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SOME RESULTS ON (p, ¢, {)L-TH ORDER & (p, q, {)L-TH
LOWER ORDER OF ENTIRE FUNCTIONS OF SEVERAL
COMPLEX VARIABLES ON THE BASIS OF CENTRAL
INDEX

MANEESH KUMAR SEN and ANUPMA RASTOGI ™

Abstract

The central index denoted by v;(r) of entire function f(z)=},"a,z" on |z] = r is defined as max
{m : ps(r) = |a,|r}. In this paper, we discuss about the growth rates of central indices of composition
of entire functions of several complex variables with their (p, g, t)L-th order & (p, g, t)L-th lower order.
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1. Introduction

We denote complex n- space by C" and indicate its elements (zy, z2, ..., Z,) by z.
Here a nonempty open complete n-circular region in C* with centre at (0,0, ..., 0) is
denoted by Q,, = Q
We define
Q| = {r:r =]z for some z € Q}

and
Q" ={r:relQl, no r; =0}

and regard these as subsets of the n-dimensional Euclidean space C".
A function f(z) is analytic at a point 5 € C" if it can be extended as an absolutely

convergent power series in some neighbourhood of 7.
If we assume 1 = (0,0, ..., 0), then f(z) has representation ([1] and [2])

(o) (o]

ki ks k

f2) = Z akl,kz,»--,knzllzzz”‘zn = E az,
k=(0,0,...,0) [k|=0
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where a; are complex coefficients such that k = (ky, ks, ..., k,,) belongsto S = {k: k €
C", each k; is non-negative integer} and |k| = k| + kp + ... + k.

Now, Corresponding to an entire function f(z) on |Q| ([1] and [3]):
The maximum modulus
M(r) = My(r)

defined as

M(r) = My(r) = Illzllézlf{lf(z)l}

The maximum term

u(r) = pg(r)
defined as
_ _ k
u(r) = pg(r) = T&X“akv }
and the central index

v(r) = ve(r) = i, ), va(r, [y va(r, )
defined as

N _Jmax{k; : lag|r* = u(r)}, ifu(r)>0
Vi) = viln f) = {o, if u(r) = 0, for 1 <i <n.

Also, the central index v(r) for which the maximum term is achieved

vl = vi(r, ) +va(r, ) + .. + V(7 f)

Let p, g, m and n be positive integers and r € N U {—1,0}.
Now we recall that Shen et al.[4] defined the (m, n)-¢ order and (m, n)-¢ lower order
of entire function f(z) which are as follows:

DerintTionN 1.1. [4] Let ¢:[0,00] — (0,00) be a non-decreasing unbounded function and
m > n. The (m,n)-¢ order p™"(f,p) and (m, n)-¢ lower order 1" (£, ¢) of entire
function f(z) are defined as:

log!™ ! M(r
POfg) = limsups M)
roo log'™ ¢(r)

log* 11 M
and A™(f,4) =1lim inngf(r)
r=e Jog™ o(r)

where
log*! x = log(log® ! x) for k = 1,2,3, ... and log!®” x = x
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If we take m = 1,n = 1 and @(r) = r, then we denote p>V(f,r) and AZD(f,r)
by pr and A respectively, which are the order and lower order of entire function f(z).
Now, He and Xiao [5] introduced an alternative definition of order and lower order of
an entire function f(z) in terms of its central index in the following way:

o(f) = limsup 2D

r—00 logr

I
and A = liminf g2’

r—00 ogr

Let L = L(r) is a positive continuous function increasing slowly i.e. L(ar) ~ L(r) as

r — oo for every positive constant ‘a’ i.e., lim LL((”:)) = 1. If we take m = p,n = 1
r—+oo

and @(r) = logl?™! r.exp!™! L(r), then Definition 1.1 turns into the definitions of
(p, g, )L-th order and (p, g, t)L-th lower order of an entire function f(z) ([6]) which
are as follows:

log”* ! M (r

pPaIL(f) = lim sup—og M)
oo logl? r + expl L(r)

log!”*! M ¢(r)

and AP4OL(f) = liminf
/ r=e0 Joglt r + expl? L(r)

Shen et al. [4] also established the equivalence of the definition of (m,n) — ¢ order
of entire functions in terms of maximum modulus and central index under some
conditions. If we take m = p,n = 1 and @(r) = log%"!! r.exp!*! L(r), then in view of
Lemma 3.4 of [4] and Definition 1.1, one can write the following definition:

DerniTioN 1.2, Let f(z) be an entire function and v(r) be the central index of f(z),
then

log!”! v 4(r
p(p’q")L(f) — lim sup g | f( |
oo logl? r + expl L(r)

log!”! v, (r)]

and AP4OL(f) = liminf
/ r>e Jogldl r + expld L(r)

In order to compare the relative growth of two entire functions having same non
zero finite (p, g, t)L-th order, one may introduce the definitions of (p, g, f)L-th type
(also (p, gq,t)L-th lower type) of entire functions having finite positive (p, g, t)L-th
order in the following manner:

DermniTion 1.3. [6] Let f(z) be an entire function with non-zero finite (p, g, )L-th
order. The (p, g, t)L-th type denoted by a;p 0L and (p, ¢, )L-th lower type denoted
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by 5';1’ 4D are respectively defined as follows:

loot! M (r
o P4IL(f) = lim sup £ A (Pl

r—o0 [loglq—ll r eXp[t+l] L(r)]ﬂf
log!”' M 4(r)

— g, L 1 .
and O_(p a0) (f) - h?_l)g,lf lg-1] 1 p(p.z/,z)L
[og"="' r. explt+11 L(r)]°r
Now, in the line of Juneja, Kapoor and Bajpai [7], (p, ¢)-th order and (p, ¢)-th
lower order of an entire function f(z) of n-complex variables are respectively defined
as follows:

DerNiTioN 1.4, [7] The (p, g)-order pP?(f) and (p, g)-lower order A79( f) of entire
function f(z) of n-complex variables are:

log“’”J Mf(r] I 4 TR I‘,,)

pPD(f) = limsup

F15125000sl =00 log[q](rlrg...rn)

log” " Mi(ry, ray s 1)

and APO(f) = liminf —=— 1 "
FLaP2eres Ty =00 log[‘”(r]rz...rn)

where p and ¢ are any two positive integers with p > ¢.

DErNtTION 1.5. The (p, g, t)L-th order pP¢X(f) and (p, g, t)L-th lower order AP4DL(f)
of entire function f(z) of n-complex variables are respectively defined as follows:

log?* W My(r1, ray ooy 1)

P4OL(F) = Timsu (1.1)
P f rl,rz,...,r,,goo IOg[Q](Fl 7.ty + exp[’] L(riry...ry)
and
log”* N Me(ry, 1oy,
AP4OL(f) = fiminf g s(r.r n) (1.2)

= logld(riry...r) + expl L(rirs...1y)

Also, let f(z) be an entire function of n-complex variables with non-zero finite

(p.g,t)L-th order. The (p,q,7)L-th type denoted by o/*"* and (p, g, 1)L-th lower

type denoted by 6'}” 4Ol are respectively defined as follows:
log!”! M (ry, 12, ..., 1)
cPaOL(f) = limsup = :
rrzetn = [logl™U(ry ry, o ry). expl 1 Ly, 12, ooy 1) 17
lo [p] M ry,r,...,nr
and FPUL(F) = liminf g My ) -

F1,F2,..Fp—00

[log[q_l](rl’ 2, ..., rrl)- exp[t+l] L(rl’ 72,0y rn)] 4

Recently, many authors ([5],[8] and [9]) have investigated the growth of entire
functions of several complex variables in terms of their central index.

In this paper we would like to establish (p, g, f)L-th order p»%"L(f) and (p, g, t)L-th
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lower order AP49L(f) of entire function f(z) of n-complex variables in terms of its
central index. The main purpose of this paper is to investigate the growth estimates of
the central indices of composite entire functions of n-complex variables as compared
to their left or right factor based on (p, g, )L-th order ((p, g, t)L-th lower order), where
p and g are any two positive integers with p > gand t e N U {-1, 0}.

2. Lemmas
In this section, we present some lemmas that will be needed in the sequel.

Lemma 2.1. [1] Let p,r € |Q| and let u(p) and u(r) be both positive. Then the line

integral,
" Vi(x)
sz 2 dx s
p Z Xj !

=1

taken over any connected polygon in |Q| with sides parallel to the axes and from p to
r’

1. exists,

2. is independent of the polygon and

3. issuch that logu(r) = logu(p) + 1

Lemma 2.2, [1] Let r € |Q|. Let p € C" and be such that p >> (1,1,...,1), while
pr = (p1r19 p2r2’ cee pnrn) € |Q|

Let
Nj= maxvt), for 1<j<n.
r<t<pr
Then

Lo p(r) < M(r) < p(r) [T}, [N + %] ;

2. w(r) = M(r), if and only if the series 2\01;:0 air* has at most one non vanishing
term;

3.  the last relation in 1 is an equality if and only if u(r) = 0

3. Main Results
In this section, we present the main results of this paper.

THEOREM 3.1. Let f(z) be an entire function of n- complex variables with (p, q,t)L-th
order pP4OL(f) and (p, q, t)L-th lower order AP4DE(f). If vi(r) = v¢(ri, ra, ..., 1) be
the central index of f, then

log v r(ry, ray .o,
p(P,qJ)L(f): lim sup — g |f(l 2 )l
F1sF2 50y rn—wolOg q (7'1}"2...}"”) + exp[l‘]L(rlrz'”rn)

3.1
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log!” v ¢(ry, ray oo )
APAL(F) = liminf LA )
= logld(ryry..ry) + expU L(ri ra...1)

Proor. By Lemma 2.1, we see that the maximum term u(r) of f satisfies

")
togu() = togyp) + [ 320,
P =1 Xj

(3.2)

(3.3)

Since Krishna, J.G.([1],Corollary 2.9) proved that v;(r) is increasing and right contin-
uous in j-th variable for 1 < j < n. Therefore, for any p, r € |Q| such that u(r) > 0 and

p>>(1,1,.,1),wegetforl < j<n,

" d)CJ'
Vj(r17 e rj—la cey rn)_
P Xj

J

Vi) < log(p;)

From (3.3) and (3.4), we get

log u(r) = log u(p) + ), v(r) log(p))
j=1

By Lemma 2.2, we have
Hr(r) < My(r)
It follows from (3.5) and (3.6) that

n

D vi(r)log(p)) < log My(r) + ¢
j=1

As p >>(1,1...,1), choosing p; = 2 for 1 < j < n, we get

Z?:l vj(r)log2 < log Ms(r) + c;

= |vp(r)llog2 <log M(r) + ¢y

= log” v, +1og?*2 < log”™ " M;(r) +
where c;(i = 1,2) are constants. By this and (1.1), we have

Lo v i (ry, 72y ooy 1)
pPIONf) > limsup ——o ! "
Pt —00102' V(1 1.1y + expU L(ryra...r,)

Now by letting p; =2 for 1 < j <nin (1) of Lemma (2.2), we have

n
My <] [INj+2,
j=1
.= . <7<
where N; rrgcgll);crv](t), for 1 <j<n.

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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= M) < lay, @ [ |IN; +2 3.9)
j=1
Since |a| is bounded, from (3.9) we get

n

Zvj(r) logr; + ZlogNj +c3

log M(r) <
j=1 j=1
< va(r)logrj+210gNj +c3
j=1 j=1

< [ve(r)|log(rira...r,) + 10g(N1N>...N,) + ¢3
= log” N M(r) <log” [v,(r)| + log? (7 rs...1)
+  1og” NN\ N>..N,) + ¢4

where c¢;(i > 0)(i = 3,4) are constants. By this and (1.1), we get

log? v (ri, 72, ooy 1)l

PaOL(fy < limsu (3.10)
P f r1,rz....,r,,goolog[q](rlrg...rn) + expld L(riry...1)
By (3.8) and (3.10), it follows that
. 1og"”! v ¢(r1, 1, .eov 1)l
PP = limsup ; T
rl,rg,“.,rn—)oolog (r1r2...r,,) + exp L(rlrz...r,,)
Similarly, we can prove for the lower order
log” vi(ri,ra, .,
/l(p’q’t)L(f) — liminf g | _f( 1,72 n)|
rirerni=o1ogl (ryry.ry) + expld L(ryry...1)
O

THeorREM 3.2. If f and g are entire functions of n-complex variables such that 0 <
AP4L(fog) < pPaN(fog) < oo and 0 < A"V (g) < p™ 4V (g) < co, then

APt (fog) e 108 v pog(ris r2s o ra)l AP (fog)
prait(@) T nmeenime logl v (ry )l T ATEIN(E)
102 |V 100 (F1y 72y vy 1) PaDL(fo

< limsup g os e (Lf 8

Fornsetn—eo 108 Vo (ry, 72, ooy 1)l AmanL(g)

where p, q and m are positive integers with p > q > m.

Proor. Using Theorem 3.1 for the entire functions fog and g respectively, we have for
arbitrary positive € and for all sufficiently large values of ry, r,, ..., r;, that

1087 1V fog (11, 72, ooy 1)l 2 (AP (fOg) = €10 (r172.ry) + exp!! L(rirz...,))
(3.11)
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and
log!"™ vg(ri, 12, ooy 1)l 2 (0" 4% (g) + €)(10g ! (r173...r) + exp! L(rirs...r)) (3.12)
Now, from (3.11) and (3.12) it follows for all sufficiently large values of ry, s, ..., 7;;,

108 Vg (r1, 2y s )l APV (fog) — €
log[m] |Vg(r1, 2, ..y er)' - p(m,q,t)L(g) +e€

As e(> 0) is arbitrary, we obtain that

. . log[p] |Vfog(rla r27 ceey rn)l /l(p’q’t)L(ng)
lim inf T = T gL
nrzeenti= 1ogl™ fyg(ry 1y )l PUEOH(E)

(3.13)

Again, for a sequence of values of (7, r, ..., 1) = 00

1087 1V o (1, 72, ooy 1)l < (AP 4 (fOg) + €10 (71 72-r) + exp!) L(ri72.2))
(3.14)
and for all large values of r, 72, ..., 1y,

1og" vg(ri, 72, ooy 1)l 2 (A" (g) = ©)log! ! (r172.ry) + exp! L(ri72.r)) (3.15)
So, combining (3.14) and (3.15), we get

10g"! Vo1, 72, )l _ AP9L(fog) + €
1og" vy (ri, ray ey )|~ A4OE(g) — €

Since e(> 0) is arbitrary, it follows that

. . log[p] |Vf()g(rl 3125 ey rn)l /l(p,q,I)L(ng)
lim inf < 7
rerzentn = 1og"™ ve(ry, 12, ooy 1)l ALt (g)

(3.16)

Also, for a sequence of values of (ry, r, ..., 1) = o
10g"™ [V og(r1, 72,y ooy Tn)l < (A4 (9) + ©)(0g! M (ry 1y..y) + exp! L(ry 7y.my)) (3.17)
Now, from (3.11) and (3.17) we obtain for a sequence of values of (7, ry, ..., 1,,) = o9,

108V |V o (1 72 wvos T . APaDL(foo) — €

> (3.18)
log!™ [Ve(ri,r2, oo )l AmadLl(g) + ¢
Choosing € — 0 we get that
log!”! (Pl
lim sup og |Vfog(r1a r, rn)l < A (Lng) (319)
Firaeotnmoo 10g" o (r1, 72y ey i)l AEDL(g)

Also, for all large values of ry, 7y, ..., 1

1087 1V fog (11, 72, ooy 1)l < (0P (fOg) + €)10g D (r172.r) + exp L(riry.ry)
(3.20)
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So, from (3.15) and (3.20) it follows for a sequence of values of (ry, s, ..., 1) = oo,

108 v og (1, 72y s Tl pP4DL(fog) + €
log"™ |ve(r1, 2y ey r)l — AEDE(g) — €

As e(> 0) is arbitrary, we obtain that

log[p] |Vfog(r1’ 72, s Tl P p(P’q’l)L(ng)

lim su < (3.21)
rl,rz,.,,,r,,goo log"™ v (r1, 72, ooy 1) AlmanL(g)
Hence, the theorem follows from (3.13), (3.16), (3.19) and (3.21). O

THeoreM 3.3. If f and g are entire functions of n-complex variables such that 0 <
APa(fog) < pPtIE(fog) < 0o and 0 < A4 (g) < p"™ 4V (g) < oo, then

]Og[p] |Vf()g(r1, 12y .eey rn)' < p(p,q,t)L(ng)

lim inf < Y2
172t =00 Tog™ vy (ry, 72, ooy 1)l pmaDL(g)
108 P [V 400 (F1s T2y ovy )

< limsup g fog z

PPy oo logl™ [Ve(ri, oy ey 1)l
where p, q and m are positive integers with p > q > m.

The proof follows from Theorem 3.1 and Theorem 3.2 together with standard lim
sup and lim inf arguments similar to those used in [8]. Hence, the details are omitted.

The following theorem is also a natural consequence of Theorem 3.2 and Theorem
3.3.

TueOREM 3.4. If f and g are entire functions of n-complex variables such that 0 <
APa(fog) < pP TV (fog) < 0o and 0 < A4 (g) < p"™ 40 (g) < oo, then

108! 1 a1, 12 s . { AP (fog) pP40(fog)
- Almant(g) " plmanl(g)

. 10g[17] |Vf0g(rls 2, rn)l
lim sup

PPy oo logl™ Ve(ri, ray e )l

lim inf
T1512 50005l 00 log[m] |vg(r1 sy, I"n)|
APaO(fog) pP40(fog)
< max s <
{ Almadt(g) = pmant(g) }

where p,q and m are positive integers with p > q > m.

REMARK 3.5. If we take 0 < A"4DL(f) < pm4DL(f) < oo instead of O < A™4DE(g) <
pMaIL(g) < oo and the other conditions remain the same, then also Theorem 3.2,
Theorem 3.3 and Theorem 3.4 hold with g replaced by f in the denominator.
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and Roy [8]. The proofs in this paper rely on known central index techniques and
classical lemmas due to Krishna [1], and several arguments follow similar lines with
suitable modifications. The contribution of this paper is to extend these methods to
the (p, g, t)L-growth framework for entire functions of several complex variables and
to obtain corresponding growth estimates for composite entire functions within this
setting.
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