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THE STUDY OF PARA SASAKIAN MANIFOLDS
ADMITTING ∗-CONFORMAL η-RICCI SOLITONS

ABHISHEK SINGH and SANGEETA GAUTAM )

Abstract

The objective of this paper is to investigate the para-Sasakian manifolds admitting ∗-Conformal η-Ricci
solitons. We characterize a para-Sasakian manifold admitting ∗-Conformal η-Ricci solitons. Further,
we study Ricci-recurrent para-Sasakian manifolds admitting ∗-Conformal η-Ricci solitons. We discuss η-
Parallel φ-tensor in the manifold admitting ∗-Conformal η-Ricci solitons. We have also studied Conformal
curvature tensor on para-Sasakian manifolds admitting ∗-Conformal η-Ricci solitons. Finally we have
given an example of a 5-dimensional para-Sasakian manifold which verify our results.
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1. Introduction

T. Takahashi [31] introduced almost contact manifolds equipped with an associated
pseudo-Riemannian metric. In particular, he studied Sasakian manifolds equipped
with an associated pseudo-Riemannian metric. T. Adati and K. Matsumoto [1] defined
para-Sasakian and special para-Sasakian manifolds. These manifolds are special cases
of an almost paracontact manifold introduced by I. Sato and K. Matsumoto [27]. In the
same paper, the authors studied conformally symmetric para-Sasakian manifolds and
they proved that an n-dimensional conformally symmetric para-Sasakian manifold is
conformally flat and special para-Sasakian. U. C. De and N. Guha [13] showed that
an n-dimensional Weyl-semisymmetric para-Sasakian manifold is conformally flat.
Sharma [28] investigated the Ricci solitons in contact geometry in 2008.
Later on, Ricci solitons in contact metric manifolds have been studied by several
authors like Bagewadi et al.[2, 3], Bejan and Crasmareanu [4], Blaga [6], Chandra et
al. [10], Chen and Deshmukh [11], Chenxu and Meng [21], Nagaraja and Premalatha
[23]. η-Ricci soliton have been studied by various authors [7, 8, 25, 34, 36] and many
others. Recently ∗-Conformal η-Ricci solitons in ε-Kenmotsu and ε-para Sasakian
manifolds have been studied by R. Prasad and U. C. De [14, 20]. A Ricci soliton
(g,V, λ) on a Riemannian manifold (M, g) is generalization of an Einstein metric such
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that it satisfies the following condition [19]

£Vg + 2S + 2λg = 0, (1.1)

where S is the Ricci tensor, £V is the Lie derivative operator along the vector field V
on (M, g) and λ is a real number. The Ricci soliton is said to be shrinking, steady or
expanding according as λ is negative, zero or positive.

As a generalization of the Ricci soliton, the notion of an η-Ricci soliton was
introduced by Chao and Kimura [12] and given by the equation

£Vg + 2S + 2λg + 2µη ⊗ η = 0, (1.2)

where λ and µ are constants, g is a Riemannian metric and S is the Ricci tensor
associated with g. The conformal Ricci flow on M is defined by A. E. Fischer [17]

∂g
∂t

+ 2(S +
g
n

) = −pg r = −1, (1.3)

where p is a scalar non-dynamical field (time dependent scalar field), r is scalar
curvature of manifold and n is n-dimensional manifold. In the Riemannian setting,
the notion of a conformal Ricci soliton was introduced by Basu and Bhattacharyya [5]
on a Kenmotsu manifold of dimension n as

£Vg + 2S = −[2λ − (p +
2
n

)]g, (1.4)

where λ is a constant and £V is the Lie derivative along the vector field V . The notion
of conformal η-Ricci soliton introduced by M. D. Siddiqui [29] is defined as

£Vg + 2S + [2λ − (p +
2
n

)]g + 2µη ⊗ η = 0, (1.5)

Tachibana [32] was introduced the notion of ∗-Ricci tensor on almost Hermitian
manifolds in 1959. Again Hamada [18] studied real hypersurfaces of non-flat complex
space forms. A Riemannian metric g on a smooth manifold M is called a ∗-Ricci
soliton if their exits [22]

(£Vg)(X,Y) + 2S ∗(X,Y) + 2λg(X,Y) = 0, (1.6)

where V is a smooth vector field and λ is a real number.

S ∗(X,Y) = g(Q∗X,Y) = Trace[φoR(X, φY)] (1.7)

where φ is a tensor field of (0, 2) type and Q∗ is (1, 1) type ∗-Ricci operator, ∀X,Y ∈ M.
In an n-dimesional Riemannian manifold (M, g), ∗-Conformal η-Ricci soliton is de-
fined as

£ξg + 2S ∗ + (2λ − (p +
2
n

))g + 2µη ⊗ η = 0, (1.8)

where £ξ is the Lie derivative along the vector field ξ, S ∗ is the ∗-Ricci tensor and λ, µ
are constant.
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The present work is organized as follows: In section-1 introduction is dis-
cussed. Section-2 is equipped with some prerequisites about para-Sasakian manifolds.
Section-3, deals with ∗-Conformal η-Ricci solitons on para-Sasakian manifolds with
some interesting results. Section-4 concerned with the study of Ricci recurrent para-
Sasakian manifold admitting ∗-Conformal η-Ricci solitons. In section-5, we study η-
Parallel φ-tensor in para-Sasakian manifolds admitting ∗-Conformal η-Ricci solitons.
Section-6 is devoted to the study of Conformal curvature tensor on para-Sasakian man-
ifolds with respect to the ∗-Conformal η-Ricci solitons. In the last section, we have
given an example of 5-dimensional para-Sasakian manifolds admitting ∗-Conformal
η-Ricci solitons in the support of our results.

2. Preliminaries

A n-dimensional smooth manifold M together with a (1, 1)-tensor field φ, a vector
field ξ, η is 1-form and pseudo-Riemannian metric g is called an almost paracontact
metric manifold if

φ2X = X − η(X)ξ η(ξ) = 1, η(φX) = 0 φξ = 0, (2.1)

g(φX, φY) = g(X,Y) − η(X)η(Y), (2.2)

g(X, φY) = g(φX,Y), (2.3)

g(X, ξ) = η(X), (2.4)

g(ξ, ξ) = η(ξ) = 1, (2.5)

(∇Xφ)Y = −g(φX, φY)ξ − η(Y)φ2X, (2.6)

where∇ denotes the Levi-Civita connection with respect to g, then manifold (M, φ, ξ, η, g)
is called a para-Sasakian Manifold [33], it can be shown that

(∇Xξ) = φ(X), (2.7)

(∇Xη)Y = g(Y, φX), (2.8)

R(X,Y)ξ = η(X)Y − η(Y)X, (2.9)

R(ξ, X)Y = −g(X,Y)ξ + η(Y)X, (2.10)

η(R(X,Y)Z) = (g(X,Z)η(Y) − g(Y,Z)η(X)) (2.11)

S (X, ξ) = −(n − 1)η(X) (2.12)

Qξ = −(n − 1)ξ. (2.13)

for any vector fields X,Y,Z on M. Where R is the Riemannian curvature tensor, S is
the Ricci tensor and Q is the Ricci operator.
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Definition 2.1. A para-Sasakian manifold M is said to be a generalized η-Einstein
manifold if the following condition [35]

S (X,Y) = ag(X,Y) + bη(X)η(Y) + cg(φX,Y). (2.14)

holds on M, where a, b and c are smooth functions on M. If c = 0, b = c = 0, and
a = c = 0, then the manifold is called an η-Einstein manifold, an Einstein and a special
type of η-Einstein manifold respectively.

Lemma 2.2. In n-dimensional para-Sasakian manifold the ∗-Ricci tensor is given by
[16]

S ∗(Y,Z) = S (Y,Z) − (n − 2)g(Y,Z) − ψg(Y, φZ) + (2n − 3)η(Y)η(Z). (2.15)

where S and S ∗ are the Ricci tensor and ∗-Ricci tensor of type of (0,2) respectively
and ψ =trace φ.

3. ∗-Conformal η-Ricci solitons on para-Sasakian manifolds

Let us consider an n-dimensional para-Sasakian manifold equipped with ∗-
Conformal η-Ricci solitons (g, ξ, λ, µ), then equation (1.8) can be written as

(£ξg)(Y,Z) + 2S ∗(Y,Z) + (2λ − (p +
2
n

))g(Y,Z) + 2µη(Y)η(Z) = 0, (3.1)

∀ X,Y ∈ M.
Now

(£ξg)(Y,Z) = g(∇Yξ,Z) + g(Y,∇Zξ) = 2g(φY,Z). (3.2)

In view of (3.1) and (3.2), we have

S ∗(Y,Z) = −[λ − 1
2

(p +
2
n

)]g(Y,Z) − µη(Y)η(Z) − g(φY,Z). (3.3)

Using (3.3) in (2.15), we have

S (Y,Z) = ag(Y,Z) + bη(Y)η(Z) + cg(φY,Z), (3.4)

where a = (n − 2) − λ + 1
2 (p + 2

n ), b = −(2n − 3 + µ) and c = (ψ − 1).
Replacing Z by ξ in (3.4), we get

S (Y, ξ) = (a + b)η(Y). (3.5)

Qξ = (a + b)ξ. (3.6)

From (2.12) and (3.5), we get

λ + µ =
1
2

(p +
2
n

). (3.7)

Thus, we leads to the following theorem:
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Theorem 3.1. If the para-Sasakian manifold admits a ∗-Conformal η-Ricci solitons,
then M is a generalized η-Einstein manifold of the form (3.4) and the scalars λ and µ
are related by λ + µ = 1

2 (p + 2
n ).

Let (g,V, λ, µ) be a ∗-Conformal η-Ricci solitons on a para-Sasakian manifold such
that V is pointwise collinear with ξ i.e. V=hξ, where h is a function. Then (1.1) implies
that

£hξg + 2S ∗ + (2λ − (p +
2
n

))g + 2µη ⊗ η = 0. (3.8)

Using the property of the Lie derivative and Levi-Civita cinnection in (3.8), we have

hg(∇Xξ,Y) + (Xh)η(Y) + hg(X,∇Yξ) + (Yh)η(X)

+ 2S ∗(X,Y) + (2λ − (p +
2
n

))g(X,Y) + 2µη(X)η(Y) = 0.

In view of (2.7) and (2.15), we have

2hg(φX,Y) + (Xh)η(Y) + (Yh)η(X) + 2S (X,Y) + (2λ − 2(n − 2)

− (p +
2
n

))g(X,Y) − 2ψg(X, φY) + (4n + 2µ − 6)η(X)η(Y) = 0.
(3.9)

Replacing Y by ξ and using (2.1) and (2.12) in (3.9), we have

(Xh) + [(ξh) + 2λ − (p +
2
n

) + 2µ]η(X) = 0. (3.10)

Again replacing X by ξ in (3.10) and using (2.1), we have

(ξh) = −[λ − 1
2

(p +
2
n

) + 2µ]. (3.11)

Using (3.11) in (3.10), we have

(Xh) = −[λ + µ − 1
2

(p +
2
n

)]η(X). (3.12)

It is clear that h is constant if λ + µ = 1
2 (p + 2

n ). Therefore from (3.9), we have

S (X,Y) = −[λ − (n − 2) − 1
2

(p +
2
n

)]g(X,Y) + (ψ − h)g(φX,Y)

+(2n + µ − 3)η(X)η(Y).

Hence we leads to the following theorem:

Theorem 3.2. If (g,V, λ, µ) is a ∗-Conformal η-Ricci solitons on para-Sasakian man-
ifold such that V is a pointwise collinear with ξ, then V is constant multiple of ξ and
the manifold is a generalized η-Einstein manifold, provided λ + µ = 1

2 (p + 2
n ).
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4. Ricci recurrent para-Sasakian manifolds admitting ∗-Conformal η-Ricci
solitons

In this section, we study Ricci recurrent para-Sasakian manifolds admitting ∗-
Conformal η-Ricci solitons

Definition 4.1. An n-dimensional para-Sasakian manifold is said to be Ricci recurrent
if their exists a non zero 1-form A [24].

(∇XS )(Z,W) = A(X)S (Z,W), (4.1)

∀ X,Z,W ∈ M.

Let M is a Ricci recurrent para-Sasakian manifolds admitting ∗-Conformal η-Ricci
solitons. Therefore, the Ricci tensor of the manifold satisfies

(∇XS )(Z,W) = A(X)S (Z,W). (4.2)

∇XS (Z,W) − S (∇XZ,W) − S (Z,∇XW) = A(X)S (Z,W). (4.3)

Taking covariant derivative of (3.4) with respect to X and using (2.6) and (2.8), we
yields

∇XS (Z,W) = a[g(∇XZ,W) + g(Z,∇XW)] + b[−g(φX, φZ)η(W)
−η(Z)g(φ2X,W) + g(φ∇XZ,W) + g(φZ,∇XW)]
+c[g(Z, φX)η(W) + η(∇XZ)η(W) + η(Z)g(W, φX)
+η(Z)η(∇XW)]. (4.4)

Using (3.4) and (4.4) in (4.3), we have

− b[g(φX, φZ)η(W) + η(Z)g(φ2X,W)] + c[g(Z, φX)η(W)
+ η(Z)g(φX,W)] = A(X)S (Z,W).

Taking W=ξ and using (2.1) and (2.12) in the above equation, we have

−bg(X,Z) + bη(X)η(Z) + cg(Z, φX) = −(n − 1)A(X)η(Z). (4.5)

Suppose the associated 1-form A is equal to the associated 1-form η, then from (4.5),
we have

−bg(X,Z) + (n − 1 + b)η(X)η(Z) + cg(Z, φX) = 0. (4.6)

Putting Z = φZ in (4.6), we have

−bg(X, φZ) + cg(φX, φZ) = 0. (4.7)

Again putting X = φX and in (4.7) and using (2.1), we have

−bg(φX, φZ) + cg(X, φZ) = 0. (4.8)

By adding the equations (4.7) and (4.8), we find c = b it gives µ = −2n + 4−ψ. Hence
from (3.7) we get λ = 2n − 4 + ψ + 1

2 (p + 2
n ). Thus, we can leads to the following

theorem:
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Theorem 4.2. If (g,V, λ, µ) is a ∗-Conformal η-Ricci solitons in n-dimensional Ricci
recurrent para-Sasakian manifold, then λ = 2n−4 +ψ+ 1

2 (p + 2
n ) and µ = −2n + 4−ψ.

Put the value of λ and µ in (3.4), we get

S (X,Z) = (−n + 2 − ψ)g(X,Z) + (ψ − 1)g(φX,Z) − (1 − ψ)η(X)η(Z).

Thus, we have the following proposition:

Proposition 4.3. An n-dimensional Ricci recurrent para-Sasakian manifold admitting
a ∗-Conformal η-Ricci solitons (g,V, λ, µ) is a generalized η-Einstein manifold.

5. η-Parallel φ-tensor in para-Sasakian manifolds admitting ∗-Conformal
η-Ricci solitons

In this section we study η-Parallel φ-tensor in para-Sasakian manifolds admitting
∗-Conformal η-Ricci solitons, If the (1,1) tensor φ is η-Parallel, then we have [9]

g((∇Xφ)Y,Z) = 0. (5.1)

∀ X,Y,Z ∈ M.
Using (2.6) and (5.1), we get

g(X,Y)η(Z) + η(Y)g(X,Z) − 2η(X)η(Y)η(Z) = 0. (5.2)

Taking Z=ξ in (5.2), we have

g(X,Y) = η(X)η(Y).

Replacing X=φX in the above equation and using (3.5) yields

S (X,Y) = (1 − n − λ − µ +
1
2

(p +
2
n

))η(X)η(Y). (5.3)

Using (3.7) in (5.3), we have

S (X,Y) = (1 − n)η(X)η(Y). (5.4)

Hence, we leads to the following theorem:

Theorem 5.1. If (g,V, λ, µ) is a ∗-Conformal η-Ricci soliton in an n-dimensional para-
Sasakian manifold and if the tensor φ is η-parallel, then the para-Sasakian manifold
is a special type of η-Einstein manifold.
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6. Conformal curvature tensor on para-Sasakian manifolds admitting
∗-Conformal η-Ricci solitons

The Conformal curvature tensor C is in n-dimensional para-Sasakian manifolds is
defined as [16]

C(X,Y)Z = R(X,Y)Z − 1
(n − 2)

[S (Y,Z)X − S (X,Z)Y

+g(Y,Z)QX − g(X,Z)QY] +
r

(n − 1)(n − 2)
[g(Y,Z)X

−g(X,Z)Y]. (6.1)

where R, S and r the curvature tensor, Ricci tensor and scalar curvature of M and Q is
the Ricci operator defined as S (X,Y) = g(QX,Y).
Let us take an n-dimensional para-Sasakian manifolds admitting ∗-Conformal η-Ricci
soliton, which is conformally flat i.e.,C(X,Y)Z = 0. Then from (6.1) it follows that

R(X,Y)Z =
1

(n − 2)
[S (Y,Z)X − S (X,Z)Y + g(Y,Z)QX

−g(X,Z)QY] − r
(n − 1)(n − 2)

[g(Y,Z)X

−g(X,Z)Y]. (6.2)

Taking the inner product with ξ in (6.2), we have

g(X,Z)η(Y) − g(Y,Z)η(X) =
1

(n − 2)
[S (Y,Z)η(X) − S (X,Z)η(Y) + g(Y,Z)η(QX)

−g(X,Z)η(QY)] − r
(n − 1)(n − 2)

[g(Y,Z)η(X)

−g(X,Z)η(Y)].

Replacing X by ξ and using (2.1), (2.4), (3.5) and (3.6) in the above equation, we have

S (X,Y)Z = [
r

(n − 1)
− (a + b) − (n − 2)]g(Y,Z)

−[
r

(n − 1)
− 2(a + b) − (n − 2)]η(Y)η(Z). (6.3)

Using the value of a + b = −(n − 1), r = −1 and (3.7) in (6.3), we have

S (X,Y)Z = [1 − 1
(n − 1)

]g(Y,Z)

−[n − 1
(n − 1)

]η(Y)η(Z).

Hence, we leads to the following theorem:

Theorem 6.1. A conformally flat para-Sasakian manifold admitting ∗-Conformal η-
Ricci soliton is an η-Einstein manifold.
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Let us take an n-dimensional para-Sasakian manifold admitting a ∗-Conformal η-
Ricci soliton, which is φ-conformally semisymmetric [15, 26], i.e., C.φ = 0. It gives

(C(X,Y)φ)Z = C(X,Y)φZ − φC(X,Y)Z = 0. (6.4)

Using (6.1) in (6.4), we have

R(X,Y)φZ − φR(X,Y)Z +
1

(n − 2)
[S (Y,Z)φX − S (X,Z)φY − S (Y, φZ)X

+ S (X, φZ)Y + g(Y,Z)φQX − g(X,Z)φQY − g(Y, φZ)QX + g(X, φZ)QY]

+
r

(n − 1)(n − 2)
[g(Y, φZ)X − g(X, φZ)Y − g(Y,Z)φX + g(X,Z)φY] = 0.

(6.5)

Replacing Y by ξ in (6.5) and using (2.1), (2.4), (3.5) and (3.6), we have

[1 − r
(n − 1)(n − 2)

](g(X, φZ)ξ + η(Z)φX) +
1

n − 2
[S (X, φZ)ξ

+ (a + b)(g(X, φZ)ξ + η(Z)φX) + η(Z)φQX] = 0.

Taking the inner product with ξ, we have

S (X, φZ) = −[n − 2 − r
(n − 1)

+ (a + b)]g(X, φZ). (6.6)

Replacing Z by φZ in (6.6) and using (2.1) and (3.5), we have

S (X,Z) = −[n − 2 − r
(n − 1)

+ (a + b)]g(X,Z) + [n − 2 − r
(n − 1)

+2(a + b)]η(X)η(Z). (6.7)

Using the value of a + b = −(n − 1), r = −1 and (3.7) in (6.7), we have

S (X,Z) = [1 − 1
(n − 1)

]g(X,Z) − [n − 1
(n − 1)

]η(X)η(Z).

Hence, we leads to the following theorem:

Theorem 6.2. A φ-conformally semi symmetric in para-Sasakian manifold admitting
∗-Conformal η-Ricci soliton is an η-Einstein manifold.

7. Example

Example 7.1. Let M = [(y, z, u, v,w) ∈ R5 : z > 0] be a 5-dimensional manifold, where
(y, z, u, v,w) are the standard coordinates in R5. The vector fields [30]

e1 = e−w(
∂

∂y
), e2 = e−w ∂

∂z
, e3 = e−w ∂

∂u
, e4 = e−w ∂

∂v
, e5 =

∂

∂w
= ξ,

are linearly independent at every point of M.
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The indefinite Riemannian metric g is defined by

g(e1, e1) = g(e2, e2) = g(e3, e3) = g(e4, e4) = g(e5, e5) = 1 (7.1)

Suppose η be the 1-form defined as η(Z)=g(Z, e5)=g(Z, ξ). Let φ be the (1, 1)-tensor
field defined by

φ(e1) = e1, φ(e2) = e2, φ(e3) = e2, φ(e4) = e4, φ(e5) = 0. (7.2)

By linearity property of φ and g, we have

η(e5) = 1, φ2Z = Z − η(X)ξ, g(φZ, φU) = g(Z,U) − η(Z)η(U)

∀ Z,U ∈ χ(M); χ(M) is a set of all smooth vector fields on M.
Thus for e5 = ξ, the structure (φ, ξ, η, g) defined an indefinite almost contact metric
metric structure on M, we have

[e1, e2] = 0, [e1, e3] = 0, [e2, e3] = 0 [e2, e4] = 0, [e1, e4] = 0,
[e3, e4] = 0 [e1, e5] = e1, [e2, e5] = e2, [e3, e5] = e3 [e4, e5] = e4.

Koszul’s formula is given as

2g (∇YZ,U) = Yg (Z,U) + Zg (U,Y) − Ug (Y,Z)
−g (Y, [Z,U]) + g (Z, [U,Y]) + g (U, [Y,Z]) , (7.3)

for arbitrary vector fields X,Y,Z ∈ χ(M).
By virtue of (7.3), we have

∇e1 e1 = −e5, ∇e1 e2 = 0, ∇e1 e3 = 0, ∇e1 e4 = 0, ∇e1 e5 = e1

∇e2 e1 = 0, ∇e2 e2 = −e5, ∇e2 e3 = 0, ∇e2 e4 = 0, ∇e2 e5 = e2

∇e3 e1 = 0, ∇e3 e2 = 0, ∇e3 e3 = −e5, ∇e3 e4 = 0, ∇e3 e5 = e3

∇e4 e1 = 0, ∇e4 e2 = 0, ∇e4 e3 = 0, ∇e4 e4 = −e5, ∇e4 e5 = e4

∇e5 e1 = 0, ∇e5 e2 = 0, ∇e5 e3 = 0, ∇e5 e4 = 0, ∇e5 e5 = 0.

(7.4)

It follows that ∇Zξ = φZ. Hence the manifold is a para-Sasakian manifold. It is known
that

R(Y,Z)U = ∇Y∇ZU − ∇Z∇YU − ∇[Y,Z]U. (7.5)

In view of above results, we obtain the non-vanishing components of curvature tensor
as follows:

R(e1, e2)e2 = −e1, R(e1, e3)e3 = −e1, R(e1, e4)e4 = −e1 R(e1, e5)e5 = −e1,

R(e1, e2)e1 = e2, R(e3, e2)e3 = e2, R(e4, e2)e4 = e2, R(e2, e5)e5 = −e2

R(e1, e3)e1 = e3, R(e4, e3)e4 = e3, R(e2, e3)e2 = e3, R(e3, e5)e5 = −e3

R(e1, e5)e1 = e5, R(e2, e5)e2 = e5, R(e3, e5)e3 = e5, R(e4, e5)e4 = e5

R(e1, e4)e1 = e4, R(e2, e4)e2 = e4, R(e3, e4)e3 = e4 R(e5, e4)e5 = e4,

(7.6)
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The component of Ricci tensor, it follows that :

S (e1, e1) = S (e2, e2) = S (e3, e3) = S (e4, e4) = S (e5, e5) = −4 (7.7)

From (3.4), we have S (e5, e5) = −4 − λ − µ + 1
2 (p + 2

5 ). On equating both values of
S (e5, e5), we have

λ + µ =
1
2

(p +
2
5

). (7.8)

Hence, λ and µ satisfies (3.7) and so g defines a 5-dimensional para-Sasakian mani-
folds admitting ∗-Conformal η-Ricci solitons.
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