If the coordinates of the vector m are non-negative integers, then zm will denote
zm1

1 ...zmn
n and ||m|| = m1 + ... + mn .

If D ⊂ Cn (where Cn denotes the n-dimensional complex space) is a unit polydisc
with center at the origin, then for any analytic function f (z) of n complex variables
and R > 0, M f ,D(R) may be defined as M f ,D(R) = sup

z∈DR

| f (z)|, where a point z ∈ DR if

and only if z
R ∈ D. If f (z) is non-constant, then M f ,D(R) is strictly increasing and its

inverse M−1
f ,D : (| f (0)|, 1)→ (0, 1) exists such that

lim
R→1

M−1
f ,D(R) = 1.

The authors express sincere gratitude to the referee for the thorough reading of the manuscript and for
offering valuable comments and insightful suggestions, which significantly enhanced the quality and
clarity of the paper.
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Definition 1.1. ([2],[7],[8],[9]) Let f (z) be an analytic function of n complex variables
defined on the unit polydisc D centered at the origin in Cn. Then the Gol’dberg order
of f (z) with respect to the unit polydisc D is given by

ρ
(p,q)
f (D) = lim

R→1

log[p] M f ,D(R)

log[q]
(

1
1−R

) , where p ≥ q ≥ 1.

Similarly, the Gol’dberg lower order of f (z) with respect to the unit polydisc D is
defined as

λ
(p,q)
f (D) = lim

R→1

log[p] M f ,D(R)

log[q]
(

1
1−R

) , where p ≥ q ≥ 1.

Here, the iterated logarithm is defined recursively by log[k] R = log(log[k−1] R) for k =

1, 2, . . ., with log[0] R = R, and exp[k]R = exp
(
exp[k−1]R

)
for k = 1, 2, 3, ...; exp[0]R =

R.

For a unit polydisc D, an analytic function of n complex variables for which the
(p, q)-th Gol’dberg order and (p, q)-th Gol’dberg lower order are the same is said to be
of regular growth. Functions which are not of regular growth are said to be of irregular
growth. To compare the relative growth of analytic functions of n complex variables
having the same non-zero finite Gol’dberg order.

Definition 1.2. ([2],[8],[12]) Let f (z) and g(z) be analytic functions of n complex
variables defined on the unit polydisc D centered at the origin in Cn. Then the relative
Gol’dberg order of the analytic function f (z) with respect to g(z) in the unit polydisc
D is defined as

ρ
(p,q)
g,D f = lim

R→1

log[p]M−1
g,DM f ,D(R)

log[q][ 1
1−R ]

, where p ≥ q ≥ 1

Similarly, the relative Gol’dberg lower order of the analytic function f (z) with
respect to g(z) in the unit polydisc D is given by

λ
(p,q)
g,D f = lim

R→1

log[p]M−1
g,DM f ,D(R)

log[q][ 1
1−R ]

, where p ≥ q ≥ 1

In the context of relative Gol’dberg order, it is therefore reasonable to define a
generalized concept known as the (p, q, t)L-th relative Gol’dberg order for analytic
functions of n complex variables in the unit polydisc D centered at the origin in Cn.
In view of this, one may introduce the definition of the (p, q, t)L-th relative Gol’dberg
order of an analytic function f (z) with respect to another analytic function g(z), where
both f (z) and g(z) are analytic functions of n complex variables in the unit polydisc D
centered at the origin in Cn, in the framework of an index-pair.
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Definition 1.3. ([2],[8]) Let f (z) be an analytic function of n complex variables in the
unit polydisc D centered at the origin in Cn. Then the (p, q, t)-th Gol’dberg order of
the function f (z) with respect to D is defined as

ρ
(p,q,t)
D ( f ) = lim

R→1

log[p] M f ,D(R)

log[q]
[

1
1−R

]
+ exp[t]

[
1

1−R

] , where p ≥ q ≥ 1.

Similarly, the (p, q, t)-th Gol’dberg lower order of the function f (z) with respect to
D is defined as

λ
(p,q,t)
D ( f ) = lim

R→1

log[p] M f ,D(R)

log[q]
[

1
1−R

]
+ exp[t]

[
1

1−R

] , where p ≥ q ≥ 1.

Definition 1.4. [1] Let L ≡ L(r) be a positive continuous function such that L(ar) ∼
L(r) as r → 1, for every positive constant a. Following Somasundaram and Thamizha-
rasi [1], one may define the (p, q, t)L-th Gol’dberg order and the (p, q, t)L-th Gol’dberg
lower order for analytic functions of n complex variables in the unit polydisc as fol-
lows.

([2],[3],[8]) Let f (z) and g(z) be analytic functions of n complex variables, asso-
ciated with index pairs (m, q) and (m, p) respectively, where p, q, and m are positive
integers satisfying m ≥ q ≥ 1 and m ≥ p ≥ 1. Let D denote the unit polydisc centered
at the origin in Cn. Then the (p, q, t)L-th relative Gol’dberg order of f (z) with respect
to g(z) is defined by

ρ
(p,q,t)L
D ( f ) = lim

R→1

log[p] M f ,D(R)

log[q]
[

1
1−R

]
+ exp[t] L

[
1

1−R

] ,
Similarly, the (p, q, t)L-th relative Gol’dberg lower order of f (z) with respect to

g(z) is defined by

λ
(p,q,t)L
D ( f ) = lim

R→1

log[p] M f ,D(R)

log[q]
[

1
1−R

]
+ exp[t] L

[
1

1−R

] .
Definition 1.5. ([1],[3]) Let f be an analytic function of n complex variables in the
unit polydisc D centered at the origin in Cn. Then the (p, q, t)L-th relative Gol’dberg
order of f is defined by

ρ
(p,q,t)L
g,D ( f ) = lim

R→1

log[p] M−1
g M f ,D(R)

log[q]
[

1
1−R

]
+ exp[t] L

[
1

1−R

] ,
and the (p, q, t)L-th relative Gol’dberg lower order of f is defined by

λ
(p,q,t)L
g,D ( f ) = lim

R→1

log[p] M−1
g M f ,D(R)

log[q]
[

1
1−R

]
+ exp[t] L

[
1

1−R

] .
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During the past decades, several authors (see [2],[4],[9],[10],[13] ) have made close
investigations on the properties of the relative order of analytic functions of several
complex variables using different growth indicators such as Gol’dberg order and (p, q)-
th Gol’dberg order. In this paper, we aim to study some relative growth properties of
analytic functions of n complex variables using the Gol’dberg order and the (p, q, t)L-
th relative Gol’dberg order.

2. Main Results

Theorem 2.1. Let f (z) and g(z) be analytic functions of n-complex variables and D
be the unit polydisc centered at the origin in Cn. Also, let 0 < λ

(p,q,t)L
D ( f og) <

ρ
(p,q,t)L
D ( f og) < ∞ and 0 < λ(m,q,t)L

D (g) < ρ(m,q,t)L
D (g) < ∞.

Then

λ
(p,q,t)L
D ( f og)

ρ
(m,q,t)L
D (g)

≤ lim
R→1

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≤ min

λ(p,q,t)L
D ( f og)

λ
(m,q,t)L
D (g)

,
ρ

(p,q,t)L
D ( f og)

ρ
(m,q,t)L
D (g)


≤ max

λ(p,q,t)L
D ( f og)

λ
(m,q,t)L
D (g)

,
ρ

(p,q,t)L
D ( f og)

ρ
(m,q,t)L
D (g)

 ≤ lim
R→1

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≤

ρ
(p,q,t)L
D ( f og)

λ
(m,q,t)L
D (g)

Proof. From the definition of (p, q, t)L-th relative Gol’dberg order and (p, q, t)L-th
relative Gol’dberg lower order of the analytic composite function f og, for ε > 0 and
as R→ 1, we have:

log[p,t]L M f og,D(R) ≤
(
ρ

(p,q,t)L
D ( f og) + ε

) (
log[q] 1

1 − R
+ exp[t] L

(
1

1 − R

))
(2.1)

and

log[p,t]L M f og,D(R) ≥
(
λ

(p,q,t)L
D ( f og) − ε

) (
log[q] 1

1 − R
+ exp[t] L

(
1

1 − R

))
(2.2)

Again, for all sufficiently small values of 1 − R (i.e., R→ 1),

log[p,t]L M f og,D(R) ≤
(
λ

(p,q,t)L
D ( f og) + ε

) (
log[q] 1

1 − R
+ exp[t] L

(
1

1 − R

))
(2.3)

and

log[p,t]L M f og,D(R) ≥
(
ρ

(p,q,t)L
D ( f og) − ε

) (
log[q] 1

1 − R
+ exp[t] L

(
1

1 − R

))
(2.4)

Now, from the definition of (m, q, t)L-th Gol’dberg order and (m, q, t)L-th lower
Gol’dberg order of the analytic function g(z), for ε > 0 and sufficiently large values of
R, we have:

log[m,t]L Mg,D(R) ≤
(
ρ

(m,q,t)L
D (g) + ε

) (
log[q] 1

1 − R
+ exp[t] L

(
1

1 − R

))
(2.5)
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and

log[m,t]L Mg,D(R) ≥
(
λ

(m,q,t)L
D (g) − ε

) (
log[q] 1

1 − R
+ exp[t] L

(
1

1 − R

))
(2.6)

Also, for a sequence of values of R→ 1, we have:

log[m,t]L Mg,D(R) ≤
(
λ

(m,q,t)L
D (g) + ε

) (
log[q] 1

1 − R
+ exp[t] L

(
1

1 − R

))
(2.7)

and

log[m,t]L Mg,D(R) ≥
(
ρ

(m,q,t)L
D (g) − ε

) (
log[q] 1

1 − R
+ exp[t] L

(
1

1 − R

))
(2.8)

Now from (2.2) and (2.5), it follows for R→ 1 that

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≥

(
λ

(p,q,t)L
D ( f og) − ε

)(
ρ

(m,q,t)L
D (g) + ε

) .

As ε(> 0) is arbitrary, we obtain that

lim
R→1

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≥
λ

(p,q,t)L
D ( f og)

ρ
(m,q,t)L
D (g)

. (2.9)

Again, from (2.3) and (2.6), it follows for R→ 1 that

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≤

(
λ

(p,q,t)L
D ( f og) + ε

)(
λ

(m,q,t)L
D (g) − ε

) .

As ε(> 0) is arbitrary, we obtain that

lim
R→1

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≤
λ

(p,q,t)L
D ( f og)

λ
(m,q,t)L
D (g)

. (2.10)

Similarly, from (2.1) and (2.8), it follows for a sequence of values of R→ 1 that

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≤

(
ρ

(p,q,t)L
D ( f og) + ε

)(
ρ

(m,q,t)L
D (g) − ε

) .

As ε(> 0) is arbitrary, we obtain that

lim
R→1

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≤
ρ

(p,q,t)L
D ( f og)

ρ
(m,q,t)L
D (g)

. (2.11)

Now combining (2.9), (2.10), and (2.11), we get

λ
(p,q,t)L
D ( f og)

ρ
(m,q,t)L
D (g)

≤ lim
R→1

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≤ min

λ(p,q,t)L
D ( f og)

λ
(m,q,t)L
D (g)

,
ρ

(p,q,t)L
D ( f og)

ρ
(m,q,t)L
D (g)

 .

(2.12)
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From (2.2) and (2.7), it follows for R→ 1 that

log[p,t]LM f og,D(R)
log[m,t]LMg,D(R)

≥

(
λ

(p,q,t)L
D ( f og) − ε

)(
λ

(m,q,t)L
D (g) + ε

) .

As ε(> 0), we obtained that

lim
R→1

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≥
λ

(p,q,t)L
D ( f og)

λ
(m,q,t)L
D (g)

. (2.13)

From (2.1) and (2.6), it follows for R→ 1 that

log[p,t]LM f og,D(R)
log[m,t]LMg,D(R)

≤

(
ρ

(p,q,t)L
D ( f og) + ε

)(
λ

(m,q,t)L
D (g) − ε

) .

As ε(> 0), we obtained that

lim
R→1

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≤
ρ

(p,q,t)L
D ( f og)

λ
(m,q,t)L
D (g)

. (2.14)

Similarly, from (2.4) and (2.5), it follows that

log[p,t]LM f og,D(R)
log[m,t]LMg,D(R)

≥

(
ρ

(p,q,t)L
D ( f og) − ε

)(
ρ

(m,q,t)L
D (g) + ε

) .

As ε(> 0), we obtained that

lim
R→1

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≥
ρ

(p,q,t)L
D ( f og)

ρ
(m,q,t)L
D (g)

. (2.15)

Now combining (2.13), (2.14), and (2.15), we obtain

max

λ(p,q,t)L
D ( f og)

λ
(m,q,t)L
D (g)

,
ρ

(p,q,t)L
D ( f og)

ρ
(m,q,t)L
D (g)

 ≤ lim
R→1

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≤
ρ

(p,q,t)L
D ( f og)

λ
(m,q,t)L
D (g)

.

(2.16)
Hence, the theorem follows from (2.12) and (2.16). �

Corollary 2.2. Let us assume f and g be analytic in the unit polydisc D ⊂ Cn. Let,

λ
(m,q,t)L
D (g) = ρ

(m,q,t)L
D (g) = u, 0 < u < ∞.

So,

λ
(p,q,t)L
D ( f og)

u
≤ lim

R→1

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
≤
ρ

(p,q,t)L
D ( f og)

u
.
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Additionally,

λ
(p,q,t)L
D ( f og) = ρ

(p,q,t)L
D ( f og) = v, 0 < v < ∞,

Therefore,

lim
R→1

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
=

v
u
.

Example: We assume that g(z) = (1− z)−α and f (z) = zβ with α > 0 and β > 0. So,
f og(z) = (1 − z)−αβ. For 0 < R < 1, the maximum modulus of g on the unit polydisc
D of radius R is

Mg,D(R) =
1

(1 − R)α
, log Mg,D(R) = α log

1
1 − R

.

Likewise,

M f og,D(R) =
1

(1 − R)αβ
, log M f og,D(R) = αβ log

1
1 − R

.

From here, the (m, q, t)L-th relative Gol’dberg order and lower order of g are

λ
(m,q,t)L
D (g) = ρ

(m,q,t)L
D (g) = α,

as well as the (p, q, t)L-th relative Gol’dberg order and lower order of the composition
f og are

λ
(p,q,t)L
D ( f og) = ρ

(p,q,t)L
D ( f og) = αβ..

Consequently,

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
=
αβ log 1

1−R

α log 1
1−R

= β.

and from here,

lim
R→1

log[p,t]L M f og,D(R)

log[m,t]L Mg,D(R)
= β =

ρ
(p,q,t)L
D ( f og)

ρD
(m,q,t)L(g)

=
λ

(p,q,t)L
D ( f og)

λ
(m,q,t)L
D (g)

..

So, this example verifies the Theorem 2.1

Theorem 2.3. Let f (z), g(z), and h(z) be three analytic functions, and let D be the unit
polydisc centered at the origin in Cn.
Also, let 0 < ρ(p,q,t)L

h,D ( f og) < 1 and 0 < ρ(m,q,t)L
g,D ( f ) < 1. Then,

lim
R→1

log[p,t]L M−1
h,DM f og,D(R)

log[m,t]L M−1
g,DM f ,D(R)

≤
ρ

(p,q,t)L
h,D ( f og)

ρ
(m,q,t)L
g,D ( f )

≤ lim
R→1

log[p,t]L M−1
h,DM f og,D(R)

log[m,t]L M−1
g,DM f ,D(R)

,

where p, q, and m are positive integers such that p > q and m > q, that is,
q < min{p,m}.
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Proof. From the definition of the (p, q, t)L-th relative Gol’dberg order with respect to
another analytic function, we get, for a sequence of values of R→ 1,

log[p,t]L M−1
h,DM f og,D(R) ≤

(
ρ

(p,q,t)L
h,D ( f og) + ε

) (
log[q] 1

1 − R
+ exp[t] L

(
1

1 − R

))
,

(2.17)
and

log[p,t]L M−1
h,DM f og,D(R) ≥

(
ρ

(p,q,t)L
h,D ( f og) − ε

) (
log[q] 1

1 − R
+ exp[t] L

(
1

1 − R

))
.

(2.18)
Also,

log[m,t]L M−1
g,DM f ,D(R) ≤

(
ρ

(m,q,t)L
g,D ( f ) + ε

) (
log[q] 1

1 − R
+ exp[t] L

(
1

1 − R

))
, (2.19)

and

log[m,t]L M−1
g,DM f ,D(R) ≥

(
ρ

(m,q,t)L
g,D ( f ) − ε

) (
log[q] 1

1 − R
+ exp[t] L

(
1

1 − R

))
. (2.20)

From (2.18) and (2.19), it follows for a sequence of values of R→ 1 that

log[p,t]L M−1
h,DM f og,D(R)

log[m,t]L M−1
g,DM f ,D(R)

≥

(
ρ

(p,q,t)L
h,D ( f og) − ε

)(
ρ

(m,q,t)L
g,D ( f ) + ε

) .

As ε > 0 is arbitrary, we obtain that

lim
R→1

log[p,t]L M−1
h,DM f og,D(R)

log[m,t]L M−1
g,DM f ,D(R)

≥
ρ

(p,q,t)L
h,D ( f og)

ρ
(m,q,t)L
g,D ( f )

. (2.21)

Again, from (2.17) and (2.20), it follows for a sequence of values of R→ 1 that

log[p,t]L M−1
h,DM f og,D(R)

log[m,t]L M−1
g,DM f ,D(R)

≤

(
ρ

(p,q,t)L
h,D ( f og) + ε

)(
ρ

(m,q,t)L
g,D ( f ) − ε

) .

As ε > 0 is arbitrary, we obtain that

lim
R→1

log[p,t]L M−1
h,DM f og,D(R)

log[m,t]L M−1
g,DM f ,D(R)

≤
ρ

(p,q,t)L
h,D ( f og)

ρ
(m,q,t)L
g,D ( f )

. (2.22)

Hence, the theorem follows from (2.21) and (2.22).
�

Theorem 2.4. Let f (z), g(z), and h(z) be three analytic functions, and let D be the unit
polydisc centered at the origin in Cn.
Also, let 0 < λ(p,q,t)L

h,D ( f og) < ∞ and 0 < λ(m,q,t)L
g,D ( f ) < ∞. Then,

lim
R→1

log[p,t]L M−1
h,DM f og,D(R)

log[m,t]L M−1
g,DM f ,D(R)

≤
λ

(p,q,t)L
h,D ( f og)

λ
(m,q,t)L
g,D ( f )

≤ lim
R→1

log[p,t]L M−1
h,DM f og,D(R)

log[m,t]L M−1
g,DM f ,D(R)

.
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Here, p, q, and m are positive integers such that p > q and m > q, that is,
q < min{p,m}.

Proof. From the definition of the (p, q, t)L-th relative lower Gol’dberg order with
respect to another analytic function, we get, for a sequence of large values of R,
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and
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Also, for a sequence of values of R→ 1, we have
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and
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Now, from (2.23) and (2.26), it follows for a sequence of values of R→ 1 that
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As ε > 0 is arbitrary, we obtain that
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Now, from (2.24) and (2.25), it follows for a sequence of values of R→ 1 that
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As ε > 0 is arbitrary, we obtain that
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Hence, the theorem follows from (2.27) and (2.28).
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3. conclusion

The primary objective of this paper has been to extend and refine the concept of
the (p, q)-th relative Gol’dberg order to the more general framework of the (p, q, t)L-
th relative Gol’dberg order for analytic functions, and to establish its existence. The
results obtained herein provide a foundational base that may be further generalized
by employing the notions of (p, q, t)L-th relative Gol’dberg order and (p, q, t)L-th
relative Gol’dberg lower order of analytic functions in the unit polydisc. These avenues
are left open for interested researchers or contributing authors to explore in future
investigations within this line of study.
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