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SOLITONS ON SASAKIAN MANIFOLD ADMITTING
SEMI-SYMMETRIC NON-METRIC CK-CONNECTION

PUSHPA BORA ™ and JAYA UPRETI

Abstract

In this study, different kinds of solitons of Sasakian manifold with SSNMCK (semi-symmetric non-metric
CK) connection which can be expanding, shrinking, or steady are examined. We also study the geometric
properties of Yamabe soliton, Ricci soliton, etc. Additionally, we examine the SSNMCK-connection’s
curvature characteristics on Sasakian manifolds. Furthermore, an example is created to illustrate the
outcomes.
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1. Introduction

A Sasakian manifold is an odd-dimensional Riemannian manifold that serves as the
odd-dimensional counterpart of a Kihler manifold. It refers to a contact metric mani-
fold that fulfills the normality criterion, or, alternatively, whose metric cone is Kéhler.
Sasakian structures were initially examined by Japanese mathematician S. Sasaki in
1960[15] and subsequently elaborated upon extensively by Blair in 1976 and 2010, as
well as by Boyer and Galicki in 2008 [3, 7]. Differential geometry relies significantly
on these manifolds due to their connections with contact and CR-geometry, in addition
to applications in physics and particularly for string theory and Einstein geometry.

Ricci solitons arise naturally in the study of the Ricci flow as self-similar solutions
and serve as natural generalizations of Finstein metrics. Since their introduction
by Hamilton (1988)[13], they have played a fundamental role in understanding the
formation of singularities in geometric evolution equations. An almost Ricci soliton
on a Riemannian manifold (M, g) for a smooth vector field F,, is defined as

Lr,g+2S +2ag =0, (1.1)
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where L is the Lie derivative, S denotes the Ricci tensor, and « is a smooth function.
Whenever « acts as a constant, a metric g that satisfies (1.1) is called a Ricci soliton.
A Ricci soliton is expanding, steady, or shrinking if @ > 0, @ = 0, or @ < 0.
An 7n-Ricci soliton, introduced by Cho and Kimura [9], extends the Ricci soliton by
incorporating the Reeb vector field, making it particularly relevant in contact geometry.
An almost n-Ricci soliton on a Riemannian manifold (M, g) for a smooth vector field
F,, is defined as

Lr,g+2S +2ag+28n@n=0, (1.2)

for @ and S, both of which smooth functions. The metric g is called a n-Ricci
soliton whenever both @ and S are constant.
The Yamabe soliton, introduced by Hamilton [13], arises as a self-similar solution
of the Yamabe flow and generalizes metrics of constant scalar curvature. A Yamabe
soliton satisfies

1
FLr,g=0=7) (1.3)

in which r is the scalar curvature of the manifold (M, g) and y acts as a smooth
function. Whenever y remained constant, the almost Yamabe soliton turns into a
Yamabe soliton. A Yamabe soliton is expanding, steady, or shrinking if y > 0, y = 0,
and y < 0, respectively.
In Riemannian geometry, the concept of linear connections different from the Levi-
Civita connection has been of significant interest. A semi-symmetric connection was
first introduced by Yano (1970) [18], characterized by a torsion tensor of the type

Tc(Fla Fm) = n(Fm)Fl - n(Fl)Fm

where 7 is a 1-form. Later, Agashe and Chafle (1992) [1] generalized this idea and
defined a semi-symmetric non-metric connection regarding a Riemannian manifold
as a linear connection V that fulfills Vi, g # 0, and is thus incompatible with the
metric [8]. A new kind of such connection is recently defined by S.K. Chanyal and
Shankar Kumar, and it is currently referred to as the semi-symmetric non-metric CK-
connection [6]. If (M",g) is a Riemannian manifold that has Levi-Civita connection
V, subsequently a linear connection VX is called a semi-symmetric non-metric CK-
connection whenever it fulfills:

1
Vir Fon = Vi Fy + SEwEL = n(F)E + g(F1, F)é] (1.4)

in which ¢ represents a vector field and 7 represents a 1-form associated with . In
recent years, the study of Ricci and related solitons on manifolds with non-Levi-Civita
connections has gained momentum. Notable works include Ricci, -Ricci solitons , -
Ricci-Bourguignon solitons, gradient solitons and Ricci—Yamabe type solitons under
such connections[11],[17],[4],[10].

In this paper, we analyze several types of Yamabe and Ricci solitons over a
Sasakian manifold of dimension n with SSNMCK-connection. Section 2 presents a
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brief overview of the Sasakian manifold, including curvature tensors and SSNMCK-
connection. Section 3 presents the SSNMCK-connection on the Sasakian manifold
and develops the formulas for curvature tensor, Ricci tensor, Ricci operator, and scalar
curvature. The Ricci solitons for a Sasakian manifold with SSNMCK-connection are
examined in section 4. Next section is dedicated to Ricci solitons on submanifolds of
Sasakian manifold with connections. The final section discusses Yamabe solitons on
an n-dimensional Sasakian manifold with SSNMCK-connection.

2. Preliminaries

Suppose that (M",¢,&,n, g) represents an almost contact metric manifold of
dimension n(n = 2m + 1), where g is a Riemannian metric, ¢ represents a (1,1) tensor
field, & represents the structure vector field, and 7 represents a 1-form. The structure
(¢,&,1, g) is known for complying with requirements[4]

¢& =0, n(gF) =0, n(&) =1, 2.1

¢ F = —F;+ n(F)é, g(F1,€) = n(F)), 2.2
8(OF 1, 9F ) = g(F1, Fy) — n(F)n(F o), (2.3)
8(F1, ¢Fy) = —g(¢F 1, F ), (2.4)

for any pair of vector fields Fy, F,, on M".
Furthermore, whenever

Vré = —¢F,, 2.5

(VE@®)Fm = g(F1, Fn)& = n(Fun)Fi, (2.6)
8(F1, ¢Fy) = Vn(Fy, Fy) 2.7
R(F}, Fn)é = n(Fp)F1 = (F)F o, (2.8)

where V denotes the Levi-civita connection, then (M",¢,&,1n,g) referred to as a
Sasakian manifold[15].
The following characteristics are true in a Sasakian manifold [16], [19]:

0§ =n- 1), (2.9)
S(F,&) = (n—Dn(F)), (2.10)

for any vector field F; on M".

For constants vy, v, v3 it is claimed that a contact metric structure(n,g) on manifold
M" is generalized n-Einstein manifold if

S(Fma Fn) = Ulg(Fm’Fn) + U277(Fm)77(Fn) + USLI/(Fm’ FVI)’ (211)

where (/’(Fm’ Fn) = g(¢me Fn)
If v, = v3 = 0, then M" is an Einstien Manifold [2].
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For a Riemannian manifold (M",g) of dimension n, the concircular curvature tensor
W, is defined as [5]:

r

nn-1)

The W,-curvature tensor[20], Ws-curvature tensor[21] and Wj-curvature tensor[21]
are, respectively given by:

W(F, F)F, = R(Fy, Fp)Fy — [g(Fm7Fn)Fl - g(Flan)Fm]' (2.12)

Wo(Fy, Fp)F, = R(F, F)F, —

1
[g(Fm’ Fn)QFl - g(FI7F11)QFm]7 (213)
(n—1)

Wi(Fi, Fn)Fy = R(F}, Fi)Fy —

[S(Fl; Fn)Fm - g(Fim Fn)QFl], (214)
(n—-1)

Wa(F1, Fp)Fy = R(F), Fp)Fy + (g(F1, F)QF — g(F1, F)QF,].  (2.15)

1
(n=1)

An almost contact metric structure (¢, &, 7, g) including a (1,1) tensor field ¢, a vector
field ¢, a 1-form 7, and a Riemannian metric g is linked to an n-dimensional almost
contact metric manifold M", we have

(Vg,Kg)(Fm»Fn) = _r](Fm)g(Fl’ Fn) - U(Fn)g(Flva) + U(Fl)g(Fvan)- (216)

3. Some properties of Sasakian manifold having semi-symmetric non-metric
CK-connection

Let R°K be the Riemannian curvature tensor of Sasakian manifold having semi-
symmetric non-metric CK-connection and it is defined as

REK(F, F)F, = VEEVERF, - VERVERE, - VEE . F,. (3.1)

Using (2.5), (2.2), (2.9) and (1.4) in (3.1), we get the Riemannian curvature R°X in
accordance to semi-symmetric non-metric CK-connection as

RK(F), F)F,

1 1
R(Flv Fm)Fn - Zg(Fla Fn)Fm + Zg(Fm’ Fn)Fl
1
2
1 1 1
- Eg(Fls ¢Fm)Fn - Zn(Fm)g(Fl» Fn)§ + Zn(Fl)g(Fm’ Fn)é:

1 1
g(Fns ¢F1)Fm + Eg(Fna(me)Fl + Eg(Fma ¢F1)Fn

1 1 1
- Eg(Fm’ Fn)¢Fl + zg(Fl, Fn)¢Fm + Zn(Fm)n(Fn)Fl

1
- ZU(FZ)U(Fn)Fm (32)
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Taking inner product of (3.2) with F,, we get

RK(F|, Fppy Foy )

1
R(Fl, Fo, Fus Fp) - Zg(Fl’ Fn)g(Fm, Fp)
1 1
+ Zg(Fm» Fn)g(Fl’ Fp) - Eg(Fn»QSFl)g(Fm’ Fp)

1 1
+ Eg(Fm ¢Fm)g(Fla Fp) + Eg(Fms ¢Fl)g(Fm Fp)

- %g(Fz, PFn)8(Fn, Fp) — %U(Fm)g(Fz, Fon(Fp)
+ in(Fz)g(Fm,Fn)n(Fp) - %g(Fm,Fn)g@Fz,Fp)
+ %g(Fz, Fo)g(@Fm, Fp) + %U(Fm)n(Fn)g(Fl’ Fp)
- %U(F/)U(Fn)g(Fm, Fp). (3.3)

At each point on the manifold, let p; represent the orthonormal basis for tangent space.
Set F; = F, after that contracting equation (3.3) by F; and F),, we get

SCK(F, F,) = S(Fm,Fn>+’§g<Fm,Fn)
n-—2 2—n
+ENEDE) + = g(F OF ). (3.4)

Also
SK(@F . ¢F,)

S(Fos Fy) + Zg(Fm, F,)
2

For a Sasakian manifold admitting a semi-symmetric non-metric CK-connection, the
Ricci operator Q¢K is provided by

2 o(Fus 6F). (3.5)

Sn—4
- o nEn(E) +

-2 72—
QCKFm =QF,+ +EFm + n_n(Fm) - _n¢Fm (3.6)
4 4 2
Put F,, = F,, = p; in (3.4) and summing, we get
2
-2
R e 3.7)

4. Ricci soliton types on Sasakian manifold exhibiting a semi-symmetric
non-metric CK-connection

In this part, we investigate Ricci soliton on n-dimensional Sasakian manifold
admitting SSNMCK-connection. Using equation (2.16),(1.4) we have

LK, g(F1, Fo) = gV, Fon, Fy) + 8(F1, Vi, Fyn) = L, g(F, Fp) 4.1



116 P. Bora and J. Upreti

On an n-dimensional Sasakian manifold admitting SSNMCK-connection, consider an
almost Ricci soliton.
Now from (1.4) and (4.1), we have

28 K(Fy, Fy) = =2a8(F1, Fy) = §(Vr, Fus Fu) = 8(F1, Vi, Fin). (4.2)
Interchanging F, and F,,, we have
2SK(F), Fi) = =2a8(F1, Fi) = 8V Fuy Fi) = 8(F1, Vi, F). (4.3)

Put F,, = £, we have
SK(F), F) = —ag(F1, Fp). (4.4)

So M"™ with SSNMCK-connection resembles an Einstein manifold.
Conversaly, let us consider an n-dimensional Sasakian manifold admitting SSNMCK-
connection be an Einstein manifold, so

SK(F), Fy) = Ag(Fy, F ). (4.5)
Then for F,, = £ in (4.1), we have
L% :g(F), F,) = 0. (4.6)
So putting F,, = £ in (1.4), we have
28 K(F), F\y) + 2a8(F1, Fp) = 0. 4.7)
Comparing (4.5) and (4.7), we have A =-a. Hence we can state the following:

THEOREM 4.1. An n-dimensional Sasakian mnifold M" is an Einstein manifold w.r.t.
SSNMCK-connection iff M" admits a Ricci soliton and a + A = 0.

From equation (4.4) and (3.4), we have

—4a —n

_ 2 2 _
S(Fp. Fy) = g(Fu. F,) - ”TmFm)n(Fn) - T”g(Fm,M) (4.8)

For F,, = ¢ and using (2.10), we have

a= # (4.9)
Hence we have the following theorem:
THEOREM 4.2. A triplet (g,¢, a) on Sasakian manifold M" endowed with VCX is shrink-
ing for all n>1.
Put F; = F,, = ¢; in (4.4) and summing, we get
K = —an. (4.10)

Hence, we have the following theorem
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THeOREM 4.3. An n-dimensional Sasakian manifold admitting SSNMCK-connection
along with an almost Ricci soliton (€, a,g) has a scalar curvature of r% = —an.

The n-Ricci soliton on an n-dimensional Sasakian manifold with SSNMCK-
connection can be obtained by (1.3).

(LiXg + 25 + 2ag + 2Bn@n)(F\, Fy) = 0, (4.11)
From (4.1) and (4.11), we have
2SK(F), Fy) = =2a8(F1, Fy) = 8(VE F i, Fy) = (F1, Vi, F i) (4.12)
Put F,, = £, we have
S (F1, Fy) = —ag(Fy, Fy) = Bn(FDi(Fy). (4.13)
Thus we have the following theorem:

THeEOREM 4.4. If M is an n-dimensional Sasakian manifold with SSNMCK-connection which
admits a n-Ricci soliton, then M is a n-Einstein manifold.

THEOREM 4.5. If a Ricci soliton (g, &, A1) w.r.t. SSNMCK-connection is admitted by a

concircularly flat Sasakian manifold M, then the Ricci soliton is steady, shrinking or

. _ n?=3n+2 n?=3n+2 n2=3n+2
expanding as long as r = T, > R orr < S

Proor. Suppose M be a Sasakian manifold that is concircularly flat w.r.t. SSNMCK-
connection i.e. W.(Fy, F,,))F, = 0, from eqn (2.12) it follows that

rCK
RCK(Fb Fm)Fn = m[g(Fm’ Fn)Fl - g(Fl’ Fn)Fm]- (414)

The inner product of (4.14) with F,, yields

CK

nn—-1)

g(RCK(Fl’ Fm)Fnan) = [g(Fm, Fn)g(Fla Fp) - g(Flan)g(Fman)]' (415)

As an orthonormal frame field is contracted over F; and F,, we obtain
/K
SHKFp, Fr) = ——8&(Fn, F). (4.16)
n

With F,, = £, (3.4) and (3.7) in (4.16), we obtain

4r—-n®>+3n-2
4n
By using (4.4) and (4.17), we conclude the result. O

S(Fm, &) = n(Ey). (4.17)

THEOREM 4.6. If a Ricci soliton (g, &, 1) is admitted by a W, flat Sasakian manifold
with SSNMCK-connection M, then the Ricci soliton is steady, shrinking or expand-

. _ n’=3n+2 n*=3n+2 n*=3n+2
ing as long as r = ===, r > == or r < S
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Proor. Suppose M represent a W, flat Sasakian manifold w.r.t. SSNMCK-connection
i.e. Wo(Fy, Fp)F, = 0, with eqn (2.13) it follows that

1
R Fu)Fu = o (8 F) Q7 F1 = g(Fi, F)QF Fo) (4.18)
Taking the inner product with F, yields

g(RK(F), F,)F,,F,) =

[g(FWh Fn)SCK(FI’ Fp) _g(Fla Fn)SCK(Fm’ Fp)]

(n-1)
4.19)
By contracting over F; and F', with an orthonormal frame field, we obtain
nS K(F, F,) = r*g(F,,, F,). (4.20)
With F,, = ¢ and (3.7), (3.4) in (4.20), we obtain
4r—n®>+3n-2
S(Fm,é) = 4—77(Fn)- (4.21)
n
By using (4.4) and (4.21), we conclude the result. O

CoroLLARY 4.7. When a Wj flat Sasakian manifold with SSNMCK-connection M of
dimension n = 2m+1 admits a Ricci soliton (g, &, A1), the Ricci soliton is expanding for
alln> 1.

CoroLLARY 4.8. If a Ricci soliton (g, & A) is admitted by a Wy flat Sasakian manifold
with SSNMCK-connection M of dimension n = 2m+1, then the Ricci soliton expands
foralln> 1.

From equation (4.4) and (3.4), we have

—4da—n n—2 2—-n
S(Fm,Fn) = 4 g(FmaFn) - Tn(Fm)n(Fn) - Tg(Fmv ¢Fn) (422)
For F, = £ and using (2.10), we have
-3(n-1
a= (HT) (4.23)

Hence we have the following theorem:

TueorEM 4.9. A triplet (g,&, ) on Sasakian manifold M" endowed with VEX is shrink-
ing for all n>1.

Put F; = F,, = ¢; in (4.4) and summing, we get
K = —an. (4.24)
Hence, we have the following theorem

THeorReM 4.10. An n-dimensional Sasakian manifold admitting SSNMCK-connection
along with an almost Ricci soliton (¢, a,g) has a scalar curvature of r* = —an.
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The n-Ricci soliton on an n-dimensional Sasakian manifold with SSNMCK-
connection can be obtained by (1.3).

(LiXg + 25K + 2ag + 2Bn@n)(F\, Fy) = 0, (4.25)
From (4.1) and (4.11), we have
28 K(F), Fy) = ~2a8(F1, Fy) = 8V Fon Fy) = §(F1.VE,F)  (4.26)
Put F,, = £, we have
SK(F L, Fy) = —ag(Fi, Fy) = Bn(Fn(Fy). (4.27)
Thus we have the following theorem:

THeorREM 4.11. If M is an n-dimensional Sasakian manifold with SSNMCK-connection which
admits a n-Ricci soliton, then M is a n-Einstein manifold.

THEOREM 4.12. If a Ricci soliton (g, &, A1) w.r.t. SSNMCK-connection is admitted by a
concircularly flat Sasakian manifold M, then the Ricci soliton is steady, shrinking or

. _ n?=3n+2 n?=3n+2 n2=3n+2
expanding as long as r = “===, r > “="= or r < ===,

Proor. Suppose M be a Sasakian manifold that is concircularly flat w.r.t. SSNMCK-
connection i.e. W.(Fy, F,,)F,, = 0, from eqn (2.12) it follows that
/K
RE(F, Fp)Fy = ——=[8(Fy, Fy)Fi = §(F1, F)Fy]. (4.28)
nn—-1)
The inner product with F,, yields

CK

g(RCK(Fl’ Fm)Fme) = n : [g(Fm’ Fn)g(Fla Fp) - g(Flan)g(Fman)]- (429)

(n—=1)
As an orthonormal frame field is contracted over F; and F,, we obtain
CK

SK(F,, F,) = rTg(Fm,F,J. (4.30)

With F,, = £, (3.4) and (3.7) in (4.30), we obtain

4r—n®>+3n-2
4n
By using (4.4) and (4.31), we conclude the result. O

S(Fm, &) = n(Ey). (4.31)

THeOREM 4.13. If a Ricci soliton (g, &, A) is admitted by a W, flat Sasakian manifold

with SSNMCK-connection M, then the Ricci soliton is steady, shrinking or expand-

. _ n’=3n+2 n*=3n+2 n*=3n+2
ing as long as r = ==, r > orr< ==
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Proor. Suppose M represent a W, flat Sasakian manifold w.r.t. SSNMCK-connection
ie. Wo(Fy, Fp)F, = 0, with eqn (2.13) it follows that

1
REK(F ), F)F, = o Em F)Q X F; = g(Fi, F) Q" ). (4.32)

Taking the inner product with F,, yields

1
gRK(F), F)F,, F)) = = 8w F)S K(F1, Fp) = g(F1, F,)S K (F, ).

(4.33)

By contracting over F; and F,, with an orthonormal frame field, we obtain
nSCK(Fm’ Fn) = rCKg(an Fn)' (434)

With F,, = ¢ and (3.7), (3.4) in (4.34), we obtain
4r—n®>+3n-2
S(Fm,é) = 4—77(Fn)- (4.35)
n

By using (4.4) and (4.35), we conclude the result. m]

COROLLARY 4.14. When a W3 flat Sasakian manifold with SSNMCK-connection M of
dimension n=2m+1 admits a Ricci soliton (g, &, A), the Ricci soliton is expanding for
alln> 1.

CorOLLARY 4.15. Ifa Ricci soliton (g, &, A) is admitted by a Wy flat Sasakian manifold
with SSNMCK-connection M of dimension n=2m+1, then the Ricci soliton expands for
alln> 1.

5. Ricci Solitons on Submanifolds of Sasakian Manifold

Suppose M represent a p-dimensional submanifold of n-dimensional manifold M,
wherein p < n, with the induced metric g. Consider V and V+* represent the Levi-
Civita connection on the tangent bundle 7 M along with the normal bundle T+M of M,
respectively. Now the Gauss and Weingarten formulas are expressed as[19]

Vi Fu = Vi Fy+ G(FL, Fy) (5.1)
Vi N = —AyF; + VN (5.2)

For every F|, F,, € TM and N € T*M, in which & and Ay represent the second
fundamental form and the shape operator (which corresponds to the normal vector
field N), accordingly for the immersion of M into M. The shape operator Ay and the
second fundamental form o have the following relationship:

8@ (F1, Fi),N) = g(ANF1, Fin) (5.3)

forall F;,F,, € TM and N € T*M. _ _
When the structure vector field £ is tangent to M at each point of M and ¢F; is tangent
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to M for each vector field F, tangent to M at at each point of M, then a submanifold
M of an almost contact metric manifold M is said to be invariant.
Let us take Ricci soliton (g, &,a) on M as

Leg(Fo F) + 28 (Fp F) + 2a8(Fy, Fy) = 0. (5.4)
Put F,, = ¢ and using (2.9), we have
— ¢F) = V& + T(FL,€). (5.5

Since M is invariant therefore oF,, € € TM. Next, by comparing the tangential and
normal components, we obtain

—¢F; = V. (5.6)
o(F,&) =0. 5.7
From (5.6), we have _
(Leg) = 0. (5.8)
Using (5.4) and (5.8), we get
S(Fp, Fy) = —ag(Fy, F). (5.9)

Again using (5.6), and the curvature formula becomes
R(F1, Fa)é = n(Fw)Fi = n(F)F . (5.10)

Now, we have _
S(F1,&) = (p— Dn(F)). (5.11)

Put F,, = £ into (5.9) and use (5.11), then we arrive at
a=—-(p-1)<0. (5.12)
From (5.9) and (5.12), we yield the following results:

Tueorem 5.1. If a Ricci soliton (g, &, @) is admitted by the invariant submanifold M of
the Sasakian manifold M, then M is

1. Einstein manifold.

2. Always shrinking.
Considering that Levi-Civita connection V and SSNMCK-connection %, over
submanifold M of Sasakian manifold M exhibiting Levi-Civita connection V and
SSNMCK-connection V. In this case, o represents the second fundamental form with

regard to the SSNMCK-connection. Then Gauss formula with respect to SSNMCK-
connection can be represented as

Vi = Vi Fp + G(FL, ). (5.13)
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Now, use (1.4) in (5.13), we get
Vi Fou + (F1, Fu) = Vi, Fpu + %[n(Fm)Fz —n(F)Fp + g(F1, F)]. (5.14)
Using (5.1) and (5.14), we obtain
Vi Fu+G(F1, F) = Vi Foy + G (F), o) + %[T](Fm)Fl —(F)Fu+8(Fi, Fp)él. (5.15)
Since M is a invariant submanifold, therefore tangential and normal parts are given by
Vi Fo = Vi Fp %[n(Fm)FI = (F)Fu + 8(F1, F)€). (5.16)

O(F), Fyy) = 0(F1, Fp). (5.17)
Thus, we conclude the followings:

TueoreMm 5.2. Let M be considered an invariant submanifold of Sasakian manifold
M equipped with two connections namely Levi-civita V and SSNMCK-connections

V, along with AV: V be the induced Levi-civita and SSNMCK-connection on 1\7
respectively. Therefore we have

1. M admits SSNMCK-connection.

2. The second fundamental form are same with respect to V and V.
Using the preceding theorem, we conclude the following:
TuEOREM 5.3. If M bea submanifold of M with SSNMCK-connection V then

1. The curvature tensor R is expressed as
R(F1,Fu)F, = R(Fi,Fy)F, - }Lg(Fl, Fo)Fy+ %g(Fm,Fn)Fl
- %g(Fn,¢F1)Fm + %g(FmQSFm)FI + %g(Fm,¢F/)Fn
- %g(F1,¢Fm)Fn - %TI(Fm)g(F/, Fp)é + %H(Fl)g(Fm’ Fy)é
- %g(Fm, Fo)oF; + %g(Fz,FnMFm + %U(Fm)n(Fn)Fl
- %U(F DN(Fn)Fon.
2. The Ricci tensor R is expressed as

= ~ n }’l—z 2—I’l
S(Fvan) = S(FmaFn) + Zg(Fvan)+ Tr](Fm)n(Fn) + Tg(Fmv¢Fn)

3. The scalar curvature is given by
n*+n-2

T=T+
4
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6. Yamabe Soliton on Sasakian Manifold With SSNMCK-Connection

This part investigates the almost Yamabe soliton on an n-dimensional Sasakian
manifold exhibiting SSNMCK-connection.
We now investigate an n-dimensional Sasakian manifold that enables the SSNMCK-
connection to deal with an almost Yamabe soliton, as indicated in (1.3).
Therefore, we’ve got

1
5L, Ke)F1, Fy) = (% = y)g(F1, Fy). 6.1)

According to (6.1) and (4.1), we have

1
@V EF s Fa) + g(F1, Vi, F))(F1, Fr) = (rK —y)g(F), Fy). (6.2)

Putting F,,, = £ in the equation above, we get

%(g(VF,f, Fy) + g(F1, VEE)F L, ) = K = y)g(F1, Fy). (6.3)
In view of (2.4) and (2.5), from (6.3), we obtain
K =y, (6.4)
Thus, we may infer the following conclusion:

THEOREM 6.1. If an almost Yamabe soliton is admitted by an n-dimensional Sasakian
manifold with SSNMCK-connection, then the scalar curvature rX of the manifold is
equivalent to vy if F,, and & be pairwise collinear in TM.

Using the preceding theorem, we conclude the following corollaries:

CoROLLARY 6.2. A Sasakian manifold w.r.t. SSNMCK-connection in n dimensions that
admits Yamabe soliton is of constant scalar curvature.

COROLLARY 6.3. The Riemannian metric g is the Yamabe soliton for an n-dimensional
Sasakian manifold w.r.t. SSNMCK-connection if it admits a Yamabe soliton and F,, is
pairwise collinear with &.

7. Example

This section reconstructs a 5-dimensional Sasakian manifold example that admits
a semi-symmetric non-metric CK-connection VX,
Example 1. Let us take a 5-dimensional manifold M° = (f1, f>, f3, f1. f5) € R°, where
(fi, >, 5. f4, f5) are standard coordinates in R>. Let 1|, 15, 7’3, T4, T's be the vector
fields on M" given by[14]
o O o O e O e 5O e o n O
‘Y’]—e afl,Tz—e 6f2,'r3— af3—§,T4—e 4,T5—e .
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The metric g is defined by
grnT) = 0,i#ji,j=123,4,5
= l,i=j
Consider the 1-form 7, which is defined as,

n(Fy) = g(F, 13)

for any F; € y(M). By applying the linearity of g and ¢, we have

$*F) = —F; + n(F)é, n(T3) = 1.

Also,
8(QF1, oFy) = g(Fi, Fr) — n(F)n(Fn).

For any F),F,, € y(M). Let ¢ be the (1,1)-tensor field on M" defined by ¢7, =
Ty, ¢T2 =15, ¢T3 =0, ¢T4 = T4 and 1’5 = T's. The structure (¢, &, 1, g) defines an
almost contact manifold. For Levi-Civita connection V, we have

[T1, 73] = =71 [T2, T3] = =T2; [T4, T3] = =V4; [V5, 73] = =75 and [2;,Q;] = 0,

for all others i and j.

Also
Vo Th =15 Vp,T3=-T
Ve, 72=713 Vy,T3=-1>
Ve Y3==T4s Vy,Tsi=73
Vy, T3 ==15 Vo Ts5=7T3.

Obviously, the manifold be a 5-dimensional Sasakian manifold. The non vanishing
components of the curvature tensor are as follows;

R(T,T)Y1 =72, R(T1,7)T>
R(T,T3)T1 =713 R(T1,T3)73 =
R(T, Y)Y =Ts R, T)Ts=-T,

_‘Y’l

|
|
=

R(T1,T)T1 =75 R(T,T5)7Ts=-T
R(T2,T3)T2 =713 R(T2,T3)73=-T>
R(T2,T9)T2=Ts R, T)T4=-T>
R(T2,T)T2=Ts R(T2,T5)Ts=-T>
R(T3,T9)T3=Ts R(T3,T)Ts=-T3
R(T4,T5)T4 =715 R(T4,T5)Ts=-T4

R(T3,75)3=75 R(T3,75)Ys=-T3.

And
S(T1,T1) =8(T2,T1T2) =S(T13,13) =S(T4,T4) =S(Ts5,7T5) = —4.
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Using above results, for semi-symmetric non-metric CK-connection VX we can
obtain

VoK =313 VKT = 5
chrz =373 VCKT3 -17>
VR = 31y VCK‘Y’4 = 373
VeKrs = 375 VCK‘Y’s =373
Vikr = 17 VCK‘r2 =372
N EEEVE VCKT4 =-174

VeKTs = =375,

Considering the results above, we calculate the non-vanishing components of the
Riemannian curvature tensor concerning VE¥ as

REK(T1, 1T

REK(TY1,73)T5 =
REK(T), T)T1 =374
REK(T,T5)T =375
REK(T2, T))T 2 =274
R, 75)T2 =375
REE(Y3, 1) 3 =T
RK(T4,T5)Ts = 375

!
|
=

REK(Y, T)T2 =31,
REK(T, 73)T3 = =T
RK(Ty, YD) T4 = —27’1
REK(T),T5)Ys = —37
REK(T2, T)Ys = -37
R, 75)Ts = -3T>
RK(Y3,T5)13 = Ts

RK(T4,T5)Ts = =271

In this way Ricci curvature and scalar curvature are given as

SKrL, T = SK(Ta, 1) = SK(Ty, Ta) = SEK(Ts, 15) = —=
ST, ‘rg) = 4.

For manifold of dimension 5 i.e. n = 5, the scalar curvature is ¥°X = —13. So, from
this example the equation (3.2), (3.4), (3.7) are verified for n = 5.

Now, putting F,, = F,, = 1’3 in (4.1) and (1.2) and using (2.5), we have
L5753, 73) =0

8. Conclusions

This work derives new geometric and curvature results for Sasakian manifolds
exhibiting a semi-symmetric non-metric CK-connection through the study of various
soliton structures. These results are applicable to geometric flow theory, generalized
connections in differential geometry, and related problems in mathematical physics.
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